C241 Assignment 10: Solutions

1) Let G =(V;E) be a graph with v vertices and e edges. Let M be the
maximum degree of the vertices of G, and let m be the minimum degree
of the vertices of G. Show that

(@ 2e=v m

(b) 2e=v M

Solution: We can use the \Handshaking" Theorem to prove these inequalies. We
know by the Handshaking Theorem that

X
2e= deg(v):
v2V

P
Now, for (a), if we can show that ,,, deg(v) v m we are doBe. We know that for
all v2V we have deg¢) m by the de nition of m. Butthen ,,, degv) v m
follows trivially. We can use the same argument to prove the mequality for (b).

2) Draw a graph with the given adjacency matrix

00 1 1
0010
@11 1 0 1
11 1 0
Solution:

Figure 1. Solution for problem (2)(a).



1 1 10
0 01 0
(b) 1 01 0
1 1 10
Solution:
(2) ()
& ©
Figure 2: Solution for problem (2)(b).
3) Answer the following questions about incidence and adjac ency matrices.

(a) What is the sum of the entries in a row of the adjacency matix for an undirected

graph?

Solution: Here we have to be careful. If, for rowi we have a 1 at columni the
sum of the entries in that row is the degree of node minus 1. Otherwise, it is
the degree of nods.

(b) What is the sum of the entries in a row of the adjacency matix for an directed

graph?
Solution: The sum of the entries of rowi is the out-degree for node.

(c) What is the sum of the entries of a column of the adjacency matrix for an

undirected graph?

Solution: Here we have to be careful again. If, for column we have a 1 at row
i the sum of the entries in that row is the degree of node minus 1. Otherwise,
it is the degree of nodei.

(d) What is the sum of the entries of a column of the adjacency natrix for an

(e)

directed graph?
Solution: The sum of the entries of columni is the in-degree for nodai.

What is the sum of the entries in a row of the incidence matix for an undirected
graph?



Solution: Here we have to be careful again. If, for ron we have a 1 at column
j, and that is the only one for that column (i.e., the edge is a l@mp), the sum
of the entries in that row is the degree of nodei minus 1. Otherwise, it is the
degree of nods.

(f) What is the sum of the entries in a column of the incidence natrix for an
undirected graph?

Solution: The sum is either 2 or 1. Itis 1 if the edge is a loop and 2 othervgie.

4) Use the undirected graph G in Figure 3 to answer the questions below:

Figure 3: The graph for problem (4).

a) Give an example of a vertex of degree 4.
Solution: For examle, vertex b has degree 4.

b) Give an example of a walk of length greater than 3 from vert& bto d (list
the vertices in the order they'd be visited on the walk).

Solution: b, a, c, b, e, d.
c) Give an example of a cycle starting ata (list the vertices as above).
Solution: a, d, ¢, a.



d) Give an example of a subgraph of graphG (draw it).
Solution:

e) Give an example of a clique of size 3 (draw it).
Solution: Same as above.

f) Give an example of a clique of size 4 (draw it).
Solution:

g) Why isn't there a clique of size 5?
Solution: Because there are not 5 vertices with degree 4 and no loops.

h) This graph is connected. Which edges could you eliminated make it so this
graph had at least two disconnected components? (draw the mailting graph)

Solution: Edgesfb; gy and fd; eg were eliminated.

e




i) Give two examples of spanning trees for this graph (an acyiic subgraph that
includes all of the vertices in G) (draw them).

Solution:
e
b d
a @ c
Solution:
e
b d
a C



5) Draw ve di erent non-isomorphic trees of size 5 (5 nodes) . Note that
the 5 non-isomorphic trees have to be directed! There are opl3 undirected non-
isomporphic trees.

Solution:

O+—0O+—0+—0+—0

4
o



6) A complete graph is an undirected graph in which every vert ex is
directly connected by an edge to every other vertex.

a) Draw a complete graph with 5 vertices.
Solution:




b) If you could check the degree of a vertex in constant time, low could you
check whether a graph with n vertices (and no loops) was complete inrO(jVj)
time?

Solution: One can go through all thejVj = n vertices and check (in constant
time) if the degree isn 1. If this is true for all vertices, then the graph is
complete, otherwise the graph is not complete.

c) What's the shortest spanning tree for a complete graph wih n vertices?

Solution: It is the tree where all vertices are connected to the root noéd. (The
depth of this tree is 1!).

d) What's the tallest spanning tree for a complete graph with n vertices?

Solution: It is the tree where vertex 1 is connected to vertex 2, vertex 2to
vertex 3 and so on. The depth of this tree isn 1!

7) Use Dijkstra's algorithm to nd the length of the shortest path between
the vertices of a and z in the weighted graph in Figure 4. Use th e notations
and procedure from the textbook!

b 5 d

Figure 4: The graph for problem (7).



Solution:

@ (a) 7 (a, b)




@ @ @ev

8) Use (a) depth- rst search and then (b) breath- rst-searc h to produce
a spanning tree for the graph in Figure 5. Start with node a (. e., a will
be the root node of the spanning tree).

a e h i
-@
c d
o
b f g J

Figure 5: The graph for problem (8).
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(a) Nodes visited in this order (pick nodes right to left): (a, b, ¢, d, f, g, j, h, i, €)

a e h i

b f g j

Figure 6: A spanning tree found using depth- rst search.

(b) Nodes visited in this order (pick nodes right to left): (a, b, ¢, d, f, e, g, h, j, 1)

a e h i

b f g j

Figure 7. A spanning tree found using breadth- rst search.

9) Bonus:
Solution:

Remember that a cycle must start and end on the same vertex! Tis graph does not
have an Euler circuit, as no graph with a vertex of odd degree vll (and vertex a
here has degree 3). If you have a vertex with odd degree, sayn2 1 edges, you will
be able to enter it on one edge and leave on a di erent edga times (thus covering
those 2h edges without repeating any). However, when you go to enterhe vertex
on the last edge, you will not be able to leave the vertex withait traversing an edge
you've already covered. Since we want &ycle, we can't have any dead ends. If this
odd-degree vertex was not our starting vertex, we'd never mke it back to the start
to complete our cycle. And if it was our starting vertex, we'd still have a problem,
since we're making a cycle: we can leave our starting vertexroone edge (covering
1 edge), and then pass back through it (in and out on di erent edges) anotherm
times (covering 2n di erent edges), but we'll nally need to arrive back at it us ing an
untraversed edge at the end of our cycle (covering 1 last ed@lel+2m+1 =2( m+1)
is an even number. So our starting vertex can't have an odd dege either.
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