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Abstract

While numerous extensions of Cardelli and Wegner's calculus of polymorphism and subtyping, Kernel Fun,
have been studied during the past decade, one quite simple one has received little attention: the addition of
a minimal type Bot, dual to the familiar maximal type Top. We develop basic meta-theory for this extension.
Although most of the usual properties of Kernel Fun (existence of meets and joins, decidability of subtyping
and typing, subject reduction, etc.) also hold for the extended system, the presence of Bot introduces some
surprising intricacies. In particular, a type variable bounded by Bot is actually a synonym for Bot; such
\bottom variables" must be treated specially at several points.

1 Introduction

The typed lambda-calculus Kernel Fun [CW85] and its wilder sibling, F� [CG92, Ghe90, CMMS94] have
become standard tools for the foundational study of programming languages combining subtyping and im-
predicative polymorphism. Their syntax and semantics have been investigated in detail, and they have
formed the basis for a number of experimental language designs. Moreover, many ways of enriching these
pure systems have been studied, including extensions with recursive types [AC93], extensible records [CM91],
existential types [GP97], and type operators [Car90, CL91, PT94, HP95, PS94, Com94].

However, one quite obvious extension has apparently never been considered in detail. Most presentations
of Kernel Fun (and F�) include a type Top that is used, among other things, to recover ordinary unbounded
quanti�cation from bounded quanti�cation, achieving the e�ect of All(X)T by writing All(X<:Top)T instead.
The Top type is axiomatized as a maximal element in the subtype relation, by including a subtyping rule

� ` T <: Top (S-Top)

that makes Top a supertype of T for every type T. It is natural to ask whether it also makes sense to add a
type Bot with the dual subtyping rule:

� ` Bot <: T (S-Bot)

The potential applications for such an extension are numerous. For example:
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1. In a language with exceptions, a natural type for the raise construct is

raise 2 exception ! Bot:

Intuitively, Bot here is the type of computations that do not return an answer.

2. Bot is useful in typing the \leaf nodes" of polymorphic data structures. For example, List(Bot) is a
good type for nil.

3. Bot is a natural type for the \uninitialized pointer" value of languages like Java: saying that \null
has every type" is just the same as \null 2 Bot."1

4. A type system including both Top and Bot seems to be a natural target for type inference, allowing the
constraints on an omitted type parameter to be captured by a pair of bounds: we write S<:X<:T to mean
\the value of X must lie somewhere between S and T." In such a scheme, a completely unconstrained
parameter is bounded below by Bot and above by Top.

(This application to type inference was the one that actually motivated the present study. It is described
in detail in [PT98, PT97].)

Unfortunately, the addition of Bot signi�cantly complicates the meta-theoretic properties of the system.
Most signi�cantly, in a type of the form All(X<:Bot)T, the variable X is actually a synonym for Bot inside
T, since X is a subtype of Bot by assumption and Bot is a subtype of X by the rule S-Bot. This, in turn,
means that pairs of types such as

All(X<:Bot)X!X

and

All(X<:Bot)Bot!Bot

will be equivalent in the subtype relation, even though they are not syntactically identical. Worse yet, if the
ambient context contains the assumptions X<:Bot and Y<:Bot, then the types

X!Y

and

Y!X

are equivalent even though neither of them mentions Bot explicitly!
Despite these di�culties, the essential properties of Kernel Fun can also be established in the presence

of Bot. The main ones developed here are:

1. \Cut-elimination" (admissibility of transitivity) for subtyping.

2. Existence of meets and joins in the subtype relation.

Because the existence of meets and joins in the subtype relation is crucial for the development here and
in [PT97], the sytem studied here extends Cardelli and Wegner's original Kernel Fun [CW85] rather
than the \Full F�" of Curien and Ghelli [CG92]. The only di�erence between these systems lies in the
subtyping rule for comparing quanti�ed types. In Kernel Fun, the bounds of the two types must be the
same; in Full F�, the subtype relation is contravariant in the bounds. Although the additional power
o�ered by Full F� is occasionally useful (e.g. [ACV96]), the system lacks many desirable properties,
such as decidability [Pie94].

3. Completeness of subtyping and typechecking algorithms.

4. Subject reduction.

1Strictly speaking, Java's null value has all object types, but not types like integer or array. The languge studied here does
not capture this re�nement.
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5. Soundness and completeness of an algorithm for calculating the least supertype of a given type in
which some variable does not occur free.

The principal points of di�erence from ordinary Kernel Fun are:

1. The algorithm for calculating meets and joins in the subtype relation is slightly di�erent (mainly
because in pure Kernel Fun not every pair of types has a common lower bound, while here Bot lies
below all types). The completeness proof for the algorithm requires a more re�ned argument because
Bot introduces some extra possibilities.

2. Some work is needed to characterize the circumstances under which the equivalence class of a type in
the subtype relation will be a singleton. (In pure Kernel Fun, all equivalence classes are singletons.)

3. In the de�nition of the algorithmic typing relation, extra rules are needed to handle the cases where
the function part of an application or the guard of a case has type Bot. These cases must later be
treated in the proof of subject reduction.

4. The algorithm for �nding the smallest supertype of a given type that does not use a given type variable
is actually somewhat simpler than the corresponding algorithm for Kernel Fun [GP97].

The following section introduces the syntax of the extended system formally. The remainder of the paper
is broken into two main parts: Sections 3 and 4 develop the properties of subtyping, while Section 5 de�nes
the typing relation and proves subject reduction.

2 Syntax

Besides the addition of Bot, Kernel Fun is extended in two straightforward ways for purposes of the present
study. First, we include a type constructor List with polymorphic constructors nil and cons and a case

construct. These constructs illustrate the use of joins in the treatment of many constructs found in larger
programming languages. Second, type and term abstractions are combined into one syntactic construct and
several arguments (types and terms) can be passed at the same time. This generalization has no e�ect on
the properties of the system per se, but plays an important role in the scheme for inferring type arguments
described in [PT97]; it is used here for notational consistency with that paper.

The syntax of types, terms, and typing contexts is as follows:

T ::= Top maximal type
Bot minimal type
X type variable
All(X<:T)T!T (polymorphic) function type
List(T) list type

e ::= c constant
x variable
fun[X<:T](x:T)e abstraction
e[T](e) application
case e1 of nil!e2 | cons(x,y)!e3 list case

� ::= � empty context
�; x:T variable binding
�; X<:T type variable binding

Throughout the paper, we use overbars to denote �nite sequences: X denotes a sequence X1,...,Xn of
type variables, x:T denotes a sequence of bindings x1:T1,...,xn:Tn, etc. Our constants c include the list
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constants nil and cons, which have type All(X<:Top)List(X) and All(X<:Top)(X,List(X))!List(X)

respectively.2

Note that the concrete syntax for multi-abstraction and application is designed for brevity of the present
theoretical development: in an actual programming language, it might be better to choose something more
verbose and easier to read. Also, note that ordinary functions and regular polymorphic functions can be
obtained from our combined syntax by using a zero-length sequence of either type or value parameters. We
write S!T as an abbreviation for the monomorphic function type All()S!T. Similarly, we write fun(x:T)e
as an abbreviation for the monomorphic function fun[](x:T)e.

Types, terms, contexts, and judgements that di�er only in the names of bound variables are regarded
as identical. Binders in contexts are assumed to have distinct names; when a new binding is added to a
context, it is assumed to have been renamed so as to maintain this invariant. The rules for scoping of bound
variables are as usual; in particular, in All(X<:S)T!U the scope of each Xi is everything to its right|the
bounds Si+1 through Sn, all of the Tjs, and U. The set of type variables free in T, written FV(T), is de�ned
as usual.

All typing contexts are assumed to be \well scoped," in the sense that all the free variables in each
binding appear in the domain of the context further to the left.

Write �(X) for the bound of X in � and �(x) for the type of x in �.

3 Subtyping

The subtyping relation is the obvious extension of the Kernel Fun subtyping relation with List and Bot

types. We write � ` S <: T to mean \jSj = jTj and � ` Si <: Ti for all 1 � i � jSj."

� ` T <: Top (S-Top)

� ` Bot <: T (S-Bot)

� ` X <: X (S-Refl)

� ` �(X) <: T

� ` X <: T
(S-Var)

�; X<:B ` T <: S �; X<:B ` Q <: R

� ` All(X<:B)S!Q <: All(X<:B)T!R
(S-Fun)

� ` S <: T

� ` List(S) <: List(T)
(S-List)

Two points are worth noting. First, as discussed in the introduction, the de�nition extends the original
\Kernel Fun variant" of F� [CW85], in which the upper bounds B in the subtyping rule for polymorphic
functions are required to be identical, rather than the more powerful but less tractable variant of Curien
and Ghelli [CG92, CMMS94]. The principal reason for this restriction is that it allows us to de�ne meets
and joins of all pairs of types, which may fail to exist in \Full F�" [Ghe90]. Second, we give an algorithmic
presentation of subtyping, in which the rules of transitivity and general re
exivity are omitted, and recover
these rules (in the next subsection) as properties of the de�nition.

2The type of nil is chosen here for consistency with standard treatments. As remarked in the introduction, we could
alternatively give nil the type List(Bot). Since nil and cons are both constants, such choices have little e�ect on the
general properties of the system (the proof of subject reduction would need to change slightly).
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3.1 Basic Properties

Let us now commence the theoretical study of Kernel Fun with Bot, starting with some simple properties of
the subtyping relation.

3.1.1 Lemma [Weakening]: If � ` S <: T, then �;� ` S <: T.

Proof: Straightforward induction on derivations. �

3.1.2 Lemma [Strengthening for term variables]: If �; x:V; � ` S <: T, then �; � ` S <: T.

Proof: Immediate. �

3.1.3 Lemma [Re
exivity]: � ` T <: T for all types T.

Proof: Straightforward induction on derivations. �

3.1.4 Lemma [Transitivity]: If � ` S <: T and � ` T <: U, then � ` S <: U.

Proof: By induction on the sum of the sizes of the two given derivations.
If the �nal rule in either of the given derivations is the axiom � ` X <: X, then the result is immediate.

Otherwise, we proceed by cases on the �nal rule used in the derivation of � ` S <: T.

Case S-Var: S = X and � ` �(X) <: T

The induction hypothesis gives us � ` �(X) <: U, from which the result follows by S-Var.

Case S-Top: T = Top

By inspecting the de�nition of subtyping we see that U can only be Top, from which the result is immediate.

Case S-Bot: S = Bot

Immediate.

Case S-Fun: S = All(X<:A)B!C and T = All(X<:A)D!E, with �; X<:A ` D <: B and �; X<:A ` C <: E

By the de�nition of subtyping, either U = Top or else U = All(X<:A)F!G, with �; X<:A ` F <: D and
�; X<:A ` E <: G. Two uses of the induction hypothesis yield �; X<:A ` F <: B and �; X<:A ` C <: G, from
which the desired result follows by the subtyping rule for functions.

Case S-List: S = List(A) and T = List(B), with � ` A <: B

Similar. �

Another technical property that will be important in many proofs shows how subtyping is preserved
under substitution.

3.1.5 Lemma [Substitution preserves subtyping]: If �; X<:B; � ` S <: T and � ` R <: B, then
�; [R/X]� ` [R/X]S <: [R/X]T, where [R/X]� denotes the substitution of R for X in all the bindings
in �.

Proof: By induction on the depth of the derivation of �; X<:B; � ` S <: T.

Case S-Refl: S = Y and T = Y

Immediate, since �; [R/X]� ` [R=X]Y <: [R=X]Y by re
exivity (3.1.3).

Case S-Var: S = Y and �; X<:B; � ` (�; X<:B; �)(Y) <: T

There are three subcases to consider, depending on where Y is bound in the context.
First, suppose Y 2 dom(�). By the induction hypothesis, we have �; [R/X]� ` [R/X](�(Y)) <: [R/X]T.

However, since �(Y) cannot mention X as a free variable, we have [R/X]�(Y) = �(Y), and the result follows,
since [R/X]Y = Y.

Next, suppose Y = X. By the induction hypothesis, we have �; [R/X]� ` [R/X]B <: [R/X]T. However,
since B cannot mention X as a free variable, we have [R/X]B = B. Since � ` R <: B we obtain that
�; [R/X]� ` R <: B from weakening (Lemma 3.1.1), and the result follows by transitivity (3.1.4).

Finally, suppose Y 2 dom(�). By the induction hypothesis, we have �; [R/X]� ` ([R/X]�)(Y) <: [R/X]T.
We can therefore conclude that �; [R/X]� ` Y <: [R/X]T by S-Var, and the result follows since [R/X]Y = Y.
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Case S-Top: T = Top

Immediate, since �; [R/X]� ` [R/X]S <: Top by S-Top.

Case S-Bot: S = Bot

Immediate, since �; [R/X]� ` Bot <: [R/X]T by S-Bot.

Case S-Fun: S = All(Y<:A)B!C

T = All(Y<:A)D!E

�; X<:B; �; Y<:A ` D <: B

�; X<:B; �; Y<:A ` C <: E

By the induction hypothesis, we have �; [R/X](�; Y<:A) ` [R/X]D <: [R/X]B and �; [R/X](�; Y<:A) `
[R/X]C <: [R/X]E, that is, �; [R/X]�; Y<:[R/X]A ` [R/X]D <: [R/X]B and �; [R/X]�; Y<:[R/X]A `
[R/X]C <: [R/X]E. By S-Fun, �; [R/X]� ` All(Y<:[R/X]A)[R/X]B![R/X]C <: All(Y<:[R/X]A)[R/X]D![R/X]E

and the result follows since

All(Y<:[R/X]A)[R/X]B![R/X]C = [R/X](All(Y<:A)B!C)

All(Y<:[R/X]A)[R/X]D![R/X]E = [R/X](All(Y<:A)D!E):

Case S-List: S = List(P) and T = List(Q), with �; X<:B; � ` P <: Q

Using induction, we have �; [R/X]� ` [R/X]P <: [R/X]Q and the result follows by S-List. �

The last basic property records some simple observations about the structure of the subtype relation for
use in later arguments.

3.1.6 Lemma: If � ` S <: T, then one of the following must hold:

1. S = Bot; or

2. S = Y, with � ` �(Y) <: T as a subderivation; or

3. The shape of S can be derived from the shape of T:

(a) if T = X then S = X;

(b) if T = All(X<:U)A!B then S = All(X<:U)V!P, with �; X<:U ` A <: V and �; X<:U ` B <: P as
subderivations;

(c) if T = List(A) then S = List(P), with � ` P <: A as a subderivation.

Proof: By inspection of the de�nition of subtyping. �

3.2 Promotion

The de�nition of the typechecking algorithm in Section 5 will need to be able to calculate, for each type T,
the least supertype of T that has the shape of a function or list type (if any). Formally, write � ` S * T to
mean \T is the least nonvariable supertype of S," de�ned by repeated promotion of variables as follows:

S is not a variable

� ` S * S

� ` �(X) * T

� ` X * T

It is easy to check that these rules de�ne a total function. Moreover:

3.2.1 Lemma: Suppose � ` S * T.

1. � ` S <: T.

2. If � ` S <: U and U is not a variable, then � ` T <: U.
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Proof: Part (1) is easy. Part (2) goes by straightforward induction on a derivation of � ` S <: U (the only
inductive case is the promotion rule S-Var). �

In the proofs in later sections, we will need a few facts about how subtyping and promotion interact;
they are collected in the following lemma.

3.2.2 Lemma: Suppose � ` R <: S.

1. If � ` S * All(X<:M)N!O, then either

(a) � ` R * Bot or

(b) � ` R * All(X<:M)P!Q with �; X<:M ` N <: P and �; X<:M ` Q <: O.

2. If � ` S * List(Q), then either

(a) � ` R * Bot or

(b) � ` R * List(P) with � ` P <: Q.

3. If � ` S * Bot, then � ` R * Bot.

Proof: Straightforward induction on a derivation of � ` R <: S. �

3.3 Meets and Joins

We write � ` S ^ T = M for \M is the meet of S and T in context �" and � ` S _ T = J for \J is the join of
S and T in �." The meet and join operations are de�ned simultaneously as follows. (Note that some of the
cases of the de�nition overlap. Since it is technically convenient to treat meet and join as functions rather
than relations, we stipulate that the �rst clause that applies must be chosen.)

� ` S ^ T =

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

S if � ` S <: T

T if � ` T <: S

All(X<:U)J!M if S = All(X<:U)V!P

T = All(X<:U)W!Q

�; X<:U ` V _ W = J

�; X<:U ` P ^ Q = M

List(M) if S = List(P)

T = List(Q)

� ` P ^ Q = M

Bot otherwise

� ` S _ T =

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

T if � ` S <: T

S if � ` T <: S

J if S = X and � ` �(X) _ T = J

J if T = X and � ` S _ �(X) = J

All(X<:U)M!J if S = All(X<:U)V!P

T = All(X<:U)W!Q

�; X<:U ` V ^ W = M

�; X<:U ` P _ Q = J

List(J) if S = List(P)

T = List(Q)

� ` P _ Q = J

Top otherwise

Note that ^ and _ are total functions: for every �, S, and T, there are unique types M and J such that
� ` S ^ T = M and � ` S _ T = J.

Before going any further, let us verify that these de�nitions do indeed calculate meets and joins in the
subtype relation. The argument into two parts: Proposition 3.3.1 shows that the calculated meet is a lower
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bound of S and T and the join is an upper bound; Proposition 3.3.2 then shows that the calculated meet is
greater than every common lower bound of S and T and the join is less than every common upper bound.

3.3.1 Proposition:

1. If � ` S ^ T = M, then � ` M <: S and � ` M <: T.

2. If � ` S _ T = J, then � ` S <: J and � ` T <: J.

Proof: By a straightforward induction on the size of a \derivation" of � ` S ^ T = M or � ` S _ T = J

(i.e., the number of recursive calls to the de�nitions of ^ and _ needed to calculate M or J). �

3.3.2 Proposition:

1. Suppose that � ` S ^ T = M and, for some L, that � ` L <: S and � ` L <: T. Then � ` L <: M.

2. Suppose that � ` S _ T = J and, for some U, that � ` S <: U and � ` T <: U. Then � ` J <: U.

Proof: Simultaneously, by induction on the total size of derivations of � ` L <: S and � ` L <: T (for part
1) or � ` S <: U and � ` T <: U (part 2).

In both parts, let us deal �rst with the case where � ` S <: T or � ` T <: S. If � ` S <: T, then
� ` S ^ T = S and � ` S _ T = T. But then � ` L <: M and � ` J <: U by assumption. Similarly when
� ` T <: S.

To complete the proofs, assume that � ` S 6<: T and � ` T 6<: S and consider the two parts of the
proposition in turn.

1. Consider the form of L.

Case: L = Top

Then S = Top and T = Top, so � ` S <: T and this case has already been dealt with.

Case: L = Bot

Immediate.

Case: L = X

There are four subcases to consider, depending on whether rule S-Refl or S-Var was used to derive
� ` L <: S and � ` L <: T.

In three of these cases (where either S or T or both are exactly X), we have either � ` S <: T or
� ` T <: S; these cases have already been dealt with.

Suppose, on the other hand, that � ` �(X) <: S and � ` �(X) <: T. Then the induction hypothesis
yields � ` �(X) <: M, from which � ` X <: M follows by S-Var.

Case: L = All(X<:U)A!B

First, note that, since � ` S 6<: T and � ` T 6<: S, neither S nor T can be Top, so the only remaining
case is where

S = All(X<:U)V!P

T = All(X<:U)W!Q

with

�; X<:U ` V <: A

�; X<:U ` B <: P

�; X<:U ` W <: A

�; X<:U ` B <: Q:
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Also, by the de�nition of meets, M = All(X<:U)J!N with

�; X<:U ` V _ W = J

�; X<:U ` P ^ Q = N:

Applying the induction hypothesis, we obtain

�; X<:U ` J <: A

�; X<:U ` B <: N;

from which � ` L <: M follows by S-Fun.

Case: L = List(A)

Similar.

2. First, observe that, by Lemma 3.1.6, there are three possibilities for S|it is either Bot or a variable
whose upper bound is a subtype of U, or else its structure depends on the structure of U|and similarly
for T. Let us deal �rst with the �rst two possibilities for both S and T, leaving the structural cases to
be considered in detail.

If S = Bot or T = Bot, then � ` S <: T or � ` T <: S; we have dealt with this case already.

If S = Y with � ` �(Y) <: U, then, by the de�nition of _, we have � ` �(Y) _ T = J. The induction
hypothesis now yields � ` J <: U, and we are �nished. Similarly if T is a variable bounded by U.

Finally, consider the form of U.

Case: U = Top

Immediate.

Case: U = Bot

Since S and T are both subtypes of Bot and Bot is a subtype of S and T, transitivity of subtyping yields
� ` S <: T: we have dealt with this case already.

Case: U = X

By Lemma 3.1.6 we have S = X and T = X; we have dealt with this case already.

Case: U = All(X<:U)A!B

Then by Lemma 3.1.6 we have

S = All(X<:U)V!P

T = All(X<:U)W!Q

with

�; X<:U ` A <: V

�; X<:U ` P <: B

�; X<:U ` A <: W

�; X<:U ` Q <: B:

The rest of the argument proceeds as in the corresponding case in part 1.
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Case: U = List(A)

Similar. �

Before we go on to the properties of the typing relation, here are two technical lemmas recording useful
facts about how joins interact with subtyping and substitution.

3.3.3 Lemma: If � ` S _ T = J, and if � ` P <: S and � ` Q <: T, then � ` P _ Q = K with � ` K <: J.

Proof: Directly from Propositions 3.3.1 and 3.3.2. �

3.3.4 Lemma: If �; X<:U; � ` P _ Q = J and � ` Si <: [S1=X1; : : : ; Si�1=Xi�1]Ui for each i, then �; [S=X]� `
[S=X]P _ [S=X]Q = K with �; [S=X]� ` K <: [S=X]J.

Proof: From Proposition 3.3.1(2), we know

�; X<:U; � ` P <: J

�; X<:U; � ` Q <: J:

Lemma 3.1.5 (iterated n times) gives

�; [S=X]� ` [S=X]P <: [S=X]J
�; [S=X]� ` [S=X]Q <: [S=X]J:

From these facts, Proposition 3.3.2(2) yields

�; [S=X]� ` K <: [S=X]J;

as required. �

4 More Properties of Subtyping

This section develops some additional properties of subtyping that are not required for the development of
the subject reduction property in Section 5. (They play a critical role in the local type argument synthesis
algorithm developed in [PT97].)

4.1 Bottom Variables and Rigid Types

As discussed in the introduction, it is important to note that some of the usual properties of presentations
of Kernel Fun without Bot do not hold for the present system. For instance, � ` S <: T and � ` T <: S do
not imply S = T (consider, for example, X<:Bot ` X <: Bot and X<:Bot ` Bot <: X). This fact is inherent in
the system with Bot, and it substantially complicates the proofs of the properties of the system; this is the
cost of the \completeness" that we gain by using Bot.

This \loss of rigidity" can be characterized by studying the conditions under which a type will have a
singleton equivalence class in the subtype relation. For example, if X<:Bot, then X!X is equivalent, but not
identical, to Bot!Bot: indeed, its equivalence class has several members. On the other hand, List(Top) is
only equivalent to itself.

4.1.1 De�nition: Formally, let us call a type variable a bottom variable if it is bounded by Bot or by another
bottom variable. Now, let � be a context and S a type whose free variables are in dom(�). Say that S is
rigid under � if

� S = Top;

� S = Bot and no variable in � is bounded by Bot;

� S = X and X is not a bottom variable;

� S = All(X<:A)S!T with each Si rigid with respect to �; X1:S1; : : : ;Xi�1:Si�1 and T rigid under �; X:S;
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� S = List(T) and T is rigid under �.

4.1.2 Lemma: If S is rigid under �, then every type equivalent to S is syntactically equal to S|i.e.,
� ` S <: T and � ` T <: S together imply that S and T are identical.

Proof: First, observe (by inspecting the subtyping rules) that:

1. If � ` X <: T <: X, then either T = X or X is a bottom variable.

2. If � ` Bot <: T <: Bot, then either T = Bot or T is a bottom variable.

The desired result now follows by an easy induction on the total depth of the subtyping derivations � ` S <: T

and � ` T <: S, using these facts at the base cases for variables and Bot. �

4.2 Variable Elimination

In extensions and applications of Kernel Fun, it is often useful to be able to eliminate all occurrences of a
given variable from a type expression by promoting the type expression until we reach a supertype in which
this variable does not occur. For example, suppose we wanted to extend the present system with existential
types [MP88, CW85]. The usual declarative typing rule for the existential elimination form

� ` e 2 Some(X<:S)T �; X<:S; x:T ` b 2 B X =2 FV(B)

� ` open e as [X,x] in b 2 B

includes a side condition stipulating that the type B of the body must be well-formed in a context where X
is not in scope. But the minimal type of b may not have this property; in order to construct a typechecking
algorithm for this extension, we need to be able to calculate the smallest supertype of the minimal type that
does. (This problem is discussed in more detail in [GP97].)

Another application of variable elimination is the constraint-generation algorithm developed in [PT97].
Given two types S and T, one of which may include some indeterminate \uni�cation variables," this algorithm
calculates the minimal constraints on the uni�cation variables such that S <: T. When S and T are both
function types, say All(X<:P)Q!R and All(X<:A)B!C), the algorithm needs to descend through the binding
of X, calculate constraints for B<:P and R<:C, and then \lift" these constraints back through the binder by
eliminating any mention of the variables in X.

Formally, we write S *� T for the relation \T is the least supertype of S in which none of the variables
in dom(�) appear free." Fortunately, in the present system, such a type can always be found. For example,
suppose dom(�) = fXg; then (X,List(X),Int)!X *� (Bot,List(Bot),Int)!Top. This property is
another crucial reason for choosing the \Kernel Fun" variant of F� rather than the \full F�" variant where
two polymorphic function types with di�erent upper bounds for their type components are allowed to stand in
the subtype relation under appropriate conditions; in the latter system, variables cannot always be eliminated
in a most general way [GP97].

The variable-elimination relation can be computed as follows (using the opposite relation S +� T recur-
sively):

Top *� Top (VU-Top)

Bot *� Bot (VU-Bot)

X 2 dom(�) �(X) *� T

X *� T
(VU-Var-1)

X =2 dom(�)

X *� X
(VU-Var-2)

S *� T

List(S) *� List(T)
(VU-List)
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FV(A) \ dom(�) = ; S +� S0 T *� T0

All(X<:A)S!T *� All(X<:A)S0!T0
(VU-Fun-1)

FV(A) \ dom(�) 6= ;

All(X<:A)S!T *� Top
(VU-Fun-2)

The one subtlety in this de�nition is the case distinction between VU-Fun-1 and VU-Fun-2. It corresponds
to the formulation of the subtyping rule S-Fun, which requires that the bounds of the two quanti�ed types
being compared must be identical, not just equivalent. We might consider re�ning S-Fun to allow equivalent
bounds, but this would introduce substantial complications at many other points. For example, here, we
would have to allow for the possibility of replacing bottom variables with Bot in the VU-Fun rules.

The de�nition of S +� T is exactly dual to S *� T, except for the �rst rule for variables:

Top +� Top (VD-Top)

Bot +� Bot (VD-Bot)

X 2 dom(�)

X +� Bot
(VD-Var-1)

X =2 dom(�)

X +� X
(VD-Var-2)

S +� T

List(S) +� List(T)
(VD-List)

FV(A) \ dom(�) = ; S *� S0 T +� T0

All(X<:A)S!T +� All(X<:A)S0!T0
(VD-Fun-1)

FV(A) \ dom(�) 6= ;

All(X<:A)S!T +� Bot
(VD-Fun-2)

It is easy to check that *� and +� are total functions, for each context �. These functions are similar to
the ones used in [GP97], but somewhat easier because of the presence of Bot in our type system (this is one
of the rare points where the presence of Bot makes things easier!).

4.2.1 Lemma [Soundness of variable elimination]: Suppose S and T are types whose free variables fall
in dom(�;�;�) and that FV(�) \ dom(�) = ;.

1. If S *� T then FV(T) \ dom(�) = ; and �;�;� ` S <: T.

2. If S +� T then FV(T) \ dom(�) = ; and �;�;� ` T <: S.

Proof: Straightforward induction on variable-elimination derivations. �

4.2.2 Lemma [Completeness of variable elimination]: Suppose that (�;�;�) is a context such that
FV(�) \ dom(�) = ;.

1. If �;�;� ` S <: T and FV(T) \ dom(�) = ;, then S *� R with �;� ` R <: T.

2. If �;�;� ` T <: S and FV(T) \ dom(�) = ;, then S +� R with �;� ` T <: R.

Proof: By induction on the depth of a derivation of �;�;� ` S <: T or �;�;� ` T <: S.

1. Consider the �nal rule in the given derivation of �;�;� ` S <: T.
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Case S-Top: T = Top

Since *� is a total function, there is some R such that S *� R. Now �;� ` R <: Top is immediate by
S-Top.

Case S-Bot: S = Bot

Then R = Bot, and �;� ` Bot <: Bot by S-Bot.

Case S-Refl: S = T = X

Since FV(T) \ dom(�) = ;, we have S *� X by VU-Var-2 and �;� ` S <: X by S-Refl.

Case S-Var: S = X

�;�;� ` (�;�;�)(X) <: T

There are two cases to consider. If X 2 dom(�;�), then S *� X by VU-Var-2 and �;� ` X <: X as
above. On the other hand, if X 2 dom(�), then, by VU-Var-1, S *� R and �(X) *� R. By the
induction hypothesis, �;� ` R <: T.

Case S-Fun: S = All(X<:B)U!P

T = All(X<:B)V!Q

�; �; (�; X<:B) ` V <: U

�; �; (�; X<:B) ` P <: Q

Since FV(T) \ dom(�) = ;, we know in particular that FV(B) \ dom(�) = ;. So rule VU-Fun-1
applies, yielding

U +� U0

P *� P0

R = All(X<:B)U0!P0:

By the induction hypothesis, �; (�; X<:B) ` V <: U0 and �; (�; X<:B) ` P0 <: Q. Hence, by S-Fun,
�;� ` R <: T.

Case S-List: S = List(P)

T = List(Q)

Straightforward.

2. Consider the �nal rule in the given derivation of �;�;� ` T <: S.

Case S-Top: S = Top

Then S +� Top by VD-Top and �;� ` T <: Top by S-Top.

Case S-Bot: S = Bot

Then S +� R for some R (because +� is total), and �;� ` Bot <: R by S-Bot.

Case S-Var: T = X

�;�;� ` (�;�;�)(X) <: S

First, note that (�;�;�)(X) = (�;�)(X), since FV(T)\dom(�) = ;. Now, by assumption, FV((�;�)(X))\
dom(�) = ;, so the induction hypothesis applies, yielding S +� R with �;� ` (�;�)(X) <: R. By S-Var,
�;� ` X <: R, as required.

Cases S-Refl, S-Fun, and S-List:

Dual to the corresponding cases in part 1. �
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5 Typing

The typing relation � ` e 2 T is essentially the standard one, plus some extra rules dealing with Bot.
As in the de�nition of subtyping, we begin with an algorithmic presentation, omitting the usual rule of
subsumption (\if e 2 S and S <: T, then e 2 T"). The rules below calculate for each typeable term a single
manifest type, corresponding to its minimal type in the system with subsumption (this correspondence is
made precise in Section 5.1). It should be emphasized that this choice is made for purely stylistic reasons
(mainly for consistency with the development in [PT97]): it does not a�ect the set of typeable terms.

In the rules, � ` e * T abbreviates \� ` e 2 S" and � ` S * T; similarly, � ` e 2 S <: T abbreviates
\� ` e 2 S and � ` S <: T."

The typing rules for variables and constants are standard.

� ` x 2 �(x) (T-Var)

� ` c 2 type-of-const(c) (T-Con)

The rule for (multi-)abstractions combines the usual rules for term and type abstractions.

�; X<:B; x:S ` e 2 T

� ` fun[X<:B](x:S)e 2 All(X<:B)S!T
(T-Abs)

Similarly, the rule for (multi-)applications combines the usual application and type application rules of
Kernel Fun. We calculate the type of the function e and promote it (if necessary), to an explicit function
type All(X<:B)S!R. We then check that the provided type arguments are subtypes of the upper bounds B
and that the provided term arguments have the expected types. If all these constraints are satis�ed, then
the result type is found by substituting the actual type arguments into R.

� ` e * All(X<:B)S!R � ` Ti <: [T1=X1 : : : Ti�1=Xi�1]Bi � ` a 2 U <: [T=X]S

� ` e[T](a) 2 [T=X]R
(T-App)

The typing rule for case checks that the �rst argument is actually a list, calculates types for the nil and
cons branches, and yields the least common supertype of these as �nal result type.

� ` e1 * List(S) � ` e2 2 E2
�; x:S; y:List(S) ` e3 2 E3 � ` E2 _ E3 = J

� ` case e1 of nil!e2 | cons(x,y)!e3 2 J
(T-Case)

To �nish the de�nition of the typing relation, two more rules are needed. To see why, note that, unlike
ordinary Kernel Fun without Bot, we can have, for example, � ` S <: List(U) even though the least non-
variable supertype of S does not have the form List(V): the least non-variable supertype of S can also be
Bot, which can be promoted to any list type.

� ` e * Bot � ` a 2 U

� ` e(T,a) 2 Bot
(T-App-Bot)

� ` e1 * Bot � ` e2 2 E2
�; x:Bot; y:List(Bot) ` e3 2 E3 � ` E2 _ E3 = J

� ` case e1 of nil!e2 | cons(x,y)!e3 2 J
(T-Case-Bot)

5.1 Theorem [Uniqueness of manifest types]: Each typeable term has a unique type: if � ` e 2 S and
� ` e 2 T, then S = T.

Proof: By the syntax-directedness of the typing rules and the fact that * and _ are total functions. �
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5.1 Subsumption

The technicalities of the proof of subject reduction in Section 5.3 turn out to be simpler if we work in an
extended system formed by adjoining to the above rules the familiar rule of subsumption:

� `<: e 2 T � ` S <: T

� `<: e 2 T
(T-Sub)

We write � `<: e 2 T for derivations in the system with subsumption.
The remainder of this section is devoted to showing that, as usual, this addition does not change the

basic character of the system: the system without subsumption can be regarded as an algorithm for �nding
minimal typings in the system with subsumption.

5.1.1 De�nition: The weight of a derivation � `<: e 2 T is ! � n+ s, where s is the number of instances of
T-Sub used in the derivation and n is the number of instances of all the other rules.

5.1.2 Lemma [Narrowing for term variables]: If �; x:B; � `<: e 2 T and � ` A <: B, then �; x:A; � `<:

e 2 T. Moreover, if the weight of the original derivation is ! � n+ s, then the weight of the new derivation
is ! � n+ s0 for some s0. (That is, the new derivation di�ers from the old one only in possibly having some
extra uses of T-Sub.)

Proof: Straightforward induction, using T-Sub as necessary at the leaves. �

5.1.3 Theorem [Admissibility of subsumption]: If � `<: e 2 T, then � ` e 2 S for some S with � ` S <:

T.

Proof: By induction on the weight of a derivation of � `<: e 2 T, with a case analysis on the last rule used
in the derivation.

Case T-Var, T-Con:

Immediate.

Case T-Abs:

Straightforward.

Case T-App: e = e1(T,a)

� `<: e1 2 E1
� ` E1 * All(X<:B)S!R

� ` Ti <: [T1=X1 : : :Ti�1=Xi�1]Bi for each i
� `<: a 2 U

� ` U <: [T=X]S
T = [T=X]R

By the induction hypothesis,

� ` e1 2 D <: E1
� ` a 2 A <: U:

By Lemma 3.2.2(1), there are two cases to consider.

1. � ` D * Bot. Then we have � ` e1 * Bot and, by T-App-Bot, � ` e1(T,a) 2 Bot. By S-Bot, we
have � ` Bot <: T, as required.

2. � ` D * All(X<:B)P!Q, with

�; X<:B ` S <: P

�; X<:B ` Q <: R:
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Iterating Lemma 3.1.5 n times, we obtain

�; X1<:B1; : : : ; Xn<:Bn ` S <: P by assumption
�; X2<:B2; : : : ; Xn<:Bn ` [T1=X1]S <: [T1=X1]P by 3.1.5
...
� ` [T=X]S <: [T=X]P by 3.1.5;

from which transitivity yields

� ` A <: [T=X]P:

Also, by the transitivity of subtyping, we have

� ` A <: [T=X]S;

and, by T-App,

� ` e1[T](a) 2 [T=X]Q:

Finally, iterating Lemma 3.1.5 as above, we obtain � ` [T=X]Q <: [T=X]R, which completes this case of
the argument.

Case T-Case: e = case e1 of nil!e2 | cons(x,y)!e3
� `<: e1 2 E1 * List(S)

� `<: e2 2 E2
�; x:S; y:List(S) `<: e3 2 E3
� ` E2 _ E3 = T

By the induction hypothesis,

� ` e1 2 D1 <: E1
� ` e2 2 D2 <: E2:

By Lemma 3.2.2(2), there are two cases to consider:

1. � ` D1 * Bot. Then, by Lemma 5.1.2 (twice),

�; x:Bot; y:List(Bot)� `<: e3 2 E3;

by a derivation di�ering from the given derivation of �; x:S; y:List(S)� `<: e3 2 E3 in at most the
addition of some instances of T-Sub and therefore of weight smaller than the weight of the whole
original derivation. The induction hypothesis thus applies, giving

�; x:Bot; y:List(Bot) ` e3 2 D3 <: E3:

By Lemma 3.3.3, � ` D2 _ D3 = K with � ` K <: T. Finally, by T-Case-Bot,

� ` case e1 of nil!e2 | cons(x,y)!e3 2 K:

2. � ` D1 * List(P) with � ` P <: S. Using Lemma 5.1.2 as above, we obtain

�; x:P; y:List(P) `<: e3 2 E3;

and, by the induction hypothesis,

�; x:P; y:List(P) ` e3 2 D3 <: E3:

By Lemma 3.3.3, � ` D2 _ D3 = K with � ` K <: T. Finally, by T-Case,

� ` case e1 of nil!e2 | cons(x,y)!e3 2 K:
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Case T-App-Bot: e = e1(T,a)

� `<: e1 2 E1 * Bot

� `<: a 2 U

Similar to the following case.

Case T-Case-Bot: e = case e1 of nil!e2 | cons(x,y)!e3
� `<: e1 * E1
� `<: e2 2 E2
�; x:Bot; y:List(Bot) `<: e3 2 E3
� ` E2 _ E3 = J

By the induction hypothesis,

� ` e1 2 D1 <: Bot

� ` e2 2 D2 <: E2
�; x:Bot; y:List(Bot) ` e3 2 D3 <: E3:

By Lemma 3.2.2(3), � ` D1 * Bot. By Lemma 3.3.3, � ` D2 _ D3 = K with � ` K <: T. The result follows by
T-Case-Bot.

Case T-Sub: � `<: e 2 S

� ` S <: T

Direct from the induction hypothesis. �

5.2 Reduction

For the proof of subject reduction, we choose the usual notion of typed �-reduction. Formally, the one-step
reduction relation �!1

� is the least relation closed under the following computation rules

(fun[X<:U](x:T)b)[S](a) �!1
� [S=X; a=x]b (R-Beta)

case nil(V) of nil!e2 | cons(x,y)!e3 �!1
� e2 (R-Case-Nil)

case cons(V,a,b) of nil!e2 | cons(x,y)!e3 �!1
� [a=x; b=y]e3 (R-Case-Cons)

plus congruence rules for all of the term constructors.

5.3 Subject Reduction

We prove subject reduction for the system with the rule of subsumption, from which subject reduction in the
original (algorithmic) system will follow as a corollary. As usual, most of the hard work lies in establishing
a substitution lemma for the typing relation (Lemma 5.3.1). Using this, the actual argument for subject
reduction (Theorem 5.3.2) is a fairly straightforward induction.

5.3.1 Lemma [Substitution]: If

�; X<:U; x:V; � `<: e 2 E

and

� ` Si <: [S1=X1 : : : Si�1=Xi�1]Ui
� `<: a 2 A <: [S=X]V;

then

�; [S=X]� `<: [S=X; a=x]e 2 [S=X]E:

Proof: By induction on the weight of a derivation of �; X<:B; x:V; � `<: e 2 E.
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Case T-Var: e = x

E = (�; X<:U; x:V; �)(x)

Straightforward.

Case T-Con: e = c

E = type-of-const(c)

Immediate.

Case T-Abs:

Straightforward.

Case T-App: e = f(T,b)

�; X<:U; x:V; � `<: f 2 F

�; X<:U; x:V; � ` F * All(Y<:P)Q!R

�; X<:U; x:V; � ` Ti <: [T1=Y1 : : :Ti�1=Yi�1]Pi
�; X<:U; x:V; � `<: b 2 B

�; X<:U; x:V; � ` B <: [T=Y]Q
E = [T=Y]R

Adding an instance of T-Sub to the �rst subderivation, we obtain �; X<:U; x:V; � `<: f 2 All(Y<:P)Q!R by
a derivation of smaller weight than the given derivation of �; X<:U; x:V; � ` f[T](b) 2 E. The induction
hypothesis applies to this derivation, yielding

�; [S=X]� `<: [S=X; a=x]f 2 All(Y<:[S=X]P)[S=X]Q![S=X]R:

Similarly,

�; [S=X]� `<: [S=X; a=x]b 2 [S=X]([T=Y]Q);

i.e.,

�; [S=X]� `<: [S=X; a=x]b 2 [([S=X]T)=Y]([S=X]Q):

Furthermore, iterating Lemma 3.1.5 n times (beginning from the hypothesis �; X<:U; x:V; � ` Ti <:

[T1=Y1 : : : Ti�1=Yi�1]Pi) yields

�; x:[S=X]V; [S=X]� ` [S=X]Ti <: [([S=X]T1)=Y1 : : : ([S=X]Ti�1)=Yi�1]([S=X]Pi);

from which strengthening for term variables (Lemma 3.1.2) gives

�; [S=X]� ` [S=X]Ti <: [([S=X]T1)=Y1 : : : ([S=X]Ti�1)=Yi�1]([S=X]Pi):

Rule T-App now yields

�; [S=X]� `<: ([S=X; a=x]f)([S=X]T; [S=X; a=x]b) 2 [([S=X]T)=Y]([S=X]R);

i.e.,

�; [S=X]� `<: [S=X; a=x]e 2 [S=X]E:

Case T-Case: e = case e1 of nil!e2 | cons(x,y)!e3
�; X<:U; x:V; � `<: e1 2 E1 * List(P)

�; X<:U; x:V; � `<: e2 2 E2
�; X<:U; x:V; �; x:P; y:List(P) `<: e3 2 E3
�; X<:U; x:V; � ` E2 _ E3 = E

Using T-Sub and the induction hypothesis as before, we obtain

�; [S=X]� `<: [S=X; a=x]e1 2 List([S=X]P)
�; [S=X]� `<: [S=X; a=x]e2 2 [S=X]E2
�; [S=X]�; x:[S=X]P; y:List([S=X]P) `<: [S=X; a=x]e3 2 [S=X]E3:

By Lemma 3.3.4,

�; [S=X]� ` [S=X]E2 _ [S=X]E3 = J

with �; [S=X]� ` J <: [S=X]E, from which the result follows by T-Sub.
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Case T-App-Bot: e = f(T,b)

�; X<:U; x:V; � `<: f * Bot

�; X<:U; x:V; � `<: a 2 P

Straightforward.

Case T-Case-Bot: e = case e1 of nil!e2 | cons(x,y)!e3
�; X<:U; x:V; � `<: e1 * Bot

�; X<:U; x:V; � `<: e2 2 E2
�; X<:U; x:V; �; x:Bot; y:List(Bot) `<: e3 2 E3
�; X<:U; x:V; � ` E2 _ E3 = E

Straightforward.

Case T-Sub: �; X<:U; x:V; � `<: e 2 U

�; X<:U; x:V; � ` U <: E

By the induction hypothesis, �; [S=X]� `<: [S=X; a=x]e 2 [S=X]U: Furthermore, iterating Lemma 3.1.5 n times
yields �; x:[S=X]V; [S=X]� ` [S=X]U <: [S=X]E, from which Lemma 3.1.2 gives �; [S=X]� ` [S=X]U <: [S=X]E.
The result follows by T-Sub. �

5.3.2 Theorem [Subject reduction for the system with subsumption]: If � `<: e 2 T and e �!1
� e0,

then � `<: e0 2 T.

Proof: By induction on a derivation of � `<: e 2 T.

Case T-Var, T-Con: e = x or e = c

Can't happen, since there is no e0 such that e �!1
� e0.

Case T-Abs: e = fun[X<:U](x:V)b

�; X<:U; x:V `<: b 2 B

T = All(X<:U)V!B

By the de�nition of �!1
� , it must be the case that e

0 = fun[X<:U](x:V)b0 for some b0 with b �!1
� b0. The

result then follows by induction.

Case T-App: e = f[S](a)

� `<: f * All(X<:U)V!B

� ` Si <: [S1=X1 : : :Si�1=Xi�1]Ui
� `<: a 2 A <: [S=X]V
T = [S=X]B

There are two subcases to consider:

1. If e �!1
� e0 by some congruence rule, then either f �!1

� f0 or ai �!1
� ai

0 for some i and the argument
proceeds by induction.

(It is here that we see the bene�t of working in the system with subsumption. If we were proving
subject reduction directly for the system without subsumption, then the induction hypothesis would
tell us that the subexpression in which the reduction occurred might decrease, leading to a somewhat
tricky case analysis at this point.)

2. If e �!1
� e0 by R-Beta, then

f = fun[X<:U](x:V)b

e0 = [S=X; a=x]b:

From T-Abs (using the fact that the typing relation is syntax-directed), we have �; X<:U; x:V ` b 2 B.
Lemma 5.3.1 now yields � `<: e0 2 [S=X]B, as required.
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Case T-Case: e = case e1 of nil!e2 | cons(x,y)!e3
� `<: e1 * List(S)

� `<: e2 2 E2
�; x:S; y:List(S) `<: e3 2 E3
� ` E2 _ E3 = T

This time there are three subcases to consider:

1. If e �!1
� e0 by some congruence rule, the argument proceeds by induction.

2. If e �!1
� e0 by R-Case-Nil, then e1 = nil(W) and e0 = e2. By the soundness of the de�nition of

joins (Proposition 3.3.1), � ` E2 <: T, from which T-Sub yields � `<: e2 2 T, as required.

3. If e �!1
� e0 by R-Case-Cons, then e1 = cons(W,a,b) and e0 = [a=x; b=y]e3. From T-Con and

T-App,

� `<: a 2 A <: W

� `<: b 2 B <: List(W)

W = S;

from which Lemma 5.3.1 gives � `<: [a=x; b=y]e3 2 E3. By the soundness of the de�nition of joins,
� ` E3 <: T, and the result again follows by T-Sub.

Case T-App-Bot: e = f(S,a)

� `<: f 2 F * Bot

By Lemma 3.2.2(3), F = Bot. Inspection of the conclusions of the typing rules now reveals that f cannot
have the form fun[X<:U](x:V)b (no well-typed abstraction has type Bot), so e �!1

� e0 by some congruence
rule, not R-Beta. The argument proceeds by induction.

Case T-Case-Bot:

Similar.

Case T-Sub: � `<: e 2 S

� ` S <: T

By the induction hypothesis and T-Sub. �

5.3.3 Corollary [Subject reduction]: If � ` e 2 T and e �!1
� e0, then � ` e0 2 S for some S with

� ` S <: T.
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