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Converting to and from Dilated Integers
Rajeev RamanandDavid S. Wise Member, IEEE-CS

Abstract— Dilated integersform an ordered group of the carte-
sian indices into a d-dimensional array representedin Morton
order. Ef�cient implementations of its operations can be found
elsewhere; this paper offers ef�cient casting (type)conversions
to and fr om ordinary integer representation.As Morton-order
representation for two- and thr ee-dimensional arrays attracts
more users becauseof its excellent block locality, the ef�ciency
of these conversions becomesimportant. They are essential for
programmers who would use cartesian indexing there.

Two algorithms for eachcastingconversion are presentedhere:
including to-and-from dilated integers, for both d = 2 and d =
3. They fall into two families. One family usesnewly compact
table-lookup so cache capacity is better preserved. The other
generalizesbetter to all d, using processor-local arithmetic that
is newly presentedasabstract d-ary and (d� 1)-ary recurrences.
Test results for 2 and 3 dimensionsgenerally favor the former.

CCS Categoriesand subject descriptors: E.1 [Data Struc-
tures]:Arrays; D.1.0 [Programming Techniques]: General;
B.3.2 [Memory Structures]:DesignStyles;F.2.1 [Analysis of
Algorithms and ProblemComplexity]: Numericalalgorithms
andproblems–computationson matrices.
General Term: Algorithms, Design,Performance
Additional Key Words: memory hierarchy, caches,paging,
compilers,classes,quadtrees,octrees,dilation, contraction.

I . INTRODUCTION.

Dilated integers form an orderedgroup for the cartesian
indicesinto a d-dimensionalarrayrepresentedin Morton order
[1]. Figure1 illustratestheMortonorderandtheuseof dilated
integersas its cartesianindices.With an extra high-orderbit,
they also suf�ce for castsfrom cartesianto/from Ahnentafel
indices [2]. The amountof dilation, called d-dilation, varies
with the dimensiond of the representedarray. Morton or-
der is used to index arrays in applicationsfrom computer
vision andgraphics,cartographyandgeographicalinformation
systems,volumetricanalysessuchasaxial tomography(CAT
scans),andthe conventionalmatrix computationsof scienti�c
computing.An array in Morton order can be conveniently
decomposedasa 2d-ary treewhosesubtreeshave contiguous
addresses;such locality minimizes page and cachemisses.
Practically, d = 2 for matricesand quadtrees,and d = 3
for three-dimensionalaggregatesandoctrees.

A comfortableprogrammingparadigmto take advantageof
suchlocality usesrecursionon2d blocksof eacharray/operand
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to descendthosetrees[3], [4]. Whenthe basecaseis reached
(well above 1 � 1, typically a 32� 32 block) all of it resides
in cache.More importantly, its larger and larger enveloping
blocks �t into L2, L3, RAM, swappingdisk, andso forth up
the memoryhierarchy—toinclude communicationof blocks
amongbothshared-memoryanddistributedco-processors.The
programmerneednot worry about which size lands where.
This implicit mapping of memory has been called “cache-
oblivious” becauseshecanignoredetailsof block size,cache
lines, and memory capacity[5]; all theseare local minutiae
anyway. Whichever blocks �t will reside in L2 cache for
a good while, with subblocks rolling into L1 repeatedly;
meanwhile,translation-lookasidebuffer (TLB) missesseemto
disappear[6]. This style enhancesportability of codethat no
longerneedsto be retunedto speci�c memoryarchitecture.

As thesearray indexings becomebetterusedfor their high
performance—particularlyin the context of cache-oblivious
matrix processing—theirconversions to and from ordinary
integer representationsbecomeimportant.They are essential
manifestations,for instance,of thecommonabstractionsfrom
genericprogramming[7]. Like the I/O conversionsof IEEE
�oating-point numbers,however, their use really should be
infrequent,and be displacedby ef�cient computationwithin
that type. Nevertheless,unlike the decimal/�oat conversions
[8], [9], knowledge of the details of thesealgorithms now
seemsa prerequisitefor the acceptanceof the type into
commonuse,particularly in the faceof lore identifying that
conversionasan obstacle[5, p. 288], [10, x4.1], [11, x4.1].

In order to hasten its promulgation we offer eight
algorithms—two conversionsin eachdirection for d = 2 and
d = 3—to suit speci�c architectures.In all casesthe conver-
sion is fast, fasterthan a randomaccessinto an array which
is their common run-time context. On current processors,
table lookup is shown to be the fasterfor repeatedcastings.
For sequentialaccess,however, ef�cient implementationsof
the additive operatorsare available directly on both dilated
integersandtheir cousins,maskedintegers[12], [13]. So,C++
iteratorscanbeevenfasterthaninline conversionsfor cartesian
indexing into Morton-orderedmatrices.

SectionIII, below, usestable lookup to solve theseprob-
lems;SectionIV usesregister-local operations.SectionIV-D
usesan arbitraryd asd-ary and (d � 1)-ary recurrences,and
SectionV describesour timings andoffers conclusions.New
contributionsare the halving of tablesnecessaryfor contrac-
tions in Section III, new multiplication-basedalgorithmsin
SectionIV-D, thegeneralizedd-aryand(d� 1)-ary recurrences
in Section IV-D, and Section V' s demonstrationthat table
lookup is fasteron currentRISC processors.
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Fig. 1. Morton-orderindexing of a 16 � 16 matrix. As this block-recursive
I orderextendsacrosstheplane,thedilation of integer 13 indexestheentire
fourteenthrow, and the doubled dilation of integer 14 indexes the whole
�fteenth column.The transposedMorton-Z order is alsoavailable.

I I . DEFINITIONS.

Informally, 2-dilating an integer interleaves one 0 bit be-
tweenall the meaningfulbits in the binary representationof
an integer. As a simple example, consider i = 28 � 1 =
111111112 = FF16. Its 2-dilation, denoted�!{ and read “ i
dilated,” is 01010101010101012 = 555516, written 0x5555
in theC language.Similarly, if j is 0xF0 , then�!| is 0x5500
and,againnotationally,  �| = 2�!| = 0xAA00; seeFigure1 for
an exampleof their useasrow andcolumnindices.

Notation2.1: Let w
be the numberof bits in a (short)word.

Notation2.2: Let q̀ be a quaternarydigit.
Notation2.3: Let o` be an octal digit.

Eachq̀ canalternatively be expressedasq̀ = 2i ` + j ` where
i ` and j ` are bits. Eacho` can alternatively be expressedas
o` = 4i ` + 2j ` + k` wherei ` ; j ` ; andk` arebits.

Cartesianindicesareherelimited to w or fewerbits; Morton
indices and 2-dilated integers have 2w bits. The restriction,
w = 16, can be relaxed for 64-bit architecturesalthough,
frankly, densematricesdon't often have ordersexceedingthe
65,535thatit provides.If necessary, thesealgorithmsareeasily
generalizedto larger w.

De�nition 2.1: [2] The root of a d-dimensionalarray has
Morton-order index 0. A subarray(block) at Morton-order
index i is either an element(scalar),or it is composedof
2d subarrays,with indices2d i + 0; 2di + 1; : : : ; 2d i + (2d � 1)
at the next level.

For d = 2 the indexing of a 16� 16 matrix is illustratedin
Figure 1. At eachlevel of the recurrencethe four quadrants
are labeled northwest, southwest, northeast, and southeast,
respectively. This yields the I order, to meetthe conventions
of scienti�c computationwhere matricesare tall rather than
wide. Computergraphics,whereimagesare wider than they
are tall, usesthe transposedZ order, availableby exchanging
southwestand northeastjust above, and using  �{ and �!| to
index rows andcolumns.

Theorem2.1: [1] The Morton index into a matrix isP w� 1
` =0 q̀ 4` = 2

P w� 1
` =0 i ` 4` +

P w� 1
` =0 j ` 4` and corresponds

to the cartesianindex for row i =
P w� 1

` =0 i ` 2` and column
j =

P w� 1
` =0 j k 2` .

Concatenatedquaternarydigits, above, index thenestedquad-
rantsof a matrix; octal digits, below, index nestedoctantsof
a 3D array.

Theorem2.2: [2] The Morton index into a 3-dimensional
array is

P w� 1
` =0 o` 8` = 4

P w� 1
` =0 i ` 8` + 2

P w� 1
` =0 j ` 8` +P w� 1

` =0 k` 8` andcorrespondsto thecartesianindex for row i =P w� 1
` =0 i ` 2` , columnj =

P w� 1
` =0 j ` 2` , androdk =

P w� 1
` =0 k` 2` .

Thesetheoremsre�ect the so-called“bit interleaving” [15],
[16], [1], also describedin the book [17, pp. 105–110].
The purposeof the algorithmsbelow is to convert between
the binary representationsof i =

P w� 1
` =0 i ` 2` and of �!{ =P w� 1

` =0 i ` 2d` , i.e. the dilation of integers.
The following two sectionsde�ne four functionseach,for

castingordinary integersto and from 2-dilatedand 3-dilated
integers using table lookup and word-width arithmetic. The
former functions run in about w=8 steps(on tables of 28

entries),but the latter use roughly lg w steps.Even with w
growing to 32, addressinga squarematrix of order 4 � 109;
theseproportionsareaboutthesame.SectionIV-D offers two
morefunctionsfor even wider dilations.

I I I . CONVERTING VIA TABLE LOOKUP.

The following algorithmsareconversionsand inversecon-
versions (dilations and contractions) from integers to 2-
dilations:

P w� 1
` =0 i ` 2` �

P w� 1
` =0 i ` 4` with inline instructions.

The �rst castingconversionsusetable lookup.They requirea
vectorof 256entries,eithershortintegersor bytes;its aligned
footprint in an L1 cacheis very small, and the inline codeis
short.

For the �rst pair of algorithms,assumethat d = 2, thus
spreadingbits apartby one,that thedilatedintegersare32 bits
wide,thatordinaryintegerindicesare16bits wide,andthatall
integersare unsigned.Their generalizationis straightforward
for 64-bit indexing into large arrays.Generalizationsto d = 3
follow.

The tablefor 2-dilation of Algorithm 1 appearsasFigure2
[18], [19]; it is composedof 256 short integers, occupying
twice the necessarybits but avoiding �nal operationsto mask
out alternatingbits from them. Those extra operationsare
illustratedin Algorithm 3 for 3-dilation.

Algorithm 1:
inline unsigned int dilate_2(unsigned short x){

return dilate_tab2[ 0xFF & x ]
| (dilate_tab2[ (0xFFFF & x) >>8 ] <<16);

}
Algorithm 2:

inline unsigned short undilate_2(unsigned int x){
return undilate_tab2[0xFF & ((x>>7) |x) ]

| (undilate_tab2[0xFF &(((x>>7) |x) >>16)]
<< 8);

}
To invert a dilation, the dilated integer is split and folded
into a single pattern, byte by byte, which then indexes a
table(Figure3) to recover its contraction.This folding halves
the fetches from others' tables [18], [19]. Algorithms 1–4
use bitwise inclusive-or | to sum bit patterns.Alternatives
aresimpleaddition+ andbitwise exclusive-or ˆ becausethe
patternsarebitwise disjoint.

Algorithms 3 and 4 use the precomputedvector of 256
bytes in Figure 4, insteadof two: one of shortsand another
of bytes.The algorithmsare written for 3-dilationsof 16-bit
short integersto 32-bit integers,andvice versa.
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const unsigned short int dilate_tab2[256] = {
0x0000, 0x0001, 0x0004, 0x0005, 0x0010, 0x0011, 0x0014, 0x0015,
0x0040, 0x0041, 0x0044, 0x0045, 0x0050, 0x0051, 0x0054, 0x0055,
0x0100, 0x0101, 0x0104, 0x0105, 0x0110, 0x0111, 0x0114, 0x0115,
0x0140, 0x0141, 0x0144, 0x0145, 0x0150, 0x0151, 0x0154, 0x0155,
0x0400, 0x0401, 0x0404, 0x0405, 0x0410, 0x0411, 0x0414, 0x0415,
0x0440, 0x0441, 0x0444, 0x0445, 0x0450, 0x0451, 0x0454, 0x0455,
0x0500, 0x0501, 0x0504, 0x0505, 0x0510, 0x0511, 0x0514, 0x0515,
0x0540, 0x0541, 0x0544, 0x0545, 0x0550, 0x0551, 0x0554, 0x0555,
0x1000, 0x1001, 0x1004, 0x1005, 0x1010, 0x1011, 0x1014, 0x1015,
0x1040, 0x1041, 0x1044, 0x1045, 0x1050, 0x1051, 0x1054, 0x1055,
0x1100, 0x1101, 0x1104, 0x1105, 0x1110, 0x1111, 0x1114, 0x1115,
0x1140, 0x1141, 0x1144, 0x1145, 0x1150, 0x1151, 0x1154, 0x1155,
0x1400, 0x1401, 0x1404, 0x1405, 0x1410, 0x1411, 0x1414, 0x1415,
0x1440, 0x1441, 0x1444, 0x1445, 0x1450, 0x1451, 0x1454, 0x1455,
0x1500, 0x1501, 0x1504, 0x1505, 0x1510, 0x1511, 0x1514, 0x1515,
0x1540, 0x1541, 0x1544, 0x1545, 0x1550, 0x1551, 0x1554, 0x1555,
0x4000, 0x4001, 0x4004, 0x4005, 0x4010, 0x4011, 0x4014, 0x4015,
0x4040, 0x4041, 0x4044, 0x4045, 0x4050, 0x4051, 0x4054, 0x4055,
0x4100, 0x4101, 0x4104, 0x4105, 0x4110, 0x4111, 0x4114, 0x4115,
0x4140, 0x4141, 0x4144, 0x4145, 0x4150, 0x4151, 0x4154, 0x4155,
0x4400, 0x4401, 0x4404, 0x4405, 0x4410, 0x4411, 0x4414, 0x4415,
0x4440, 0x4441, 0x4444, 0x4445, 0x4450, 0x4451, 0x4454, 0x4455,
0x4500, 0x4501, 0x4504, 0x4505, 0x4510, 0x4511, 0x4514, 0x4515,
0x4540, 0x4541, 0x4544, 0x4545, 0x4550, 0x4551, 0x4554, 0x4555,
0x5000, 0x5001, 0x5004, 0x5005, 0x5010, 0x5011, 0x5014, 0x5015,
0x5040, 0x5041, 0x5044, 0x5045, 0x5050, 0x5051, 0x5054, 0x5055,
0x5100, 0x5101, 0x5104, 0x5105, 0x5110, 0x5111, 0x5114, 0x5115,
0x5140, 0x5141, 0x5144, 0x5145, 0x5150, 0x5151, 0x5154, 0x5155,
0x5400, 0x5401, 0x5404, 0x5405, 0x5410, 0x5411, 0x5414, 0x5415,
0x5440, 0x5441, 0x5444, 0x5445, 0x5450, 0x5451, 0x5454, 0x5455,
0x5500, 0x5501, 0x5504, 0x5505, 0x5510, 0x5511, 0x5514, 0x5515,
0x5540, 0x5541, 0x5544, 0x5545, 0x5550, 0x5551, 0x5554, 0x5555

};

Fig. 2. Vectorof 256 dilatedshort integers,eachof which 2-dilatesthe byte that indexes it for Algorithm 1.

const unsigned char undilate_tab2[256] = {
0x00,0x01,0x10,0x11, 0x02,0x03,0x12,0x13, 0x20,0x21,0x30,0x31, 0x22,0x23,0x32,0x33,
0x04,0x05,0x14,0x15, 0x06,0x07,0x16,0x17, 0x24,0x25,0x34,0x35, 0x26,0x27,0x36,0x37,
0x40,0x41,0x50,0x51, 0x42,0x43,0x52,0x53, 0x60,0x61,0x70,0x71, 0x62,0x63,0x72,0x73,
0x44,0x45,0x54,0x55, 0x46,0x47,0x56,0x57, 0x64,0x65,0x74,0x75, 0x66,0x67,0x76,0x77,
0x08,0x09,0x18,0x19, 0x0A,0x0B,0x1A,0x1B, 0x28,0x29,0x38,0x39, 0x2A,0x2B,0x3A,0x3B,
0x0C,0x0D,0x1C,0x1D, 0x0E,0x0F,0x1E,0x1F, 0x2C,0x2D,0x3C,0x3D, 0x2E,0x2F,0x3E,0x3F,
0x48,0x49,0x58,0x59, 0x4A,0x4B,0x5A,0x5B, 0x68,0x69,0x78,0x79, 0x6A,0x6B,0x7A,0x7B,
0x4C,0x4D,0x5C,0x5D, 0x4E,0x4F,0x5E,0x5F, 0x6C,0x6D,0x7C,0x7D, 0x6E,0x6F,0x7E,0x7F,
0x80,0x81,0x90,0x91, 0x82,0x83,0x92,0x93, 0xA0,0xA1,0xB0,0xB1, 0xA2,0xA3,0xB2,0xB3,
0x84,0x85,0x94,0x95, 0x86,0x87,0x96,0x97, 0xA4,0xA5,0xB4,0xB5, 0xA6,0xA7,0xB6,0xB7,
0xC0,0xC1,0xD0,0xD1, 0xC2,0xC3,0xD2,0xD3, 0xE0,0xE1,0xF0,0xF1, 0xE2,0xE3,0xF2,0xF3,
0xC4,0xC5,0xD4,0xD5, 0xC6,0xC7,0xD6,0xD7, 0xE4,0xE5,0xF4,0xF5, 0xE6,0xE7,0xF6,0xF7,
0x88,0x89,0x98,0x99, 0x8A,0x8B,0x9A,0x9B, 0xA8,0xA9,0xB8,0xB9, 0xAA,0xAB,0xBA,0xBB,
0x8C,0x8D,0x9C,0x9D, 0x8E,0x8F,0x9E,0x9F, 0xAC,0xAD,0xBC,0xBD, 0xAE,0xAF,0xBE,0xBF,
0xC8,0xC9,0xD8,0xD9, 0xCA,0xCB,0xDA,0xDB, 0xE8,0xE9,0xF8,0xF9, 0xEA,0xEB,0xFA,0xFB,
0xCC,0xCD,0xDC,0xDD, 0xCE,0xCF,0xDE,0xDF, 0xEC,0xED,0xFC,0xFD, 0xEE,0xEF,0xFE,0xFF

};

Fig. 3. Vectorof all possiblebytes,eachindexed by the folding of its respective 2-dilated integer for Algorithm 2.

const unsigned char dilate_tab3[256] = {
0x00,0x01,0x08,0x09, 0x40,0x41,0x48,0x49, 0x02,0x03,0x0A,0x0B, 0x42,0x43,0x4A,0x4B,
0x10,0x11,0x18,0x19, 0x50,0x51,0x58,0x59, 0x12,0x13,0x1A,0x1B, 0x52,0x53,0x5A,0x5B,
0x80,0x81,0x88,0x89, 0xC0,0xC1,0xC8,0xC9, 0x82,0x83,0x8A,0x8B, 0xC2,0xC3,0xCA,0xCB,
0x90,0x91,0x98,0x99, 0xD0,0xD1,0xD8,0xD9, 0x92,0x93,0x9A,0x9B, 0xD2,0xD3,0xDA,0xDB,
0x04,0x05,0x0C,0x0D, 0x44,0x45,0x4C,0x4D, 0x06,0x07,0x0E,0x0F, 0x46,0x47,0x4E,0x4F,
0x14,0x15,0x1C,0x1D, 0x54,0x55,0x5C,0x5D, 0x16,0x17,0x1E,0x1F, 0x56,0x57,0x5E,0x5F,
0x84,0x85,0x8C,0x8D, 0xC4,0xC5,0xCC,0xCD, 0x86,0x87,0x8E,0x8F, 0xC6,0xC7,0xCE,0xCF,
0x94,0x95,0x9C,0x9D, 0xD4,0xD5,0xDC,0xDD, 0x96,0x97,0x9E,0x9F, 0xD6,0xD7,0xDE,0xDF,
0x20,0x21,0x28,0x29, 0x60,0x61,0x68,0x69, 0x22,0x23,0x2A,0x2B, 0x62,0x63,0x6A,0x6B,
0x30,0x31,0x38,0x39, 0x70,0x71,0x78,0x79, 0x32,0x33,0x3A,0x3B, 0x72,0x73,0x7A,0x7B,
0xA0,0xA1,0xA8,0xA9, 0xE0,0xE1,0xE8,0xE9, 0xA2,0xA3,0xAA,0xAB, 0xE2,0xE3,0xEA,0xEB,
0xB0,0xB1,0xB8,0xB9, 0xF0,0xF1,0xF8,0xF9, 0xB2,0xB3,0xBA,0xBB, 0xF2,0xF3,0xFA,0xFB,
0x24,0x25,0x2C,0x2D, 0x64,0x65,0x6C,0x6D, 0x26,0x27,0x2E,0x2F, 0x66,0x67,0x6E,0x6F,
0x34,0x35,0x3C,0x3D, 0x74,0x75,0x7C,0x7D, 0x36,0x37,0x3E,0x3F, 0x76,0x77,0x7E,0x7F,
0xA4,0xA5,0xAC,0xAD, 0xE4,0xE5,0xEC,0xED, 0xA6,0xA7,0xAE,0xAF, 0xE6,0xE7,0xEE,0xEF,
0xB4,0xB5,0xBC,0xBD, 0xF4,0xF5,0xFC,0xFD, 0xB6,0xB7,0xBE,0xBF, 0xF6,0xF7,0xFE,0xFF

};

Fig. 4. Vectorof all 256 bytes,eachof which 3-dilatesthe byte that indexes it, and eachindexed by the folding of its respective 3-dilated integer for both
Algorithms 3 and4.
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Algorithm 3:
inline unsigned int dilate_3(unsigned short x){

return ((
((dilate_tab3[(0xFFFF & x) >>8] )<<24)

| dilate_tab3[ 0xFF & x ]
) * 0x010101) & 0x49249249;

}
Algorithm 4:

inline unsigned short undilate_3(unsigned int x){
return dilate_tab3[0xFF & ((((x>>8) | x) >>8)

| x) ]
| (dilate_tab3[0xFF &(((((x>>8) | x) >>8)

| x) >>24)] <<8);
}

Just as Algorithm 2 halves the space of Algorithm 1
(Figure 3 vs. 2), the next theoremnearly halves their total
spaceonceagain.

Theorem3.1: Thetablesof bytesrequiredfor Algorithms3
and4 coincide.

Proof: [Suggestedby a referee]A table entry effects
a dilating/folding permutation,P, of the bit at an individual
position, 0 � i < 8; to position (3�i ) mod 8, and it so
permutesall eight bits in a single lookup. This permutation
is its own inversebecauseP(P(i )) = (3�3�i ) mod 8 = i
mod 8 = i:
A similar proof appliesfor any d-dilation andpermutingtable
of 2p different p-bit integers,such that d2 mod p = 1: For
example,one table of 256 bytes also suf�ces for 5-dilation
and contraction,thoughcomputationslike the next sections'
are faster.

IV. CONVERSION WITHOUT TABLE LOOKUP.

Conversioncan also be doneentirely within the processor
without thecacheimpactof tablelookup.A review of existing
approachesfollows, basedon shiftsandmasking,which leads
to new ones basedon integer multiplication. This section
concludesby consideringtheabstractcasefor all d. Discussed
�rst ared-undilationalgorithmsfor d = 2; 3.

As before, considerthe casewhere the dilated integer is
containedin a w-bit (32-bit) word. The w limit constrains
the number of signi�cant digits in the undilated integer to
s = bw=dc. As shown in several casesbelow, abstractmulti-
plication generateshigh-orderover�ow bits that are ignored.

Notation4.1: Let s denotethe numberof signi�cant dilat-
ablebits in an undilatedinteger.

A. Shift-Or Algorithms

Merkey presentsstraight-linecodesbasedon an algorithm
by Stocco and Schrack[20], [19], that use repeatedshift–
or operationsand masksfor conversionbetweennormal and
dilated integers. They also can be found without citation
amongsamplecodesin machinemanuals[21, pp. 136–139,
184–185]. Instancesof the shift-based2-undilation and 2-
dilation algorithmsfor s = 16 are shown in Figure 5. Each
algorithm works in four rounds, where a round comprises
threeoperations:a shift and two bitwise operations.Merkey
presentsa variant that performsone shift and three bitwise
operationsper round,but works equallywell with superscalar
instructions.Another round is necessaryfor w = 64; s = 32:

Figure 5 illustrates the whole family of algorithms. In
undilate 2 there,for instance,eachround coalescespairs
of groups from the previous round; that is, that algorithm
performs “binary coalescing.” Unnumberedhere becauseit
is replacedbelow, it usesa mask to remove the redundant
“middle muddle” that results from re�exive bit merges. It
collapsesthe dilation in only dlg se rounds.

B. Undilation via Multiplication

With fast integer multiplication the shift-ors in a round
of the undilation algorithm might be reducedto a single
multiplication that implementsthem.When a constantfactor
has only a few bits set, its multiplication might be better
replacedby inline shift-adds at compile time, or (even if
a variable) decodedby the processorto shift-adds at run
time. For example, multiplications by integers like 3 or 17
that have only two bits set in their binary representation
can be implementedby a single shift-add. In writing such
a multiplication we intendit to allow suchan implementation
if faster. Indeed, we have seen compilers that enforce it
(sometimesslowing the code).Fastermultipliers or relatively
slower barrel shiftersmight favor the multiply ascoded.

The multiplication is safe here becausethe interven-
ing/dilating zero bits absorb any carries from the implied
additionwithin themiddlemuddle,that is aboutto bemasked
off anyway. Since any dilated integer has a sparseset of
signi�cant bit positions,it is safeto implementtheshift-orsof
similar undilationsusing multiplication. For instance,2- and
3-undilationcanbe implementedas follows:

Algorithm 6:
inline u_short undilate_2(u_int t){

t = (t * 3) & 0x66666666;
t = (t * 5) & 0x78787878;
t = (t * 17) & 0x7F807F80;
t = (t * 257) & 0x7FFF8000;
return ((u_short) (t >> 15));

}
Algorithm 7:

inline u_short undilate_3(u_int t){
t = (t * 0x00015) & 0x0E070381;
t = (t * 0x01041) & 0x0FF80001;
t = (t * 0x40001) & 0x0FFC0000;
return ((u_short) (t >> 18));

}
Themoderatelyexperiencedprogrammerwill recognizethe

constantfactorsin Algorithm 6 as successorsof powers-of-
powers-of-2 (Fermatprimes even), and so we expressthem
as decimalnumbers.In fact and as derived in SectionIV-D,
in Round i the factor is composedof 2 one bits, separated
by 1

2 2i � 1 zero bits. In Algorithm 7 they are presented
as hexadecimalnumbers,revealing their similarly regular bit
patterns:onebits areseparatedby 2

3 3i � 1 zerobits in Roundi .
Algorithm 6 mimics Figure 5's undilate 2, with the

differencethat the partial resultsshift to the left as rounds
proceedbecausethe productsare emulatingright shifts. For
example, its �rst statementis mimicked almost directly by
the the assignmentt = (t * 3) & 0x66666666 in Algo-
rithm 6, except for that shift. Becauseof it, a cumulative
correctingshift is necessaryin the returnvalue.
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inline u_short undilate_2(u_int t) {
t = (t | (t >> 1)) & 0x33333333;
t = (t | (t >> 2)) & 0x0F0F0F0F;
t = (t | (t >> 4)) & 0x00FF00FF;
t = (t | (t >> 8)) & 0x0000FFFF;
return((u_short) t);

}

Algorithm 5:
inline u_int dilate_2(u_short t) {

u_int r = t;
r = (r | (r << 8)) & 0x00FF00FF;
r = (r | (r << 4)) & 0x0F0F0F0F;
r = (r | (r << 2)) & 0x33333333;
r = (r | (r << 1)) & 0x55555555;
return(r);

}
Fig. 5. Inline algorithmsdescribedby Merkey for 2-dilation and2-undilation.u int andu short areassumedto be typedef 'ed to unsigned int
andunsigned short , respectively [20], [19]. The left oneremainsunnumberedbecauseit is replacedby Algorithm 6, above.

In summary, Algorithm 6 requires9 operations,andAlgo-
rithm 7 requires7. For 64-bit dilated indices,an extra round
is neededby bothalgorithms,raisingthe instructioncountsto
11 and9 respectively. SeeTable I for comparisons.

C. Dilation

Algorithm 5 standsas our processor-local algorithm for
2-dilation. Multiplication, alone, cannot replace its shift-
or operationsbecauseit introduces carry bits whose ef-
fects survive the subsequentmasking.For example, one is
temptedto substitutet = t*257 & mask for its �rst state-
ment t = (t | (t << 8)) & mask, but that fails, e.g. at
t = 257; becauseof the carry that shifts into the 29 bit of
the product.Indeed,we are not aware of any multiplication-
basedapproachto 2-dilation that usesfewer instructionsthan
the shift-basedapproach.

The multiplication-basedapproach,however, can be used
to 3-dilatean integervia “binary splitting” with fewer instruc-
tions thana shift-basedbinary-splittingalgorithm.

Algorithm 8:
inline u_int dilate_3(u_short t) {

u_int r = t;
r = (r * 0x10001) & 0xFF0000FF;
r = (r * 0x00101) & 0x0F00F00F;
r = (r * 0x00011) & 0xC30C30C3;
r = (r * 0x00005) & 0x49249249;
return(r);

}
As before,theconstantfactorsin Algorithm 8 follow a pattern
that canbe inferredfrom their hexadecimalpresentation:one
bits are separatedby 25� i � 1 zero bits at Round i . This
algorithmdeliversa binary splitting patternof partial results:
at the end of each round, there is a maximum group size,
which changesas8, 4, 2 and then1.

WhereasAlgorithm 8 needsasmany roundsasa shift-based
approach,eachround requiresjust two instructions,multiply
andmask,thatmightbecometheshift-basedalgorithms'three.
Thus,dilating for d = 3 ands = 10 takes8 instructionsrather
than 12, and for 64-bit dilated integersit would requireonly
10.

Although a “ternary split” could perform 3-dilation in
fewer rounds, such an approachis inferior for both the
multiplication-andshift-basedapproaches.Multiplication fails
becauseof thepresenceof undesirablecarries.As before,shift-
basedapproacheswould also have an excessive number of
operationsper round, more than nullifying any reductionin
the numberof rounds.However, as the next sectionshows,
multiplicationimplementsternarysplit well for 4-dilationand,
in general,(d � 1)-ary split doeswell for wider d-dilations.

D. EvenWider Dilations

The caseof arbitrary d > 1 and s > 1 is now addressed.
Speci�cally, how canonederive the “magic” constantsabove
and how is one convinced of the correctnessof thesealgo-
rithms? (Those constantsare denotedb;c;y; z below, sub-
scriptedfor dilation d andtheroundi .) In thearbitrarycase,s
is subjectonly to the conditionthat 1 < s � bw=dc, wherew
denotesthe naturalword width of the processor. The general
algorithmsfollow:

Algorithm 9:
DILATE(t; s; d) (whered > 2)

1) r  t;
2) for i = 1; 2; : : : ; dlogd� 1 se do

r  (r � bd;i ) AND yd;i .
3) returnr .

Algorithm 10:
UNDILATE(t; s; d)

1) r  t;
2) for i = 1; 2; : : : ; dlogd se do

r  (r � cd;i ) AND zd;i .
3) a  d(s � 1) + 1;
4) returnbr=2a� sc.

When d > 2, the multiplication-basedalgorithms use
2dlogd� 1 se instructionsfor d-dilation, and for any d � 2,
2dlogd se+ 1 instructionsfor d-undilation.The basesof these
logarithmsleadto theterms(d� 1)-recursionandd-recursion.
Comparedwith theshift-basedalgorithms'boundof 3dlog2 se
instructions,themultiplication-basedalgorithmsusefar fewer
instructions,particularly when d becomeslarge, due to the
linearity of d in the baseof the logarithm. (Table I presents
exact countsfor practicalvaluesof d ands:)

Considernow the correctnessof the algorithms and the
valuesof b;c;y; andz.

Notation4.2: Let xp;q denote
P p� 1

` =0 2`q for integersp;q �
1.
The binary expansionof xp;q has p 1s, with each pair of
successive 1s separatedby exactly q � 1 zeros,and with the
rightmostbit equalto 1.

The correctnessof the undilation Algorithm 10 is implied
by an induction on two invariants.They determinewhat the
constantscd;i andzd;i shouldbe.The initial/basecaseis used
below as if it occurredat “the endof” a null Round0:

1) For all rounds,the leftmost bit of r staysin the same
bit position, i.e. positiond(s � 1) + 1.

2) At the endof Roundi for i = 0; 1; : : : therearegroups
of consecutive signi�cant digits of size di , with the
rightmost group possibly smaller if s is not a power
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Strategy Alg. Dilation Undilation
TableLookup fetch shift mask fetch shift mask

d = 2 : 1,2 2 2 3 2 2 4
d = 3 : 3,4 2 21 31 2 4 5
Processor-local multiply shift mask multiply shift mask

d = 2 : 5,6 0 4 8 4 1 4
d = 3 : 8,7 4 0 4 3 1 3

TABLE I

INSTRUCTION COUNTS FOR UNDILATION AND DILATION, FOR PRACTICAL

ALGORITHMS USING TABLE LOOKUP, SHIFT-BASED, AND

MULTIPLICATION-BASED ALGORITHMS.

of d. Eachgroupis separatedfrom the onebeforeit by
di (d � 1) zerobits.

It is easyto verify thatthemultiplicationconstantfor thei + 1st

round,cd;i +1 , shouldbexd;(d� 1)d i . This constantcanbemore
thanw bits long but, by the propertiesof modulararithmetic,
only the low-order w bits of any constantare necessaryfor
the resultto be correct.For instance,whend = 3, s = 10 and
w = 32, c3;3 = x3;18 = 236 + 218 + 1 = 0x1000040001 , a
37-bit value.However, theconstant0x40001 in Algorithm 7
is just the low-order32 bits of c3;3.

Algorithm 9, d-dilation for d > 2 in t = dlogd� 1 se rounds,
hasinvariants:

3) For all rounds,the rightmostbit of r staysin position
0.

4) At the end of Round i , for i = 0; 1; : : : ; t, there are
groupsof consecutivesigni�cant digitsof size(d� 1)t � i ,
plus possiblyone(the leftmost)groupof smallersizeif
s is not a power of (d � 1). Each group is separated
from the onebeforeit by (d � 1)t � i +1 blank bits.

Therefore, one round of d-dilation reducesthe maximum
size of a group of consecutive signi�cant digits by a factor
of (d � 1), which may be viewed as a (d � 1)-way split.
Figure6 illustrateswhy this works. As it shows, onecanuse
a multiplication to create(d � 1) adjacentcopiesof a block
of (d � 1)j contiguoussigni�cant bits. From theseadjacent
copies,one can extract the appropriatecontiguousblocks of
size(d � 1)j � 1, which arespacedexactly (d � 1)j bits apart,
as requiredby Invariant 4. The multiplication constantsare
given by bd;i = xd;(d� 1) t � i +1 .

V. TIMINGS AND CONCLUSION

Algorithms 1–8 have been tested on PowerPCs G4 and
G5, Pentiums2 and4, Xeons,an Itanium,Athlons,Opterons,
andan IBM POWER5. Timings weretaken for repeatedruns
with the small tablesof Algorithms 1–4 preloadedin cache,
a reasonableassumptionwhen they are being usedoften, as
in a loop. (The alternative of condemningcacheafter every
test, to simulate rare randomconversions,is too stringent.)
All are very fast.Algorithms 1–2 are consistentlyfasterthan
Algorithms5–6.Algorithms3–4comparedifferentlyto 8–7on
differentmachines.For wider dilations,d > 3; unpackingthe
table entriesbecomestediousand the direct, multiplication-
basedalgorithmsshine.

1Multiplication by 0x010101 in Algorithm 3 is not countedhere.
Dependingon your processor, it may be fasterasthe constantmultiplication,
or as2 shifts and2 additions.

d = 2 for Matrices
TableLookup Shift Multiply

Processor Compiler Dilate Undilate Dilate Undilate
Version Alg.1 Alg. 2 Alg. 5 Alg. 6

Itanium gcc 3.4 2.64 4.65 9.66 4.65
Itanium icc 8.1 3.11 5.11 10.12 8.12
Opteron gcc 4.1.1 1.05 2.57 6.08 4.54
Pentium4 gcc 3.4.6 4.04 6.55 15.17 10.85
Pentium-M gcc 3.3.6 3.01 4.14 8.37 7.96
POWER5 gcc 3.3.3 1.08 2.95 8.39 4.85
Xeon gcc 3.4.5 4.06 6.48 15.18 10.45

d = 3
Measuredin average TableLookup Multiply

processorcycles. Dilate Undilate Dilate Undilate
Alg. 3 Alg. 4 Alg. 8 Alg. 7

Itanium gcc 3.4 7.68 6.65 7.65 6.65
Itanium icc 8.1 10.12 8.12 8.12 8.12
Opteron gcc 4.1.1 3.10 5.05 5.19 2.99
Pentium4 gcc 3.4.6 10.81 8.56 14.16 13.72
Pentium-M gcc 3.3.6 5.02 4.83 8.61 5.56
POWER5 gcc 3.3.3 4.88 4.97 8.64 2.98
Xeon gcc 3.4.5 10.71 8.49 13.94 13.68

TABLE II

AVERAGE TIMES FOR THE ALGORITHMS MEASURED IN PROCESSOR

CYCLES ON DIFFERENT MACHINES.

TableI comparestheoperationcountsfor theeightprincipal
algorithms.The trade-off betweenfetch and multiplication is
apparent.Table II comparesthe running times measuredin
clock cycles for thesealgorithms,run on several machines.
The indicatedC compilersandversionswereusedonly with
option -O3 .

This paper presentsseveral results advancing the use of
dilated integers for indexing Morton-orderedmatrices.First,
it is an introductionto thosestructuresand how simply they
deliver block-locality with conventional cartesianindexing.
Second,it reintroducesef�cient processor-basedalgorithms
that should be more widely known, and establishesnew
time- and space-ef�cient table-basedalternatives. Of course,
eithercould be displacedby hardwiredbit shuf�ers. Third, it
generalizesthe former algorithmswith d-ary and (d � 1)-ary
recurrencesfor the generalcase.

Expansionof the memory hierarchy and the advent of
chip multiprocessorscreate a need for arrays with highly
local accesswithin any cache-residentblock.Thesealgorithms
allow dilatedintegers,aswell asmethodsfor directarithmetic
on them[12], helpdeliver that locality with ordinarycartesian
indexing on ordinaryhardware.
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