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list_of _lists case of y.tl
NIL: join{cons(y.hd.cary.hd.cdr)y.tl)
join: join(merge(cons(y.hd.car,y.hd.cdr),hd(y.t]),
pair_merge(ti(y.t))
SIMPLIFIES TO:
- TRUE
PROOF OF +5 RELATIVE TO THE ASSERTIONS: +7

The sample theorems proved in this paper are typical of the theorems which
can be proved using our verifier with a reasonable amount of programmer
guidance. Among the theorems we have proved using our verifier are: the total
correctness of a program implementing a unification algorithm (assuming all
variables have been renamed), the equivalence of an iterative algorithm (using a
stack) and a simple recursive algorithm for counting the leaves of a binary tree,
the total correctness of an extended version (including assignment) of the
McCarthy-Painter compiler for arithmetic expressions [McCarthy and Painter
19671, and the total correctness of a very simple set of data base management
functions.

FURTHER WORK

At the moment, we are concentrating our research efforts in two areas:

1) Extending our verification system to handle partial functions so that we can
prove the correctness of a simple compiler.

2) Enlarging the class of theorems the simplifier can automatically prove, without
jeopardizing the verifier's potential usefulness as a practical tool.

Eventually we hope to extend TYPED LISP to include enough "impure” features

such as assignment to make it a practical language for implementing real

programs.
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CONS SHOULD NOT EVALUATE ITS ARGUMENTS

The constructor function which allocates and fills
records in recursive, side-effect-free procedural
languages is redefined to be a non-stftnfet (Vuille-
min 1974) elementary operation. Instead of evalu-
ating its arguments, 1t builds suspensions of themn
which are not coerced until the suspension is
accessed by a strict elementary function. The
resulting evaluation procedures are strictly more
powerful than existing schemes for languages such
as LISP. The main vresults are that Landin's streams
are subsumed into McCarthy's LISP merely by the
redefinition of elementary functions, that invoca-
tions of LISP's evaluator can be minimized by re-
defining the elementary functions without redefining
the interpreter, and as a strong conjecture, that
redefining the elementary functions yields the
least fixed-point semantics for McCarthy's evalua-
tion scheme. This new insight into the role of
constructor functions will do much to ease the in-
terface between recursive programmers and iterative
programmers, as well as the interface between
programmers and data structure designers.

INTRODUCTION

It i§ common to perceive functional evaluation as
requiring argument evaluation to be completed be-
fore actual functional application begins. In com-
puter programs, however, there has been considerable
development of delayed argument evaluation through
schemes such as call-by-name in ALGOL 60. Probably
because of obsession with arithmetic examples,

which are strict (that is, require all arguments in
evaluated form), it has been commonly assumed that
all elementary functions were strict. During the
course of a project on compilation of pure recursive
LISP 1.0 (McCarthy et al. 1962) source code into
iterative object code, we have uncovered a critical
class of elementary functions which probably should
never be treated as strict: the functions which
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allocate or condtruct data structures.

We use the term cond to refer to this class of
functions and later to refer to a particular func-
tion which allocates records of two fields. The
term is common to several list processing languages
(McCarthy et al. 1962; Burstall, Collins, and
Popplestone 1971) which require that the arguments
to consd Ffix the values of the fields in the new
record. This requirement 1s essential to our analy-
sis because we assume a side-effect-free evaluation
scheme in order to guarantee the integrity of envi-
ronments which are passed subliminally about the

system.
It is our thesis that the fields of a newly allo-

cated record can be filled with a structure repre-
senting the suspended evaluation of the respective
argument, instead of the value of that argument, as
is done on systems with strict implementation of
consd. If all other elementary functions are able
to detect these suspensions and to force evaluation
only at the time that the value is genuinely criti-
cal to the course of the computation (necessary to
the value of the main function), then the results
are the same as those of a strict evaluation scheme
whenever both converge. Convergence is more likely
in the new scheme since potentially divergent yet
immaterial argument evaluation can be avoided. In
programming terms the scheme allows exponential im-
provement in run times at the cost of linear degra-
dation of the elementary system functions' times
and of space overhead in dragging around environ-
ments. We arve interested in the insights provided
for the recursion-compiler problem because the role
of constructors is critical in the definition of
the source language.

Hoare (1975) has discussed the role of cons in
building recursive data structures. The power of
these structures is welcome because our restriction
to purely recursive programs allows us no other

kind. The language model we shall use is McCarthy's
LISP, known in its basic form as LISP 1.0 or pure
LISP. We owe a great deal to his definition and

description of the language in terms of its own
structures using only five elementary functions.
The major results of this paper, in effect, have
been implemented on his system with dramatic
effects on his semantics resulting from simply
changing three of these five functions.

Landin approached the non-strict implementation
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of cons in his discussion of streams (Landin 1965).
He describes three elementary functions which accom-

plish a cons strict in only one of its two parameters.

This version is satisfactory when the recursion
pattern is peculiarly linear and when semantic
improvements available from these structures
within the interpreter can be ignored.

The remainder of this paper is divided into five
sections followed by conclusions. Section I is a
brief introduction to LISP notation as interpreted
in this paper. Section II presents definitions of
the five elementary functions used for the defining
%anguage. They provide that consé does not evaluate
its arguments, but delays them in a form detectable
and coercible by two of the other four strict ele-
mentary functions. Results in this section are
proofs that McCarthy's interpreter built with these
glementary functions is properly more powerful than
it was as originally specified, and a strong conjec-
ture that the new interpreter, in fact, gives the
least fixed-point semantics for LISP. Section III
presents a practical implementation for suspensions
which prevents repeated coercion of the same sus-
pension. This is accomplished by storing the ulti-
mate value back into the node which ought to have
contained it in the original interpretation scheme,
replacing the suspension which led to it.

Section IV relates Landin's streams to LISP as in-
terpreted with the new coné. Streaming is shown to
be less powerful by considering cases where evalua-
tion should not follow a sequential pattern. An
analogy between streams and sequential files is ex-
tended to an analogy between suspensions and random
access (overlapping tree structure) files which
suggests that file handling may be implicit in pro-
gramming style. In Section V we consider familiar
functions whose arguments are to be selectively
evaluated which have hitherto been implemented in
LISP as special forms but now are expressible as
ordinary functions.

I. LISP

The five elementary functions presented by McCarthy
will be called :can, :cdr, :cons, :eq, and :atom.
These functions are redefined in two ways to allow
the interpretation of coné to postpone evaluation
of its arguments. In both cases the five are sim-
ply called can, cdr, cons, eq, and afom. Our first
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redefinition is sufficient for the theoretical
results in Section II and even Section IV, but are
extremely inefficient. The versions of basic func-
tions presented in Section III yield a system of
equivalent power, but are more efficient and these
definitions are used in both Section IV and Section
V.

The notation used throughout the paper for form
invocation is the S-expression of McCarthy. The
invocation (f a b ¢) asks that the function, f, be
applied to the arguments a, b, and c¢. Usually this
means that the values of the three actual parameters
are to be bound to the three formal parameters
in the interpretation of the body of f, but there
are exceptions. If f were a special form (McCarthy
1962), then the list of the three unevaluated
arguments would be bound to the first actual
parameter of f. If f were defined with a nontrivial
atom as 1its formal parameter list, as discussed in
Section V, then the list of the three values associ-
ated with the arguments would be bound to that atom.

A List is a sequence of zero or more atomic
elements or lists. A list is also written using the
parenthesis notation; whether the interpreter
accesses it as an expression rather than as a value
determines whether evaluation will occur. The empty
list is denoted by the atom NIL®; the value of
(:car z) is the first element on the list, z; the
remainder of the list, z, exclusive of (:car z) is
(:cdr z); (:cons g z) gives the list which is the
list z with the form q stuck on the front.

A little of the record manipulation of LISP is
needed for Section III. Atoms are references to
distinguishable structures. The rest of the data
structure 1s represented by references to records
of two fields: the A-{ield and the D-{ield. New
nodes are available through :(cons which places its
two arguments in the A-4Leld and D-fLeld, respec-
tively. The functions :eat and tcdi extract the
respective fields from a reference to a non-atomic

structure. The predicate :fafom tests if its argu-
ment 1s atomic, and the predicate. :¢¢ tests 1f its
two atomic arguments are the same. On non-atomic

arguments :eq is undefined.

*Symbol strings composed entirely of upper case
letters are constants; that is, they evaluate to
themselves. LISP provides the function quofe for
this role; only atoms may be quoted.
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We have made a notational change in the syntax
of conditional expressions which needs to be
explained only to LISPers who have thus far breezed
through this section. McCarthy's conditional form,
cond, requires its tail to be structured as a series
of lists of two elements which are often called
"cond-pairs." Rather than introduce the redundant
extra parentheses which make the pairings explicit,
we use the commenting keywords 4§, then, elsedif,
and efse to group and to enhance legibility. In
the interpreter we define cond to take its predi-
cates and selections unpaired as one long alterna-
ting list. The reader who wishes to interpret an
invocation of cond literally should ignore the com-
menting keywords.

For example, we postulate the predicate same
which is defined only in terms of feq and :atom,
exclusive of the other three elementary functions
whose semantics are altered in this paper.

(same sexp atm) Z (cond
44 (:atom sexp) then (:eq sexp atm)
efse NIL).

This function is a convenient way of avoiding
applications of :¢q to non-atoms in the interpreter.
In many implementations :eq¢ is a reference compara-
tor, which is sufficient for its semantics but also
provides unnecessary comparisons on non-atoms.

Even in McCarthy's Appendix B interpreter :eq is
applied to (potential) non-atoms in a manner which
we judiciously avoid with sdme.

II. ALLOCATING WITH INCOMPLETE CONTENTS

Degindition: A function is stndet An L3 th param-
eten if divergence of its ith argument implies the
function diverges with that argument.
Definition: A function is sfndiet (Vuillemin 1974)
if it is strict in all of its parameters.

A strict function may be evaluated by evaluating
all of its arguments before its definition is

interpreted. If it is strict in only a few’
parameters then the corresponding arguments may be
evaluated first. In an environment where all func-

tions are strict, the behavior is like the call-by-
value scheme of ALGOL 60, Vuillemin specifies that
all elementary (machine level) functions, except
conditional expressions, are strict, although other






