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ABSTRACT

Justaswe canwork with two-dimensionaloor plansto commu-
nicate3D architecturaldesign,we canexploit reduced-dimension
shadavs to manipulatethe higherdimensionalobjectsgenerating
the shadws. In particular by taking advantageof physicallyre-
active 3D shadav-spacecontrollers,we cantransformthe task of
interactingwith 4D objectsto a new level of physicalreality. We
begin with a teachingtool thatuses2D knot diagramsto manipu-
late the geometryof 3D mathematicaknotsvia their projections;
our unique2D hapticinterfaceallows the userto becomefamiliar
with sketching,editing, exploration,andmanipulationof 3D knots
renderedasprojectedimageson a 2D shadav space.By combin-
ing graphicsandcollision-sensindhaptics,we canenhancehe 2D
shadav-driven editing protocol to successfullyieverage2D pen-
and-papeor blackboardskills. Building onthereduced-dimension
2D editingtool for manipulating3D shapeswe developthe natural
analogyto producea reduced-dimensioBD tool for manipulating
4D shapes.By physically modelingthe correctpropertiesof 4D
surfacestheir bendingforces,andtheir collisionsin the 3D haptic
controllerinterface, we can supportfull-featured physical explo-
ration of 4D mathematicabbjectsin a mannerthat is otherwise
far beyond the experienceaccessibldo humanbeings. As far as
we are aware, this paperreportsthe rst interactve systemwith
force-feedbackhat provides “4D haptic visualization” permitting
theuserto modelandinteractwith 4D cloth-like objects.
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1 INTRODUCTION

An early proponentof dimensionalanalogywas the 19th century
psychologistandphysiologistGustae Fechnerwho wrote a short
story, Spacehas Four Dimensions as part of his collection Vier
Paradoxepublishedin 1846 underthe pseudoym of Dr. Mises.
Fechnerdescribeda two-dimensionalkcreature,a “shadav man’
projectedto a at screen. This shadav being could interactwith
othershadavs, but could not conceve of a directionperpendicular
to the screenlInteractive computersystemsn factwork almostex-
clusively with shadavs, i.e., representationsf our 3D world cast
upon 2D graphicsscreendy mathematicaprojectionandrender
ing algorithms.Graphicsmethodsallow usto addfeaturedo these
shadavs suchaslighting, shadingandocclusionthatwe interpret
via ourlearnedoerceptuamodelsasbeingtruly 3D, despitethefact
thatin truth their dimensionis reduced.
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Our taskin this paperis to shav howv one canfully exploit pro-
jectionsto lower dimensionsand the use of physically reactve
projection-basedhaptic controllersto transformthe task of inter-
actingwith thefourth dimensiorto anew level of “shadav-driven”
physicalreality. We lik e to think of this methodintuitively asexist-
ingin a“shadav world,” atermwidely usedin theclassiditerature,
with clearinteractive implicationsand an ancientcontext adopted
by authorssuchasFechnerAlthoughit is possibleto confusewhat
we call “shadav space”with the conventionalillumination-based
shadavs of computegraphicgechnologythiswill typically notbe
anissuein our treatment.We startfrom thefairly familiar ideaof
aknot“crossingdiagram”draving executedwith a penandpaper
andextendthatideafor pedagogicapurposedo a hapticinterface
thatis restrictedto a plane,but still empaveredto sketch, touch,
andtake controlof a3D mathematicaknotthroughits projectionto
the controllerplane.Having establishedhe mechanismsndintu-
ition of thisarti ce, we proceedo afull-featuredextensionto a 3D
hapticsystemcapableof manipulatingdD cloth-like surfaceswith
realisticphysicalcharacteristicsforces,andreactie collisions. In
this way, we canproceedo attackfamiliesof signi cant problems
in 4D intuitive visualizationsuchas untying the apparentlyknot-
ted twist-spuntrefoil, cancelingpinch-pointsin topological con-
structionsandmodeling4D “chain” structuresonsistingof linked
sphereandribbons.

2 RELATED WORK

Theideaof treatingshada gures asa virtual reality goesback
at leastto Plato's Allegory of the Cavein the seventh book of

The Republic Therethe shadavs are merely representationsf

objectsseenby three-dimensionabbserers who are constrained
so they cannotseethe 3D physicalworld. Plato doesnot sug-
gestthat the shadas have the capability of interactingwith one
another and this is the essentialextension put forth by Fech-
ner's work. Theideaof cross-dimensionalnderstandindnasde-

velopedin mary directionssincethen. Abbott's Flatland asled

how two-dimensionatreaturesnight attemptto understandhree-
dimensionakpacd1, 11], while Banchof's pioneeringwork sug-
gestechow 3D computetbasedprojectionscould be usedto study
4D objects[2,3]. Otherrepresentatie efforts include a variety

of waysto render4D objects(see,e.g., Noll [24], Hollasch[18],

Banks[4], Rosemarj30], andEgli, Petit,andStewart[12]), andto

extendlighting modeltechniquedo 4D (see.e.g.,[7,16,34]). Our

own previous efforts suggestedhow haptic exploration of 4D ob-

jectscanexploit topologicalcontinuity by ignoringillusory 3D sur

faceintersection@ndfocusingon theintrinsic 4D geometry[17].

In parallelto the above-citedwork studying4D mathematicabb-
jectsvia 3D projectedimagestherearealsomary approachesle-
scribing3D curvesandknotsin termsof theirshadas, largely mo-
tivated,onesuspectsby the constraintof blackboardecturesand
mouse-basedomputerinterfaces. For example,sketchinga knot
with Schareins Knotplotis donein a plane(basicallythe shadav
world of the 3D embeddingsysinga mouse-basedontrol system
[31], while Cohenetal. create3D curvesby correlatingthe curve
with its sketchedshadev to computethe curve's 3D shapd8].

Typicalvisualizationmethodsor understandingigherdimensions
emplg a projectionto 2D, or perhaps3D, asa fundamentaktep;
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Figure 1: (a) The 2D shadow diagram of this mathematical link has no 3D
cues. (b) The 2-1/2 D knot diagram provides suf cient 3D depth information
to characterize the 3D geometry. (c) Rendering with light and material adds
apparent 3D geometry, depth, and shape to the 2D image.

this helpsthe viewer to identify salientglobalfeaturesof thewhole
objectandprovidesstructuralcontinuitywhenrotatingthe objects
projection, or performinghigherdimensionalrotationsto change
the projectedmage.Hapticexploration,beingintrinsically limited
to the physicalworld, alsomustprojecthigherdimensionabbjects
to threedimension®r lessfor interactionwithin this context, knot-
tedcurvesembeddedh 3D canbeprojectedo 2D andeditedtopo-
logically within a consistentprojectedcontext to reveal comple
topologicalrelationshipsand structure. With the adwent of mod-
erninteractve graphicstechnologywe canbegin to appreciatehe
challengeof sensingthe phenomendrom higherdimensionghat
bafed thetwo-dimensionathadev manof Fechners story In this
papemwe begin to answetthequestion:*How canwe usetouchable
shadavs andpercevableshada-spacegorcesto manipulateall the
degreesof freedomof a four-dimensionalvorld?”

3 OVERVIEW OF SHADOW MANIPULATION SCENARIO

People learn about the everyday world by combining sensory
modalities. Knowledge of shapecomesfrom a synthesisof the
sensationsf sightandtouchacquiredduringexploration.By com-
bining computergraphicswith computerhaptics,which endav the
environmentwith intuitive force feedbackwe canbegin to create
asensonybridgefrom the shadav world to the higherdimensional
world wearetrying to comprehendWhile our ultimatechallenges
to understandhe physical4D world using3D hapticsin its shadav
spaceit is very useful,perhapsvencognitively necessaryo intro-
ducethe basicfeaturesof our approachusinga simpli ed analogy
basedn 2D shadws of 3D cunes.

We thereforebegin by examiningthe 2D projectionof a 3D curwe,
noting speci cally the overlappedneighborhoodshat containthe
2D crossingpoints of pairs of 3D curve seggments. If all we can
seeis the equivalent of penstrokes of a draving on paperor the
actualphysicalshadav of the3D curve,we nd theresultin Figure
1(a),whichis devoid of 3D information. This problemis typically
overcomeby employing the “crossingdiagram”methodillustrated
in Figure1(b); this correspondsssentiallyto a depth-lufferedren-
deringwith someembellishmentso emphasizealiscontinuitiesin
depth. By thickeningthe curve andproviding geometryandmate-
rial featurescombinedwith lighting and shadingmethodswe can
gettheadditionalimprovementshavn in Figure1(c).

Now we canbegin to seehow to exploit a hapticprobein shadav
spaceto facilitate full geometrymanipulation: whenthe probeis
constrainedo the2D shadav plane theusercanstill freely editthe
3D structuren the shadow-planelirections Permittingthe userto
modify the 3D depthof ary point alonga projectionray by using
alternatestatesor modi ers completesthe ability to supportfull-

spacegeometricediting. We canthus, for example, use controls
in the 2D shadev planeto supports3D interactionsthat cancre-
atean arbitrarily complex topologicalknot. The key ideasof the
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Figure 2: (a) (Above) 3D object projected to 2D shadow (below). (b) Grabbing
a point in the shadow and moving it laterally in the 3D space. (c) Grabbing a
point and moving it along the shadow ray.

overall scenariogxempli ed by the 2D shadev world, cannow be
summarizedsfollows:

Createa shadowspacein onelower dimension. For exam-
ple,take a3D curwe, createa 2D projection,andconstrairthe
hapticprobes actionto that2D plane.

Addan extra % dimension.Displayin the shadev spacecan
beenhancedtby shaving occlusion®f objectsfartherfrom the
projectionpoint when crossingsoccur  Similarly, sketching
in the shadav spacecanquerythe userfor an overor-under
choicewhenthe curve-draving shada-spacecursorcollides
with apartof the curve atthe samedepthin therealspace.

Enhancethe geometryand depthinformationin the higher
dimensionComputemgraphicsandvisualizationmethodscan
enhancehe perceptionof the geometryby color depthcod-
ing and exaggeratedcclusionor crossingdiagrams;rough
sketchessimilarly bene t from global smoothing.

Make it physicallytouchable By modelingthe physicalin-

teractions,collisions, forces, stretching,and momentumac-
curatelyin thefull dimensionandprojectingthesetouchable
interactionsdown to the shadw spacewe cansupportasub-
stantialsensatiorof physicalreality.

Manipulate projected images of objects embeddedn the
higherdimension We cancombinedirectshadev spacecon-
trolswith projection-raycontrolsto dragor deformobjectseg-
mentsto arbitrarynew placesin thefull-dimensionalscene.

Explore the modeledobjectswith the haptic probe Pre-
de ned object modelsor newly constructedmnodelscan be
explored by constrainingthe haptic probeto the model do-
main, with noneof the problemsof the realworld, sincethe
probeitselfis notphysicalandis notbotheredy illusory self-
intersectionsof a continuousobjectin the shadev domain;
furthermore,the probeitself doesnot collide with partsof
theobject,whichis amajorproblemwith touch-base@xplo-
rationof objectssuchasreal, physicalknots[17].

In summary by mappingthe lower-dimensionaluserspace(pro-
jection or shadw) to the full-dimensionalobjectalong eitherthe
dimensionof the projectedspaceor alongthe projectionrays,we
can manipulateobjectdeformationsin the full spacewhile expe-
riencing physicalartifactssuchasforce, inertia, momentum,and
collisionsinducedby the higherdimensionakimulation.In Figure
2, we shav a very simpleexamplewith an“outsideview” of a3D
cunve deformationcorrespondingo standarcknotmove, aswell as
aray-alignedmove, controlledfrom the shadav space.



4 DETAILS OF IMPLEMENTATION MODELS

In this section,we describethe families of modelsusedto imple-
menttheinteractionproceduresinduserinterfaces We againfocus
on 2D projectionsof 3D curvesto give explicit contet, with theas-
sumptionthat typical featureswill be straightforvard to extendto
3D projectionsof 4D curvesandsurfacesaspectsequiringspeci ¢
variantsfor the 3D/4D situationwill betreatedexplicitly in alater
section.

Ourfundamentatechniquesirebasedn awide varietyof prior art,

including haptic interfacesfocusingon virtual realism(see,e.g.,

[5]), the exploration of unknavn objectsby robotic ngers (see,
e.g.,[25,26], and othervariantson haptic explorationtechniques
([23] and[35]). Relevantmethodof forcefeedbaclkanduserassis-
tanceinclude,e.g.,thework of [36], [21], [13], [27], and[9]).

However, we have found mary aspectof shadev-spacemanipu-
lation to be unique,andthuswe have beenrequiredto adoptcus-
tomizedhybrid approaches-or example forcesmustbe computed
in the projectiondomain,but mustmaintainanaccuratesimulation
of thehigherdimensionaphysicsto accounfor andcreatea haptic
responséo phenomenauchascollisionsandattendanbver/under
choices.Cornversely appaent collisionsin the shadev of compo-
nentsthatarephysicallyseparatedh the physicaldimensionsnust
beignored.

The basicmodelingmethods componentsandfeaturescharacter
izing our interfacearesummarizedn the sectionshelow.

4.1 Shadow Space Force Modeling

Ourbasicforcemodelsimulatesa“sticky” stylus[17]in theshadav
spaceusing a dampedspring con guration model; the probecan
move freely in the shadev surface,but cannotmove along a ray
(which is technicallypossiblein the 2D/3D situation,but impossi-
blein 3D/4D).

The dampedspringforce modelcalculateshe point C° asthe pro-
jectionof the hapticdevice proxy C ontheshadav plane[32]. The
differenceN = C° C is usedto computea generalizecHooke's
law force R

Fm= HjNj*" PN : 1)

HereH is a constantandb = 0 for anideal (linear) spring. This
mechanicalrestoringforce is appliedwheneer the stylusis dis-

placedfrom the surface,but we allow force-freemotion alongthe
tangentdirectionto the surfaceto facilitate explorationof the sur

facestructure.The usermustapply substantiakffort to overcome
this force, so the stylus feels stuck to the surface. The damping
forceis takento be

Fa= KaV; 2

whereV is theradialvelocity usedto smooththeforcefeedback.

4.2 Collision Avoidance and Repulsive Forces

Sketching Shadow Images. Whensketching2D shadws of
3D curnwes,collisiondetections appliedto detectwhethertheproxy
apparentlycollideswith otherpartsof the shadev image,andare-
pulsive force is renderedto prevent the haptic proxy from pass-
ing through sggmentsin the shadav gure that actually collide
in the full dimension;collisions are handledby making explicit
over/undetcrossingdecisions.

Collision handlingmethods(see, e.g.,[22] and [14], to mention
only a few) detecta collision betweenvirtual objectswhen they
have justbegunto penetrateeachother However, in a hapticinter
face,the colliding pair positionshave physicalmanifestationsso

onecannotsimply shift bothpositionsto undothecollision. There-
forewe useadynamicrepulsie forceto avoid collisions. Theforce
modelthatwe useto physicallydetectanimpendingcollision and
prepardor anover/undefcrossingchoiceis

Fr= HS!PV: ®)

HereSrepresentthe distancebetweerthe probeitself andtheim-
pendingcollision with the shadev gure, andV is the radial ve-
locity. This force slows down the hapticproxy's velocity asit ap-
proachesnexisting shadev imagesegment thusallowing the sys-
temto detectandmanageollisionsin aphysicallyrealisticmanner

When a collision occursbetweena pieceof an editedobjectand

an existing objectin shadav space usersmustmale explicit over

andunderchoices.e.g.,by usingmodi er keys. Theresultingdis-

placemenimay be smoothedusing the minimum distanceenegy

method[19]. We thushave a “Z%D" collision avoidancethat ef-

fectively leveragesskills developedfrom work with penandpaper

and exploits intuitive force feedbackto aid the draving process.
This is closelyrelatedto the (non-haptic)shadev-driven methods
for sketchingand manipulating3D curves adwocatedby Scharein
[31] andby Cohenetal. [8].

Smoothing the Sketching Process. The Z%D interfacein
principle is sufcient to allow the userto sketch a knot diagram
on the given 2D shadev surface. However, in practice,this free-
hand2D constraineddraving introducessigni cant jitter (human
and mechanical). To improve on this, we follow Haeberlis Dy-
nadraw method[15], connectinga virtual massto the cursorpo-
sition via a dampedspring. As the usermovesthe cursor the lit-
eralpathis modi ed to createsmooth,calligraphicstrokes. From
Dynasculpt(Snibbe[33]), a hapticvariantof Dynadiaw, we adopt
the methodof attachinga virtual mass-springystemto the haptic
probepositionto smooththe free-handesults.

Example: Creating a knot. In Figure3, we illustratetypical
stepsfor the shada-spacecreationof a trefoil knot. Sampledis-
tancesareinteractively adaptedge.g., via boundingspherecheck-
ing, to make the nal curve segmentscloseto the samesize and
well-behaed (se€[6]).

Figure 3: Haptic knot creation via a sequences of under, over, under ...

4.3 Multimodal Navigation
4.3.1 Haptic Feedback

The overall experiencecanbeimproved by constraininghe probe
to follow the local continuity of the objectbeingexplored. Trac-
ing arealphysicalknotwith one's nger resultsin collisionsof the
ropewith the ngertip, forbiddingsmoothnavigation;the projected
imageof a knot cancontainmassie interruptionsof visual conti-
nuity aswell, asshawvn in Figure4(a). The computetbasedhap-
tic interface,however, cando somethingeal-life cannotdo, which
is to supporta continuousmotion that follows the continuity of
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Figure 4: (a) Tracing a real knotted rope is dif cult, even when you are hold-
ing the physical object in your hands. (b) A computer-based haptic probe sup-
ports a continuous unobstructed exploration of the local continuity. (c) Damped-
spring forces can improve the exploration experience.

the object being explored without encounteringohysical obstruc-
tions while overriding visual obstructions. The haptic navigation
methodresohestheapparenton ict betweerthecontinuousstruc-
tureof theactual3D knotandthevisualdiscontinuitiesatocclusion
boundariesn the2D shadew domain[17], asshawvn in Figure4(b).

Haptic navigation can be assistedy force suggestionghat con-
strain the allowed motion, while assistingand guiding the users
ngertip (the probe)towardsthe predictedposition. The following
stepsdescribeour hapticseno loop modelfor addingforcesugges-

tions,asshavn in Figure4(c):

1. Getcurrenthaptic device coordinateC, velocity V, andthe
instantaneouspdaterateof thedevice R.

2. Computethepredictechapticdevice coordinate
Cp=C+V % (4 isthetimestep.)

3. ComputeCpoasprojectionof Cp oncurweimagel.

4. Apply adampedspringforce betweerC andeO.

4.3.2 Auditory Feedback

Adding multimodal feedbackcan provide useful supplementary
conceptualinformation. For example,if one explored a knotted
curvewith aprobeconstrainedo the curve, but with novisualfeed-
back,all knotswould be the similar — just a pathcomingbackto
itself. In practice,knot structureis encodedby the locationand
charactenof the crossingqover andundercrossingsn the projec-
tion). We canaddthis informationto eitherreplaceor redundantly
supplementhevisualdisplayby addinganauditorysignalthatdis-
tinguisheseachover andundercrossingin the projection,asillus-
tratedin Figure5. Similar over andundercrossingsoccurfor sur
facesprojectedfrom 4D to 3D, andthesecanbe similarly signaled
[17].

Figure 6: Editing the 3D shadow image
of 4D object embedded in a simulated 4D
mathematical world.

Figure 5: Sound cues can be
added to tell the user when cross-
ings occur during exploration.
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Figure 7: (a) Two intersecting surfaces in 3D resulting from the projection
of a 4D scene to its 3D shadow. (b) Crossing diagram of the surfaces; the
front portion of the ribbon surface is closer to the 4D projection point than the
spherical surface. (c) Above-below crossing markings using 4D depth coding.
(d) Application of 4D depth smoothing to the ribbon.

5 PHYSICAL INTERACTION WITH 3D SHADOWS OF 4D
SURFACES

We now turn to our mainobjective, whichis to createuniquephys-
ical experienceor the4D world thatcanbegin to make thestrange
morefamiliar.

Thetechniqugustdescribedor controlling3D curvesprojectedto
2D hasan exact analogthat appliesto projectionfrom 4D to 3D.
4D shapeganbe creatededited,andexploredin their 3D projec-
tionshby usingthefull threedegreesof freedomof the hapticprobe
insteadof arti cially restrictingoursehesto a 2D subspace.We
typically want to investigate4dD surfacesinsteadof curwes, since
surfacesin 4D play mary rolesanalogougo thoseof curvesin 3D;
in particular spheresarethe analogsf closedcures,andknotted
curwesarereplacedy knottedspheresn 4D. Pushingandpulling
onthe projectionof a 4D surfacein the 3D projectionmanipulates
its shapein all but the shadev-ray direction. By using alternate
statesor modi ers, the controllercanactivate shadev-ray-aligned
motion, andfor modelsor sketchresultswith very small shadev-
ray componentsye canhandlecollisionsby forcing the modeled
shapecomponento go “above” or “below” its colliding neighbor
in theray direction. Rigid 4D rotationcontrolscanin turn expose
ary componentn the 3D projectionfor selectve editing.

Justaswe canedit projectionsof 3D curves,we cananalogously
sketchthe 3D shadavs of 4D surfaces.We dependon the 3D col-
lision mechanismso locatepossiblecrossingsandusea modi er
to make over andunderchoicesin 4D. Figure6 shavs the mental
modelof auserworkingwith a4D at torus,while Figure7 shavs
the rst stepof the constructionof 4D “chain” consistingof linked
spheresandcircularribbons.

5.1 Editing the 4D Embedding

Thehapticdevice canfreely edita4D shapetypically a surface)in
the3D shadev spacaisingourbasiccontrolphilosophyaugmented
by 4D physicalsimulation. The key to editingtopologicalsurfaces
embeddedn four dimensionss a propercollision handlingmech-
anismthatrealizesmaterialforcesandpreventscollisionsfrom oc-
curringin 4D.

5.1.1 Collision in Four Dimensions

To understandhe nonintuitve mechanism®f 4D collision, let us
startwith a pair of two-dimensionalplanesthroughthe origin in
four-dimensionalspace(seeFigure 8(a)). The two squarednter-
sectin a single 4D point at the origin. In the three-dimensional
projection,however, the planesappearo intersectalongan entire
line dueto the projective collapseof the w dimension. Whenthe
surfacesare4D depthcolor-coded we canseethatthereis justone
pairof pointswith thesamefourth coordinatealongtheintersection
line in the 3D projection. Notethat 4D collisionstake placeonly
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Figure 8: (a) 4D Collision: surfaces are color-coded to show distance from
the 4D projection point, so we see that only one point on the intersection line of
the two planes has the same 4D coordinate. (b) A pair of 3D points that share
same 2D projected coordinates.

if there is also a 3D collision in the shadow but that 3D shadow
collisionsmaynotimply 4D collisions.

We useFigure8(b) to illustratethe algorithmfor projectionbased
collision detection:although2D projectionsof 3D curvesintersect
with eachotherat the sameprojectedcoordinatea 3D depthtest
mustbe performedon the pair of 2D intersectingpointsto deter
mineif they actuallycollide in 3D. Similarly, a4D depthcollision
testmustbe performedalongthe 3D lineswherethe projectedim-
agesof the4D surfacesintersect.The closestpointsonthe4D line
segmentpair areidenti ed to computethe distancebetweenthem
[37]. 4D collision occussif, andonlyif, oneor more pairs of points
are locatedwith samefourth coodinatealongtheintersectingline.

5.1.2 4D Collision Avoidance

Justasfor 2D or 3D collision handlingmechanismstherearetwo
possibilitiesfor handlingdD collisions:resohethemafterthey hap-
penandaredetectedusingmethodsemployed in [37], or never let
themoccur Sincethehapticprobeonacolliding pointpairis phys-
ical, one cannotsimply shift both positionsto undothe collision;
thus,we typically chooseto prevent4D collisionsbeforethey hap-
pen,i.e.,with 4D collision avoidance.

Let tg be aninstantwhenthereis no interpenetratiorbetweenthe
two polygonsembeddedh 4D. Consideratimeintenal [to;to+ Dt].
Knowing thepositionsandvelocitiesof eachnodeof the4D surface
modelattimety, it is possibleto computeits positionsattimetg +

Dt (we prede ne a thresholdvalue d for the thicknessof the 4D
surfaceand ary motion betweentwo framesis clampedto be no
greaterthand). Collision avoidancethenconsistof determiningf

oneis headingowardsa potentialcollision. Two caseccur:

avertex of atrianglein a 4D meshis going towardsa trian-
gle of the meshandthe distances lessthand (point-triangle
collision)

the edgeof atriangleof a 4D meshis goingtowardsanother
triangleandtheir distanceis lessthand (edge-edgeollision)

If eitherof thesetwo statesexists, the pair of closestpointson the
colliding componentsireidenti ed andl is de nedasthe4D vector
passingthroughthem. Thenan equal(but opposite)displacement
alongl is appliedto eachcomponentlongl, the displacements
justenoughto take thecomponenbut of collisionrange.Thebasic
4D computationsor point-triangledistanceand edge-edgesolli-
sionareextendedfrom the 3D caseq28,37], andin principle can
be extendedand appliedto 2D surfacesembeddedn arbitrary N-
dimensionakpace.

5.1.3 4D Cloth-Environment Simulation

Visualizing4D topologicalsurfaceshaslong beena subjectof fas-
cination; however, mostof the previous work hasfocusedon cor

rectly renderingimagesof such surfacesin the projectedspace.
Four-dimensionamathematicahndphysicalbehaior (suchas4D

collisions) cannotexist at all exceptin the “mind” of the com-

puters mathematicalmagination. We are thusled to investigate
an enhancedsisualizationernvironmentwherewe model 4D sur

faceswith a4D mass-springystemsupportingphysicalinteraction
within the“shadav-driven editing” method.

4D mass-spring system. Therehave beena numberof cloth
modelsproposedn the last decade. Most of themaim to repro-
ducethe physicalbehaior of cloth [10,28], andothersareableto
generat@approximatebut plausibleanimationsn thecontet of in-
teractive virtual reality applicationof games(seee.g., [20]). By
extendingthe mass-springsystemto four dimensionswe canin
principle modelthe 4D mathematicahndphysicalbehaior of 4D
topologicalsurfaces.For thesale of generalitywe will assumehat
eachmasspointi is linkedto all the otherswith (linear) springsof
restlengthli?]— andstiffnessk;;j. This stiffnessis setto zeroif the
actualmodeldoesnotcontaina springbetweermass andj. In the
remainderof this paper we will focuson 2-manifold deformable
objectsembeddedn 4D. We will usethe following threetypesof
linearspringsin our 4D interactve system:

springdinking masse$i; j] and[i + 1; j], andmasse$i; j] and
[i; j+ 1], will bereferredto as“structuralsprings”;

springslinking masse$i; j] and[i + 1; j + 1], andmasse$i +
1; j]and[i; j + 1], will bereferredto as“shearsprings”;

springslinking masse§i; j] and[i + 2; j + 1], andmasse$i; j]
and[i; j + 2], will bereferredto as“bendsprings”;

Choosing the Shadow Plane. Theorientationof the projec-
tion planeis animportantfactorin the interface. Whensketching
higherdimensionalobjectsin the projection, userstypically will
choosean informative projectionto work on, muchaswe drav a
knot diagramwith penandpaper(seee.g.,Figure3 andFigure7).
In theeditinginterface,a separatenouse-dsren orientationcontrol
is providedto adjustthe4D rotationmatrixwhoserst two columns
de ne the projectionplane;this allows sufcient controlto achieve
a good projectionfor eachparticularediting subtask(seeFigure
10).

Forces. Theinternalforce Fin[i; j] is the resultantof the ten-
sionsof the springslinking massgl[i; j] to its neighborswherethe
calculationis basedn Eq. 1 in four dimensionsTheexternalforce
Fext[i; j] is appliedwhenthe masq[i; j] is exposedto hapticmanip-
ulation. We notethat our mass-springystemis con guredin 4D,
sotheinternalforcesexertedby 4D springsare4D vectors.Theex-
ternalforcesappliedby 3D hapticdevice arestill 3D vectors,and
the 3D shadw spaces the human-accessibldimensionwhenin-
teractingwith 4D objects(this is the heartandsoul of our “shadav
editing” method).All theseconsiderationsllow usto computethe
forceF;j(t) appliedto themasdi; j] atary time.

Integration. The fundamentadynamicalequationcan be ex-
plicitly integratedacrosgime by the Eulermethod:

8

2 aj;j(t+Dr) = m%J.Fi;j(t)

>Vi;j(t+ D) = Vi;j(t) + Dta;;j(t + Dt) (4)
" Pipj(t+ DY) = Pypj(t) + DVt + DY)
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Figure 9: (a) A knot tied in a 3D ribbon cannot be undone. (b) An apparent knot in the 3D projection of a 4D ribbon falls apart.

5.1.4 Haptic 4D Cloth Rendering

Whenwe combinehapticswith 4D cloth renderingwe supportin-
teractionwith a 4D cloth simulationin the 3D shadav space;in-
corporatingprojected4D collision forces.Selected8D hapticcloth
renderingmethods[29] are adaptedo our 4D ervironment. Our
systemusesconstraint-basethethodg38], hapticallyrenderinga
“rubber bandline” from the haptic pointerto the picked vertex.
Userscan thus develop a correctinteractve experiencewith the
intuitive natureof unfamiliar 4D geometryby editing partsof the
objectin assorte@D projectionsusing3D forcefeedback.

5.2 Examples

Interactingwith 4D cloth-like objectsusing“shadav editing” meth-
odscanhelp usersto develop a correctinteractive experiencewith
theintuitive natureof unfamiliar 4D geometry

Visualizing 4D Collisions. Oneinteresting4D mathematical
phenomenois thatin four dimensiondoopsandstringscanalways
be untiedalthoughthey appearknottedin the projectedspace(this
canbe con rmed by applyingarigid 4D rotation). With our accu-
rate4D mathematicahndphysicalmodelingand“shadav editing”
method,userscaninteractively untiea 4D stringthatappeargknot-
ted (seeFigure9).

Tightening the 4D Spun Trefoil. In four dimensions,even
thoughloopsandstringscanalwaysbeuntied,surfacescanbeknot-
ted. Onefamily of 4D knots consistsof knottedsphereghat are
formedby spinninga knottedline segmentin thefourth dimension
to sweepout the surface;an exampleis the 4D spuntrefoil knot.
This 4D knottedsphere just like a truly knotted3D trefoil knot,
cannotbe untied. As illustratedin Figure10(a-b),the usercantry
to pull apartthe4D knottedspherethe4D analogof aknottedpiece
of string). The effort fails, sincein the rigorouscomputersimula-
tion of the4D physicalworld, theobjectis atrueknotandcannotoe
untiedby pulling onit. Neithercanit beloosenedasillustratedin
Figure10(c-e).In this way, userscandevelop a correctinteractve
experiencewith theintuitive natureof unfamiliar 4D geometry

Deforming the 4D Torus. The4D embeddedorus(the prod-
uct of two circles, technically written as T2) is an object of
fundamentalinterest, with a standardmodel given by x(u;v) =
(cosu; sinu; cosy; sinv). Althoughthe orthogonalBD graphicspro-
jection of this torushastwo lines of self-intersectionthe true sur
faceis actuallya smoothtopologicalmanifoldin four dimensions.
Our previouswork presentec multimodalparadigmfor exploring
the smoothintrinsic featuresof topologicalsurfaceslike this em-
beddedn four dimensiong17]. We cannow obtainanalternatve
mentalmodel of the structureof this surfaceby interactvely de-
forming the objectin the four dimensions.Figure 11 shavs how
to uselocal deformationto manipulatethe projectedimageof the
torusto actually eliminatethe self-intersectionsn the 3D projec-
tion without alteringor damaginghe 4D surfacein ary signi cant

@) (b) (©

(c) (d) (e)
Figure 11: Selectively applying local deformations to the 4D-embedded torus
helps expose the underlying topological structure of the surface.

way. Essentially the pinch-points,wherethe X-shapedfold-over
occurs,canbe moved towardsone anotheruntil they cancelboth
on the nearandfar side. The gure is colorcodedfor 4D depth,
sotheslightredbulgethatremainsn themiddleis atacompletely
differentdepthfrom the blue surface;thuswe canjust pushthered
bulge throughthe blue surfacein the 3D projection,yielding the
nal toroidalshape.

Physical Lifting in Four Dimensions. In Figurel12,weillus-
tratehow materialsnteractin 4D by threadingaribboninto apiece
of cloth, rst going“above” in 4D, pulling under andcomingout
theotherside“below.” If the cloth andribbonareslippery gravity
will causethe cloth squareto slide off the ribbon, muchlike two
piecesof spaghettin our 3D experienceln Figure13,we perform
the sameoperationexcepton a closed2-sphereembeddedn 4D;
aslong aswe keepthetwo endsof theribbonabove thespherethe
capturedgpointcannolongerescapeandthespheras lifted without
beingableto slide off; thisis analogougo threadinga stringinto a
3D ring. Justaswe canlink togetheringsin 3D to form a chain,
we canin factform 4D chainsof alternatingribbonsandspheres.

5.3 Multimodal Exploration of the Fourth Dimension

Haptic exploration of topological surfacesembeddedn four di-

mensionscan be supportedby constrainingthe probeto conform
to thelocal 4D continuity of the objectsbeingexamined[17]. The
multimodalexplorationin the 3D shada imageof the4D embed-
dedobjectpassesontinuousiythroughthe visually disruptie self-

intersection®f the 3D projection,revealingthefull richnessof the
complec spatialrelationshipf thetargetshape.
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Figure 10: (a,b) Tightening a 4D knotted sphere by pulling on the 3D shadow. (c,d,e) Pushing on the knotted sphere to loosen it.

@) (b) ()

(d) (e) )

Figure 12: (a) Threading a 4D ribbon into a piece of 4D cloth (blue is under,
red is over). (b,c) The 4D materials collide and exert lifting forces. (d,e,f) The
4D cloth slides off the ribbon due to gravity.

@ (b)

Figure 13: (a) Threading a piece of 4D ribbon into a closed 4D-embedded
2-sphere. (b) When lifted against gravity, the 4D linking cannot fall off.

6 IMPLEMENTATION ENVIRONMENT AND PRELIMINARY
USER STUDIES

Our implementationusesa SensAbleTechnologyOmni PHAN-
ToM force-feedback haptic device combined with a high-
performancegraphicscardsupportingOpenGL.Our userinterface
is basedon OpenGLand SensAbles OpenHapticAPI. The soft-
warerunson aDell PCdesktopwith 3.2GHzIntel Pentium4 CPU.
The haptic frame rate remainsabose 1000Hz for most taskswe
have encounteredthe hapticdevice requiresarefreshrateof about
1000Hzin orderto give thekinestheticsenseof stiff contact).

The 2D/3D systemmatchesthe shadev planewith the 2D com-
puter screen,anda 2D cursorrepresentshe haptic proxy in the
scene Hapticfunctionssuchassketching,editing,andexploration
of 3D curwesprojectedto the 2D planeareenhancedy real-time
force-feedback.The 2D/3D systemhasbeensuccessfullyusedto
manipulateavariety of knots;anexamplemanipulatioris shavn in
Figurel4. Thehapticcontrolof 2D projectedmagesof 3D knotsis
smoothandnatural,andthe usersenseshe collisionsin the higher

dimensionwhentaking controlof theshadav gures.

Eight studentsfrom a topology classusedthe multimodal explo-
rationtool for 3D mathematicaknotsbeforethey wereexposedto
knottheoryin theclassroomHapticnavigationonboth2D knotdi-
agramgseeFigure1(b)) and3D renderedmages(seeFigure1(c))
weresupportedo assistthe participants'understandingf the re-
lation between2D knot diagramsandthe actual3D mathematical
knotbeingrepresentedA setof 10questionsvereusedn ourques-
tionnaire.Theseguestiongocuson differentaspectsuchaspartic-
ipants' acceptancef the “shadav-driven” explorationtool, haptic
methodsfor aiding understandingf 3D knot structure,and audi-
tory cuesassupplementarynformation(measuredisinga 5-point
Likertscale).Taskssuchasdeterminingvhethertwo givenknotdi-
agramgepresenthe sameknotandhow to convertatrueknotinto
anunknotby changingan individual crossingfrom “over” to “un-
der” arealsoincludedin thequestionnaireSevenstudent{87.5%)
wereableto nish all thetasksin thequestionnaireTheirresponse
to thesystemwasquitepositive, asshawvn in Tablel (scalel corre-
spondsto “strongly disagreé, 5 correspondso “strongly agree”).
Suggestion$or improving the userinterfaceweresolicited;for ex-
ample,studentssuggestedonstructinghe Gausscodeof the knot
beingexploredin parallelwith the crossing-triggeredoundcues.
We areincorporatingsomeof this usefulfeedbackinto our 2D/3D
and 3D/4D interfaces. Furtherquantitatve analysesf thesere-
sults,combinedwith studiesof a selectnumberof moreadvanced
subjectausingthe 3D/4D interfaces arein progressandwill bere-
portedin appropriatevenues.

Table 1: Participants' evaluation of knot exploration system

Show Driven Haptic Auditory

Exploration Tool Method Cues

. M=4.0 M=3.9 M=3.7
Evaluation(l 5) SD=1.44 SD=1.25 SD=1.03

7 CONCLUSION AND FUTURE WORK

We have discussedh family of hapticmethodsfor intuitively con-
trolling the representationsf higherdimensionalphenomenan
their shadev spaces.By addingforce-feedbacko the conceptof
reduced-dimensionbject manipulationcontrollers,we have cre-
ateda uniqueway of building intuition about3D knotsandcurves
in a 2D touchablespace;this approachis naturally extensibleto
a full 3D haptic controller that provides touchableintuition and
forcefeedbackhroughsimulatedrepresentationsf shape$n a4D
world. Startingfrom this basicframework, we planto proceedo
attackfamiliesof signi cant problemsin 4D intuitive visualization
suchasthe interactize manipulationof apparentlyknotted,but ac-
tually unknotted,spheresn 4D. Other plannedfuture work will
extend the rangeof objectsfor which we can support4D physi-
cal modelingto include more comple knots, links, and Riemann
surfacesaswell possiblysupportingthree-manifoldsn additionto
curvesandsurfaces.



Figure 14: Selectively applying local deformations to the 3D curves exposes the starting object as isotopic to the unknot.
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