C241 Homework Assignment 10

1. The language L and functions R, A, and T, defined below, are the same as in
Section 7.7.

LC{a, b, e}

1. eclL
2. ueLi{aueL
bu € L
3. n.e
A L2 > L R: L — L T: 12— L
1. A(e,v)=w R(e) = T(e,v)=v

2a. A(bu,v) =bA(u,v) R(au) = A(R(u), ae) T(au,v) = T(u,av)
2b. A(au,v) = aA(u,v) R(bu) = A(R(u),be) T (bu,v)

Prove the following:

(a) For all u, v, we L, A(A(u,v),w) = A(u, A(v,w)).
(b) For allu € L, A(u,e) = u.

)

(
(d) For allu, v e L, T(u,v) = A(R(u),v).

)

)
)
c) For allu, v € L, R(A(u,v)) = A(R(v), R(u)).
)
)

(e) Forallu € L, R(u) = T(u,e).



2. Let P=pA (qVr). Perform the following substitutions

7"’ 9
P{ q p}
b, q,T

(@)
SRy



3. Are the following equivalences valid? If not, give a counterexample.

@ F[T 2] L P[0
ORI



Recall that a tree, T'C N x N is a finite acyclic graph in which one node r € N
has in-degree 0 and all other nodes have in-degree 1. A node with out-degree 0
is called a leaf.

Definition. A binary tree is a tree in which all nodes which are not leaves have
out-degree 2.

Let us define a set B of graphs inductively as follows:

(1) Ifn € N then § C {n} x {n} is and ‘
element of B and has root n. n

(2) If RN Ry = [Z), and 77 € Ry X Ry and
To € Ry X Ry are elements of B with
roots 1 and 79, then for any n ¢ Ry U
Ry, the relation {(n,r1), (n,r2) JUTYUT,
is an element of B with root n.

(3) Nothing else is in B.

Problems:
(a) Prove: Ewery relation R € B is a binary tree.

(b) Prove: For any tree T € B, the number of nodes with out-degree 0 is
exactly one greater than the number of nodes with out-degree 2.

(¢) The depth of any tree is defined to be the length of the longest path from
its root to a leaf. Define a recursive function depth: B — N that gives the
depth of a tree.

(d) Prove: For any tree T € B of depth d, the number of its nodes is no greater
than 2 - 27,



5. The program is the same as the one on Test Two. Prove the verification condi-
tions using Proposition 8.7 (Substitution) to handle assignment statements, as

is illustrated in Example 8.8.

{r= Any=DB}
z2:=0;
while y # 0 {z+2-y = A-B}
if even?(y)
then begin y:=y+2 ; :=2-2 end
else begin y:=y—1 ; z:=z+x end
{z = A-B}



6. SUPPLEMENTAL PROBLEM. This is a good test of whether you understand Chap-
ter 7. Hint: N is intended to model the natural numbers, with P representing
addition and M representing multiplication. Before attempting the proofs it is
worthwhile to figure out what they are actually saying in terms of N.

For the following problems, consider the language N C {S, e}, defined induc-
tively as follows:

1. eeN

2. w € N implies Su € N

3. nothing else

Define the function P: N2 — N recursively, according to:

1. P(e,v)=w
2. P(Su,v) =SP(u,v)
Define the function M: N? — N recursively, according to:

1. M(e,v)=e
2. M(Su,v) = P(v, M(u,v))

Prove the following:

(a) M distributes over P; that is, for all u,v,w € N, M(u,P(v,w)) =
P(M(u,v), M (u,w)).

(b) P is commutative; that is, For all u,v € N, P(u,v) = P(v,u).

(¢) For all u,v € N, M(u,8v) = P(u, M(u,v)).

(d) For all u,v € N, P(Su,v) = P(u,Sv).

)

(e) For allu € N, P(u,e) = u.



