Average Case Performance of the Apriori Algorithm

Paul W. Purdom Dirk Van Gucht

Computer Science Department, Indiana University

Dennis P. Groth

School of Informatics, Indiana, University

Abstract:

The failure rate of the Apriori Algorithm is studied both analytically and experimentally. The time
needed by the Apriori Algorithm is determined by the number of item sets that are output (successes: item
sets that occur in at least k baskets) and the number of item sets that are counted but not output (failures:
item sets where all subsets of the item set occur in at least k baskets but the full set occurs in less than &
baskets). The number of successes is a property of the data, no algorithm that is required to output each
success can avoid doing work associated with the successes. The number of failures is a property of both the
algorithm and the data.

This paper studies the failure rate using both analytical and experimental approaches. The analytical
work is done on a simple model where each shopper buys at random. The experimental work is done with
three data sets that are more like the usual applications of the algorithm, the buying patterns of the various
shoppers are highly correlated.

We find that under a wide range of conditions the performance of the Apriori Algorithm is almost as
bad as is permitted under sophisticated worst-case analyses. In particular, there is usually a bad level with
two properties: (1) it is the level where nearly all of the work is done and (2) nearly all candidate item
sets are failures. Let [ be the level with the most successes, and let the number of successes on level [
be approximately (Tl") for some m. Then, typically, the Apriori Algorithm has total output proportional
to approximately (') and total work proportional to approximately (,7;). In addition m is usually much

larger than [ so the ratio of work to output is proportional to approximately m/(l + 1).

1. Introduction

The Apriori Algorithm [2, 3, 7, 17] solves the frequent item sets problem. The algorithm analyzes a
data set to determine which combination of items occur together frequently. Consider a store with |I| items
where b shoppers each have a single basket. Each shopper selects a set of items for his basket. The input to
the Apriori Algorithm is a list giving the set of items in each basket. For a fixed threshold &, the algorithm
determines which sets of items are contained in at least k of the b baskets.

The Apriori Algorithm is at the core of various algorithms for data mining problems. The best known
such problem is the problem of finding the association rules that hold in a basket-items relation [2, 3, 17,

21]. Other data mining problems based on the Apriori Algorithm are discussed in [7, 16, 17, 19, 22, 23].
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Let J; be a subset of size | > 1 that is selected from the |I| items. For J;, define Jl_h to be the set
obtained from J; by omitting element h (a set of size [ — 1 when h is in J;). The key idea of the Apriori
Algorithm is that the set J; can not possibly have k occurrences unless each of the sets Jl_h (h in J;) has
k occurrences. Since the algorithm considers possible sets in order of their size, it has already gathered the
information about all the sets of size [ — 1 before it considers sets of size [.

For each set J; the algorithm verifies from its internal tables that each of the sets th with h in J;
occurs at least k times (I cases to verify). We call this the candidacy test. A set J; that passes this test is
called a candidate. For those sets J; that are candidates, the algorithm examines the data (basket contents)
to count the number of baskets that contain each J; thereby determining which set of items occurs in at least
k baskets. This counting and comparing with the threshold is called the frequency test. A set that passes
the frequency test is called a success (or a frequent item set). The algorithm remembers successes at level [
to generate candidates at level [ + 1.

In the best case, the candidacy test always correctly predicts the result of the frequency test, and the
amount of time spent by the Apriori Algorithm is essentially the amount of time spent verifying that all the
output sets should be output. A naive upper bound comes from the fact that each candidate is based on a
previous success. Each success can lead to at most |I| candidates. Many previous papers have focused on the
total amount of work done by the Apriori Algorithm without concern as to the amount of output generated,
but such studies can be misleading in that the amount of output is the main factor that determines how
much work an Apriori-like algorithm will do, and the amount of output is a feature of the problem instance
rather than of the algorithm. The simple lower and upper bound analyses say that the ratio between the
number of candidates and the number of successes (i.e, the output) is between 1 and |1|.

The worst-case time needed by the Apriori Algorithm is polynomial in the sum of the size of the input
plus output. Since the worst-case output is exponentially larger than the input, the worst-case time needed
can be exponental in the size of the input. If every shopper buys every item, the algorithm must output each
subset of the I items. A closely related problem that is NP-complete is to determine whether or not there
are any sets of size [ that occur k times, is NP-complete because the Balanced Complete Bipartite Subgraph
Problem [10] reduces to it. The appendix has the details of proofs for this and many other statements. The
appendix also has the proofs for the more complex equations in this paper.

The analytical part of this paper has an average-time analysis of the Apriori Algorithm under a parame-
terized probability model where the baskets are filled at random. Each basket has probability p of containing
each item, independent of the other items and independent of the other baskets. This is the same probability
model that has previously been used to consider the probability that is a set is a success [3,18,22]. In real
life, the Apriori Algorithm is used to analyze data that is more complex. Presumably, no one is interested in
running the algorithm on truly random data. Rather, one is interested in the way in which the data differs
from random. None-the-less, we believe that analysis with this simple probability model brings out the main

features of the performance of the algorithm. In principle, the techniques in this paper can be applied to
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more complex probability models of shopping. The challenge is to carry out the resulting calculations so that
one can understand the implications of the formulas that result when the analysis is done on more general
probability models.

With our probability model we calculate two quantities:

1. Swuccess rate: the probability that a set is a success (i.e., passes the frequency test) and test and
2. Failure rate: the probability that a set is a candidate (i.e., passes the candidacy test) but not a success

(i-e., fails the frequency test).

Notice that the success rate is a property of the probability model, not the algorithm. All correct algorithms
will have the same success rate. The Apriori Algorithm never believes that an item set occurs k times
without verifying the fact by counting occurrences in the data base. For algorithms that use this approach,
the success rate represents unavoidable work. The Apriori Algorithm is clever in trying to reduce the failure
rate. The failure rate represents work that one might hope to avoid.

It is not logically necessary that an algorithm verify occurrences by explicit counting. One alternative
algorithm uses ideas that are the complement of those used by the Apriori Algorithm. The key idea for this
complementary algorithm is that if some superset of a set J occurs at least k times, then so does set J [1,
5, 4, 13]. Also, when there is a total of b baskets, by baskets with item A, and bp items with item B, the
Apriori Algorithm is not aware that there must be at least 2b — b4 — bp baskets that contain both items A
and B [12]. Similar ideas are explored in [§].

The advantage that comes from using a parameterized probability model is that one can study the
performance of the algorithm under a wide range of conditions. While the later sections contain many
mathematical details, the main conclusions are fairly simple. For most values of the parameters, random
data results in a high success rate (essentially 1) for small values of I, with a sudden switch to a low success
rate (essentially 0) for large values of I. When [ is below the level of the switch, the number of candidates is
just below (lf ‘). Almost all of the candidates are successes. When [ is above the level of the switch, almost
all candidates are failures, and the number of candidates decreases rapidly. The level for the switch depends
on the parameters.

It is interesting to compare our average-case analysis with the worst-case bound of Geerts, Goethals,
and Van de Bussche [11, Theorem 1]. They represent the actual number of successes on level [ as
> (77) m
0<i<r
for appropriate m; ;, where m;; > m; ;1 for i =1 > r. They give the following upper bound on the number
of candidates

mi1—;
Oszi; (l—z’+1)' )

This bound is exact for some distributions, including one that results in no failutes. Experiments show that
in many cases this upper bound is close to the exact value. Eq. 2 makes use of the number of successes on

the current level to bound the number of candidates on the next level.
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At first sight, the approach of Theorem 1 of [11] looks quite different from the approach in this paper.
However, in those cases where the number of candidates on level [ is exactly (ml“) for some m;,; there are
just two differences. First, [11] only considers items that might still be active during the current level of the
Apriori Algorithm (my ;). This is their main insight. Second, the upper limit corresponds to setting our p
to 1. The work in [11] shows that the number of candidates on level | can never be more than (711’) If
my,; is much bigger than [, the ratio of candidates on level [ + 1 to candidates on level { is approximately
m(l,1)/({+1). When the number of candidates can not be represented as an appropriate binomial, there are
additional technical differences between the approach in [11] and in this paper, but they are not significant
to a qualitative understanding of the situation.

In the experimental part of the paper, we compared the predictions of the random basket theory with
three data sets: (1) synthetic data generated by the generator from the IBM Quest Research Group [14], (2)
U. S. Census data, using Public Use Microdata Samples (PUMS) (the same sample that was used by [6, 7]
and processed it in the same way), and (3) a web data set [25].

The analytical results are for baskets that are filled in an uncorrelated way. For such data, the Apriori
algorithm will have essentially no failures on the first few levels (depending on the value of p) followed by
an extremely high failure rate on the remaining levels. For interesting values of the parameters, if [, is the

level with the most frequent item sets, then the total number of item sets will be only slightly larger than

the number on the level with the most item sets. For this level and all later levels, almost every candidate

will be a failure. Thus, if we have approximately (lli
11|
lot+1

will be approximately a constant times |[I|/(lx + 1).

) frequent item sets to output, the algorithm will do
approximately (,}') work. If p is small, the I, will be much less than |I], and the ratio of work to output

For the experimental data, correlations are extremely important. When thinking about the experimental
data, it is useful to imagine that the data is described by effective values for |I|, b, and p depend on the level.
To illustrate this idea, consider a situtation where 1000 shoppers buy at random buying an average of one of
10,000 different items. Suppose an additional 100 buyers all buy the same 10 items (a highly corelated subset
of buyers). Based on simple statistics that an Apriori Algorithm might collect, level 1 looks very much like
1100 buyers buying from 10,000 items with a probability of about 2/10,000. By level 5, however, the data
looks similar to 100 buyers buying from 10 items with a probability of 1. In the presence of correlations, you
might expect that as the level increases, the effective value for |I| will decrease, that for b will decrease, and
that for p will increase.

The analytical result for uncorrelated data says that the critical level occurs when [ is such that k is
about the same size of bp'. For correlated data, even with the effective b and p varying, unless the variations
are strong, there is still likely to be just one critical value [, such that the success rate is high on level [,
but low on level I, + 1. When we look at the experimental results, we indeed find (in almost all cases), that

the total amount of work done is in agreement with the analytical results, provided one change is made.

11|

./41)- Replace this with

The analytical theory says that the number of candidates on that level should be (
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("'+), where my, i, is choosen so that (™!**) is the number of candidates on level I, (approximate when
the number of candidates is not exactly a binomial coefficent of this form). This comes from the upper
bound result of [11]. Thus, the conclusion from the experimental data is that you can understand the total
work done by the Apriori Algorithm if you take the worst-case number of candidates from [11] along with
the result from the analytical theory for uncorrelated data that the failure rate is nearly always high on the
level where most of the work is done. The ratio of work done by the Apriori Algorithm is proportional to
the ratio of total number of candidates to the total number of successes. Thus, when the level with the

most output is I, and when I, is much less than my, ;,, the ratio of work to output will be approximately

proportional to my, g, /(L. +1).

2. The Apriori Algorithm

The Apriori Algorithm does the following computation:

Apriori Algorithm:

Step 1. For ! from 1 to |I| do

Step 2. For each set J; such that for each h € J; the set Jl_h occurs in at least k baskets do

Step 3. Examine the data to determine whether the set J; occurs in at least k baskets. Re-

member those cases where the answer is ‘yes’.

For typical data sets, a careful implementation of the Apriori Algorithm will spend most of its time
accessing the data base (the list of basket contents). The implementation should exit the ! loop early if there
are no ‘yes’ answers for some value of [. It should consider on level | only those sets that are formed from
sets that passed the frequency test on level [ — 1. In addition, no set of size [ should be generated more than
once. The sets can be generated by assigning an order to the items and extending each set S on level [ — 1
only with items that are greater than the largest item in S. Assuming unit time for hash table look-ups (for
looking up various subsets of the extended §) the algorithm can do the work for a single candidate set on
level [ in time bounded by a constant times [ + 1. See [2] for more discussion of the techniques used in good

implementations.

3. Best and worst cases

We use the number of candidates as a proxy for the amount of computing that the Apriori Algorithm
does. Let Ng be the number of item sets that are successes. Let Ng be the number of item sets that
are candidates but not found to be successes. Then, the total work is proportional to Ng + Ng. Of this,
Ny represents work that must be done by any algorithm that outputs every frequent item set and it is a
property of the data, not of the algorithm. Np represent avoidable work. For this class of algorithms, the

ratio Ng/(Ng + Np) is the natural measure of algorithm efficiency.
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The lower limit on the amount of work done by the Apriori Algorithm is Ng. This occurs for problem
instances where every candidate is actually a frequent item set.

Now consider an upper limit on the amount of work. Let Ng(I + 1) + Nr(l + 1) be the number of
candidates which are counted on level [ + 1, and let Ng(l) be the number of frequent item sets on level [.
Consider the graph where each candidate on level [ + 1 (each Ji4+1) is connected to each of its associated
frequent items sets (Jl:_';) Thus, there are [Ng(l + 1) + Np(I + 1)](I + 1) arcs. Each of the Ng(l) frequent
item sets on level [ is connected to at most |I| — [ candidates on level [ + 1. Indeed, if we use |I;| to be the
number of items that occur among the frequent item sets of level [, there are at most |;| — | connections

from a single level [ frequent item set. Thus, we have

[Ns(I+1) + Np(+ D)0+ 1) < Ns)(IL] =), (3)
[Ns(l+1) + Ne(l+1)] < ('5";11)%(1). (4)

This gives

> ('ﬂr_ll) Ns(1) (5)

0<i<|n[-1
as an upper bound on the amount of work. In many cases, Ng(l) increases rapidly for small [ and then
suddenly drops rapidly to zero. In such cases, the largest term in this sum is a good approximation to its
total value.
We see that the Apriori Algorithm is rather efficient in the class of algorithms that output every frequent
item set. The total work is never more than a factor |I| larger than Ng, the least amount of work that could
possibly be done by any algorithm in the class. When most of the work is concentrated on level [ 4+ 1, the

amount of work is better than this product by a factor of I + 1.

4. Average case

We now start an exact computation of the average case performance of the Apriori Algorithm for the
case when the baskets are filled at random. We eventually show that for most values of the parameters, the
average performance is not significantly better than that suggested by the worst-case analysis (eq. 5).

Let S; be the probability that the set consisting of items 1 to [ is a frequent item set, and F; be the
probability that the same set is a candidate but fails to be a frequent item set. Since each basket is filled
randomly, any other set of [ items has the same probability of success and failure. The expected number of

successes is

> (7)s ©

1<1<71|

and the expected number of failures is

> (7)m g

1<1<|1|



The number of item sets for which the basket data is examined is
N s 4 F
Z I (S + F). (8)
1<i<|1|

Under the above assumptions, the running time is bounded by a constant times

N s 4 F
> u+1) ;) S+ F). 9)

1<i<|1|
Define the following conditions with respect to a single basket:

e Mj: the basket has all the items 1 to [ and
e My (1 < h <I): the basket has all items from 1 to ! except that it does not have item h.

These conditions are disjoint; each basket obeys at most one of the conditions M}, 0 < h < [.

The probability that a randomly filled basket obeys condition My is
P(l)=7p. (10)
The probability that a randomly filled basket obeys condition M}, (for any h in the range 1 to [) is

QU)=p"1(1-p). (11)

Note that
P(l-1)=P()+ Q). (12)

It is worth noticing in passing, that if one wants a model of shoppers that are independent of each other,
but which have more complex shopping behavior than assumed in this paper, the key step is to change the
formulas for computing P(I) and @(I). Our results that are expressed in terms of P and @ (but not those
expressed in terms of p) would still hold for these more complex shoppers.

The probability that at least k& baskets obey condition My is

b . | b , y
5= % ()rarn-rops =1- % ()irorn - pop-. (13)
>k i<k M
The probability that jo baskets obey condition My, j; baskets obey condition M, ..., j; baskets obey
condition M;, and the remaining b — jo — - - - — j; baskets do not obey any of the conditions is
G IPOIQY {1 = PO - 1QUiP (14)
JO"“JJl)b_JO - =N

where the multinomial coefficient is the number of ways to arrange b distinct baskets into [ + 1 sets, where

set 0 has jo baskets, ..., set [ has j; baskets, and b — jo — - - - — j; baskets are not in any of the [ + 1 sets.
The item set {1,...,l} is a candidate [ if and only if each condition M}, (1 < h < [) is satisfied by at

least k baskets. Condition M; is passed when jy 4+ j; > k. In other words, to pass condition M7, we must

obtain at least k¥ when we add the number of baskets that have all the items from 1 to [ to the number
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of baskets that do not have item 1 but do have all the items from 2 to [. Condition M, is passed when

Jo + Jj2 > k, etc. Thus, item set {1,...,l} is a candidate in just those cases where the conditions
Jo+Jji 2k, jot+je>k, ..., jot+a>k (15)

are all true. Thus, the probability that the set {1,...,l} is a candidate is the above probability (eq. 14)
summed over those cases that satisfy the conditions (eq. 15),

b . et —jo——iy
= 5 (oo ) POPIROE 0 PO - 1QP—0 1o

J12k—jo
52k—do
Jizk—jo
Since the set {1,...,1} either does or does not occurs in at least k baskets, the probability that the item

set {1,...,[} is a candidate but not a frequent item set is

E=C-5
S N )IPOP QWP 1 - PO - QP (17)

Jo<k "le;b_jo_"'_jl
Jj1zk—jo
J22k—jo
J12k—Jjo

4.1. Efficient Computation of F;

The number of arithmetic operations needed to compute S for fixed b, [, and p (using the right part of
eq. 13) is O(k). Furthermore, the number of operations for fixed [ and p and for all k is only O(b).
The number of operations needed to compute F by direct application of eq. 17 is O(kb!). However,

using the recurrence equations below, F' can be computed in time that is independent of k& and polynomial

in b and [.
Write eq. 17 as
b ' .
E = Z ( )[P(l)]JORk—jo(b_Jﬂalalal) (18)
: Jo
Jo<k
where
b . . . .
Ry (b,l,m,n) = ) . . Q)P — P(m) — nQ(m)]P~ 0. (19
tmm = 3 (s QU = POm) - Q)] (19)
ja >k
jl.ék

By considering the sum over j; (represented by j in the sum below) separately, we have

Rt tm,) = 3 (0 QUOVRAG it = 1m0 (20)
izk M
with boundary condition
Rk (b7 05 m, TL) = [1 - P(m) - nQ(m)]b (21)
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With these equations, a particular Ry(b,l,m,n) can be computed from the various Ry(c,! — 1,m,n)
(k < ¢ <b) in O(b) operations. To compute R by repeated application of eq. 21, we need [ levels with O(b)
R’s per level. This leads to time O(Ib?) to compute a set of R. The time to compute Fj is dominated by the
time needed to compute the R’s, leading to time O(lb%) to compute a particular F. For fixed p and b and
for all k, F} can also be computed in time O(Ib?).

5. Approximations

5.1. Chernoff bounds

The sums for S; and Fj are incomplete binomial sums. They do not have closed forms (implied by [15]),

but, as we show below, Chernoff techniques [9] lead to useful approximations. For

. 1, i<k, . 0, i<k,
L(z):{0 ik and U(z):{1 P> b (22)

and for some fixed k in the range 0 < k < n, we have

Z a; = Z a;L(i) and z a; = Z a; U(4). (23)

0<i<k 0<i<n k<i<n 0<i<n
In addition, when each a; > 0, replacing L(7) (or U(i)) with a pointwise upper bound gives an upper bound

on the sum. Chernoff [9] noticed that useful bounds for partial binomial sums result when one uses
L(i)=z7*" with <1 and U@G)=z"*" with z>1, (24)

and then chooses the x that gives the smallest upper bound.

The Chernoff bound for S is
Sy <azk Z ( )[xP M=POPP7 =271 + (z - 1)PQ)]° (25)

for any z > 1.
A Chernoff bound for R is

Rib,ym,m) < 27 Z (jl .o J1b —bjl _——— jl) [2Q(m)* "+ [1 = P(m) — nQ(m)]"~h
(26)
7M1 = P(m) — (n = l2)Q(m)]’ (27)
for any z > 1.

Using this Chernoff bound for R leads to the following Chernoff bound for F,

A<y () wPpa=o=n - () 416 - QU (28)
< a:_kly_k“[l + (@ly = D)P) + I(z — 1)Q)], (29)
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for any £ > 1 and any y < 1.

5.2. Regions and boundaries for 5;

The optimum z for eq. 25 is either on the boundary (x = 1) or when the derivative with respect to z is

equal to zero. Letting z, be the x value that gives a derivative of zero, we have

_ K1-P(0)]

When z, > 1, it is the optimum z for eq. 25. Otherwise (z. < 1) the optimum z is 1. In addition, we

check whether z, is strictly within range (z, > 1). This is the case when
k> bP(l). (31)

This completes the first stage of finding the Chernoff approximation to S;. The second stage, which is
done in Section 5.4.1, is to determine just how small the Chernoff bound is as a function of the parameters
(b, k, 1, and p). We will show that the bound on S; is an exponential function of the negative of the square
of the distance oy (with a3 = k/b— P(l)) inside the boundary eq. 31. Thus, S; is extremely small inside the
region defined by eq. 31 except near the boundary. We show in Section 5.4.2 that S; is close to one once we
go on the other side of the boundary; the difference between S; and one is an exponential function of the
negative of the square of the distance ay (ay = (P(l) — k/b) — 1/b = —ay — 1/b) from the boundary. Thus,
knowing whether the optimizing z is strictly within range or not gives us the most basic information about
S; (whether it is small (z, > 1) or large (z« < 1)). Sections 5.4.1 and 5.4.2 are needed to determine the

details (just how small or large).

5.3. Regions and boundaries for F;

To find the optimum value for x and y in eq. 29 we start by taking derivatives of the bound with respect

to z and y, setting each result to zero, and solving for z and y. We want the z. that satisfies

(b= k)PW)ziy + (b~ kDQDz« — k[1 - P(1) = 1Q(1)] = 0. (32)
We want the y, that satisfies

(b—k+1)P(D)z'y, — (k—1)[1 — P(l) + 1Q(I)(z — 1)] = 0. (33)

When considering whether the optimum z and y are strictly within range (z« > 1, y« < 1) or on the
boundary, there are four cases to investigate:

Region 1. Eq. 32 with y = 1, 2, > 1;

Region 2. Eq. 33 with z =1, y. < 1;

Region 3. egs. 32 and 33, x. > 1, ¥« < 1; and
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Region 4. z =1,y =1.

In egs. 32 and 33, z. is associated with the effectiveness of the candidacy test (eq. 27), and y. is associated
with the probability of a set failing the frequency test (eq. 29).

The main regions of interest are Region 1, where we will show that Fj is small because the candidacy
test fails with high probability, Region 2, where F; is small because S; is near one (F; can never be larger
than 1 — S; since failure requires not only passing the candidacy test but also failing the frequency test),
and Region 4 where Fj has the trivial bound of 1. In Section 5.3.3 we show that the set of parameter values
that satisfy the conditions for Region 3 includes the intersection of Region 1 and Region 2. Also Region 3
has not values outside of the union of Regions 1 and 2.

When the optimum value for at least one of x and y is strictly within range (not equal to 1) then the
bound for F; is smaller. It will be shown in Section 5.5 that the bound on Fj is an exponential function
of the square of the distance (basically the difference between k/b and P(l) or P(l — 1), see Section 5.5 for
details) of z, or y. from the boundary, so F; rapidly becomes extremely small as z, or y. moves away from

the boundary.

5.3.1. Region 1.

When z, > 1, we will show in Section 5.5.1 that the candidacy test fails with high probability. To find

when this occurs, notice that eq. 32 is satisfied by £ = 1, y = 1 when
E=0bPl)+ QD] =bP(I-1). (34)
As b decreases, x, increases. This implies that, for y = 1, z, > 1 when

k> bP(l—1). (35)

5.3.2. Region 2.

When gy, < 1, we will show in Section 5.5.2 that the frequency test succeeds with high probability.
Consequently, since F; can be no larger than 1 — S, Fj is near zero in this case.

When z = 1, the solution to eq. 33 is

_ (k=1L - P()]
SRR RV EON )

This results in ¥, < 1 when
k <bP(l) + 1. (37)

For most parameters values, the regions of eq. 35 and eq. 37 do not overlap. However, subtracting the right

side of eq. 37 from the right side of 35, we find that they do overlap when

bQ(l) < 1. (38)
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1is small (p'~! < 1/b is small enough) and also when 1 —pis small (1—p < 1/b

This happens both when p'~
is small enough). When eq. 38 is true for all [, the Apriori Algorithm has no bad level. In this case, S is
small for every . Conditions where the Apriori Algorithm does have a bad level (cases where S; is near 1)

are discussed in Section 5.5.4.

5.3.3. Region 3.

To find values for the parameters such that =, > 1 and y. < 1 we need to satisfy eqs. 32 and 33

simultaneously. This results in the values

1 - P() = 1Q(D)

T k—1+D)Q1) (39)
B b-k-1+1)QD\' ™ QU
y“‘@‘l)(l—ParJQU)) 20} (40)
We have z, > 1 when
ktl-1<b<ktl—14 2 LO=IR0 (41)

Q)
The upper and lower limits are the same when [ = 1, so the range is empty in that case.
All solutions to eq. 41 are in the union of Regions 1 (eq. 35) and 2 (eq. 37). The smallest k that satisfies
eq. 35 is k just above bP(l — 1). This value for k satisfies eq. 41 when

1
b< o (42)

Eq. 42 is true under the same conditions that eq. 38 is true. Thus, eq. 41 is satisfied by k values outside of
Region 1 only when Regions 1 and 2 overlap. Since Region 1 gives a lower limit on ¥ and Region 2 gives an
upper limit, when Regions 1 and 2 overlap, their union includes all & values.

For k = 1, eq. 40 implies that y = 0, which is less than 1. For [ = 1 eq. 40 has no solutions. For k > 2
and [ > 2, eq. 40 implies y. < 1 when

1/(1-1)
b<k+l—1+1_P(l)_lQ(l)( PO (l)) . (43)

Q) (k-1)Q
For parameter values to be in Region 3, both eqgs. 41 and 43 must be satisfied.
The upper bound on b from eq. 43 is greater than the lower bound from eq. 41. The upper bound on b

from eq. 43 is less than the upper bound from eq. 41 when

1
k> — - (44)
For p < 1/2, this condition is the same as k > 1.
Since
L-PO)—1QW (PO "V _ (45)
Q) (k—1)Q() ’



any k > b— [+ 1 always satisfies eq. 43. For [ = 2, this rightmost term from eq. 43 reduces to

which is less than 1 for k¥ > 2. Thus, for [ = 2, the only solution to eq. 43 is k > b— 1+ 1.

The left most term of the right side of eq. 43 (k) increases linearly with k, the rightmost term decreases
with k. The rate of decrease slows down as k increases. As a result, the bound on b decreases at first and
then increases. In some cases the bound (for fixed !) holds for small k, does not hold for moderate k, and
then holds again for large k. As shown above (below eq. 45) the bound on b is always obeyed when k is
large. Numerical investigations show that sometimes the bound also holds for small k, sometimes it does

not; sometimes the small &k region extends all the way to the large k region, sometimes it does not.

5.3.4. Region 4

In this case ¢« < 1 and y. > 1. Thus by Section 5.3.1, k& < bP(l — 1) and by Section 5.3.2, k >
bP(l) + 1. Thus, for such k, we have bP(l) < k < bP(l —1). In such cases, the candidacy test succeeds
with probability near 1, but the frequency test fails with high probability (F} is high). Thus, The Apriori

Algorithm experiences a bad level in this Region. In Section 5.5.4 we give bounds on Fj.

5.4. Bounds on S

Section 5.2 found the boundary between the region where S; is small and where it is large. We now

compute just how small (with an upper bound) or large (with a lower bound).

5.4.1. Upper bound on §;

We now give an upper bound on S; when k > bP(l) to show that it is near 0. In the next section we
give a lower bound when k > bP(!) to show that in that case it is near 1.
By plugging the z, value from eq. 30 into the bound from eq. 25 we obtain

s (F0)" (72) "

so long as z, > 1. By eq. 31 the condition z, > 1 is equivalent to k > bP(l), so we will define a; by
k=0b[P(l) + 1] (48)
When k is greater than bP(l), S; goes to zero rapidly. In particular

S < e bai/{2P()[1—P(D]}+0(bai[1—P(1)]~?) (49)

when a7 > 0.
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5.4.2. Lower bound on §;

To obtain a lower bound on S; when it is near 1, start with the right part of eq. 13. Shift the relation

between k and «; by one so that as is defined by
k=0b[P(l) —as] — 1. (50)
We can now modify the derivation of eq. 49 (with z, < 1) to obtain

S >1-— e~ baa/{2P()[1—P(1)]}+0(ba3[1—P(1)]~?) (51)

when ay > 0.

5.5. Bounds for F;

Section 5.3 found the parameters regions relevant to Fj. In this section we will establish bounds on F;

associated with these regions.

5.5.1. Bounds on F; in Region 1

When k > bP(l — 1) we are in Region 1 of Section 5.3. We now give an upper bound on Fj to show that
it is near 0 in this case. Thus in this region the candidacy test fails with high probability.
By eq. 29 with y =1
Fr <z 7M1+ (2l = 1)P) + Wz = 1)Q)]" (52)

(Note that bounds on Fj obtained with y = 1 are also bounds on C; = F; + S;. The definition for C; (eq. 16)
has a sum over all values of jo, but setting y = 1 also sums at unit weight over all values of jy.) The optimum
x4 is given by eq. 32. Solve eq. 32 (with y = 1) for z, with 2, = 1+ and small §. Let 6 stand for a function
that approaches 1 in the limit as § approaches 0. (Just as various big O are associated with different implied

constants, different 6’s are associated with different functions that approach 1 in the limit.)

)

k= bPO) - Q) [k — bP(1) — bQ()](b — k) — VP(1)§/2) "
= WP 1)] — P~ 1)] (1 TP + QU] — HIP( = 1) ) ' (53)

Define a3 by
kE=0b[P(l—1)+ as]. (54)

In eq. 52 replace k by its value in terms of a3 and in plug the value of z implied by eq. 53 to obtain
F < e—b10a3/(2{P(1-1)+(1—1) P()~I[P(1-1)]*}) (55)
when a3 is small enough, i.e.,

az = {IP(1) + Q(I) = I[P(l - 1)]*}o(1). (56)
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5.5.2. Region 2

When &k < bP(l) + 1 we are in Region 2 of Section 5.3 and by eq. 51 nearly all item sets pass the
frequency test. Since an item set must first pass the candidacy test and then fail the frequency test, F; can

be no larger than 1 — S, which (by eq. 51) gives the bound

Fj < e~tod/{2PMI-PO]}+0(a3bl1-PO)]~) (57)
where ay is defined by k = b[P(l) — az] — 1 (eq. 50).

5.5.3. Region 3

Since Region 3 is entirely inside of Regions 1 and 2, we can use results from the previous two sections
to obtain upper bounds on F;. With additional algebra even better upper bounds could be obtained, but

the previous bounds are good enough for most purposes.

5.5.4. Region 4

When bP(l) < k < bP(l — 1) we are in Region 4 of Section 5.3. The candidacy test succeeds with high
probability but the frequency test succeeds with low probability. We now give a lower bound on Fj to show
that there are cases where it is near 1.

In eq. 19, the quantity Ry, is defined by sums where each j; > k (for 1 < i < [). Using inclusion-exclusion

arguments, an alternate way to compute Ry, is

Rk(balaman) = Z(_l)h (:L>Tk(balam7nah)7 (58)

h

where

Tk (b, l, m,n, h) = Z <j2’ ‘ b— jl ) [Q(m)]j1+...+jl [1 _ P(m) _ ’l’LQ(m)]bijlf"'*jl

i<k e JLb=di == q
j2<k
in<k

Jha1,e 0t

(59)
= Z ( b—J1 )[Q(m)]j1+...+jh [1—P(m) — (n— 1+ h)Q(m)]P 9,

ji<k .725"'7.7lab_.71_"'_.71
Bk
jn<k
(60)

The h = 0 term of eq. 58 is the sum over the full range for the j’s. The h = 1 term subtracts (for each j)
the part of the range that is not included in the definition of R. The h = 2 corrects for the overcorrection
of the h = 1 term (regions where two j’s where out of range were subtracted off twice). Each successive h

corrects for the previous h. Therefore, if the sum over h is terminated at some value before I, the result is a
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lower or upper limit on R depending on whether the first omitted term is negative or positive. We use the

following case of this result.

Ry (b,l,m,n) > ri(b,1,m,n,0) — lry(b,l,m,n,1) (61)
> [1= P(m) — (n = )Q(m)]* — 15" (;’) [RUm)F[L = P(m) — (n— 1+ )Qm)]"™. (62)
i<k

By eq. 18 we have
b - - b—3j , o
f> Y (] )eop (- pore -5 (0P eorn - po - ore). @
jo<k O i<k N
A lower bound on the sum that comes from the first term in the large parentheses is given by eq. 51. The

reasoning that leads to eq. 29 gives the following bound for the sum coming from the second term
b ; b—j ; o ko
> () )rar (") 0P n-PO-QWP < a1 PO a-1)+@- DR 64
Jo<k i<k

By setting y = 1 and using eq. 12 the bound becomes 7 *[1 + (z — 1)P(l — 1)]®, which is the upper bound
on S;_1 (eq. 25). Thus, combining this with egs. 51 and 49, we obtain

Fy > 1 — e~bei/2POR-POI}+0(bai1-PO]7?) _ jo=bai/{2P(-1)1=P(-D}+0(Gai1-P(-1I™*)  (g5)

with a; and oy related to k by k = b[P(l) + a1] and k = b[P(l — 1) — a4] — 1 when both oq and a4 are
positive.

This bound is good enough to show that for some &k the Apriori Algorithm has one bad level. Consider
k equal to the integer nearest [bP(l) + bP(l — 1) — 1]/2, i.e.,

bP(l) + bP(l — 1) — 1
2

k= +n (66)

with || < 1/2. This results in

o = bPA=D) ; bP(l) — 1 Cn on= bP(l—1) ; bP(l) —1 . (67)

This results in a; and a4 both being ©(k(1 — p)) when b(1 — p)P(l — 1) is above 3. (If b(1 — p)P(l — 1) is
below 3 then there may not be room to have an integer that is both between bP(I — 1) — 1 and bP(l) and
also far away from both of them.) When b(1 — p)P(l — 1) is above 3 (which implies that p is not near 1) the
second exponent in eq. 65 (the one with a4) is —©(bk?/{P(l — 1)[1 — P(I — 1)]}) and (for small p) the first
exponent is more negative yet, i.e., —0(bk?/{P(l)[1 — P(1)]}). Thus, when bP(l — 1) is large, there is a k
value where Fj is extremely close to 1. When k is near bP(l) for some [ the bound from eq. 65 is not good
enough to show that Fj is close to 1. The sample calculations (in a following section), however, show that
for such k values there are usually two [ values that are each moderately bad (F; above a constant), at least

when b(1 — p)P(l — 1) is not small. Thus, the conclusion is that the Apriori Algorithm, when it is run on
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random data, usually has one bad level or two half-bad levels. (When the threshold, k, is small it may have

no bad levels.)

6. Total work

Eq. 65 shows that for random data there are many cases where the Apriori Algorithm has one bad level,
i.e., a level where many item sets pass the candidacy test but few of them pass the frequency test. Eq. 38
shows that there are rare cases where the Apriori Algorithm has no bad levels. The Apriori Algorithm
has a reputation for being effective in practice [2, 7, 21]. In this section we show that for many parameter
values even when there is a bad level, the bad level comes before the algorithm has done much work and the
algorithm is extremely good for the levels after the bad one. This leads to good overall performance. Under
the assumption that accesses to the original data dominate the running time, large running time result from
those terms in eq. 8 where the binomial coefficient is large and S; + F; is not small. No algorithm that
explicitly examines the data to verify the number of occurrences for a set can be fast if a large fraction of
the possible sets for large | must be processed. The merit of the Apriori Algorithm is that S; + F; usually
becomes extremely small once [ increases beyond the value that results in & > bP(l). This is shown by the

following rough calculation. Consider the ratio of the [ and [ + 1 terms from eq. 8:

(0 /) 1t

so long as [ is much less than |I|. Choose [ so that k is near to bP(l — 1). Using this value of ! in eq. 55
results in a3 near 0 (from eq. 56) and Fj near 1. Now consider eq. 55 with [ one larger. For this I, we have

a=P(l—1)— P(l) and eq. 55 gives the bound

Fy < e tUADIPU=1)=PO10/(H{P(OHP+1)-(HDIPOI}) (69)

Since k is approximately bp!, for small p this bound is approximately

e bR T2/2 ) o~ (1+1)k/(2p) (70)

The ratio of the amount of work that the Apriori Algorithm does on level [ + 1 to the amount of work on
level [ is approximately

I
%e—umk/(zm_ (71)

In most interesting cases this ratio will be much less than 1. There is further improvement as ! increases.
For most parameter values and for random data the amount of work that the Apriori Algorithm does drops

rapidly after the bad level.

7. Sample computations

This section contains sample calculations for b = 1024 baskets, 1 <[ < 5, with thresholds in the range

1 < k <1024. Table 1 gives S; for p =1/2,1 <1 < 5. Table 2 gives S; for p = 1/16. Table 3 gives F;
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for p = 1/2. Table 4 gives F; for p = 1/16. Each table has results for only a few selected values of k. The
selected values for k includes those were Fj is maximum, where it is just above 1/2, and where it is just
below 1/2. Figure 1 is a graph of S; for p = 1/2. Upper and lower bounds from eqgs. 49 and 51 are also
included in Figure 1. Figure 2 is a graph of F; for p = 1/2. Figure 3 is a graph of F; along with the bounds
from egs. 55, 57, and 65. For all bounds plotted in the figures, big O terms were ignored and 6 was set to 1.
The p = 1/16 cases does not lead to clear graphs, so none are given. For this case, one can best see what is
happening by examining the tables.

When deciding which results to report, we had to balance the interest in large values for b (up to 100,000
in [2]) with the need to keep the computing time reasonable. Also, when we had to balance the interest in
small values for p with the need for results to show the various characteristics of the algorithm. Also, it is
difficult to compute (1 — p)? accurately when p is near zero and j is large. We used code where the number
of multiplications increased only as fast as Inj. In addition, the values of S were computed exactly using
Maple and then converted to floating point. The Maple program was too slow to compute F' in this way.
The values for S were computed with both exact and floating point arithmetic, but F' was computed only
with floating point arithmetic. For S the results from the two ways were not significantly different, but the
floating point calculations sometimes gave zero for values below 10~70. Also, it was difficult to tell just how
close to 1 a floating point value was once it went above 1 — 10712,

From Table 1 and also from Figure 1, we see that, for fixed, moderate-sized values of k, 5; is extremely
close to 1 for small values of [ and that S; is extremely small for large values of I. The transition from near
1 to small is quite sharp with increasing [. The transition value of [ increases as k decreases. For large k,
even S; is small. For small k¥ one must go to large | values (not shown) before S; becomes small. In Figure
1, the three rightmost curves refer to | = 1. The very rightmost is the upper bound from eq. 49. The next
rightmost is the actual value from eq. 13. The least rightmost in the group of three is the lower bound from
eq. 51. Proceeding to the left, we have corresponding groups for [ = 2, 3, 4, and 5. For [ = 3, 4, and 5, one
can notice that the plotted “upper bound” goes below the actual value. This is because the big O term was
omitted, and it is significant in these cases. None-the-less even without the big O term the upper bound
gives the general idea for how the actual function behaves. Table 2 shows that the p = 1/16 is similar to
the p = 1/2 case. Notice that S with p = 1/2 and | = 4 has approximately the same value as S does for
p=1/16 and | = 1, particularly when k is small.

Table 3 and also Figure 2 show the values of Fj for p = 1/2 from eqs. 18, 19, and 21. The rightmost (at
the top) curve is for [ = 1. The rightmost curve with a hump is for [ = 2. In Figure 2, the leftmost curve is
for [ = 5. For any fixed k, there is one or sometimes two values of [ for which Fj is not small. For most large
values of k, there is just one [ value where Fj is large, and for that one [ value the resulting Fj is extremely
close to 1, but for some large k values, there are two [ values for which F; is moderately large. As k becomes
smaller, the [ value that results in F; being near one decreases. Also, F; no longer becomes quite so close to

one. Figure 3 shows the same Fj values as Figure 2, and it also shows the upper and lower bounds computed
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k 51 52 53 54 55
1 1.0-56x107%9 10—-12x10"2 10-41x10"% 10-20x10"2° 1.0-7.6x10"1°
2 1.0-5.7x1073% 10—-40%x10"126 10—-6.1x10"%% 10—-14x10"2" 1.0-2.6x 10713
3 1.0-29%x107%3 10-68x10""* 1.0-45x10"°% 1.0-48x10"26 1.0-—44x10""2
4 1.0-1.0x1073% 10—-77x10"122 10-22x10"% 1.0-11x10"2¢ 1.0-5.0x 10"t
5 1.0-25x1072% 10—-66x10""2° 1.0-81x10"% 10-19x10"2 1.0-43x10"'0
22 1.0-15%x107265 10—-31x10"% 1.0-23x10"3 1.0-15x10"10 10-24x102
32 10-92x10"2% 10-33%x10"% 1.0-54x10"27 1.0—-2.0x10"% 5.2x10!
33 1.0-29%x1072%8 10-34%x10"% 1.0-24x10"2% 1.0-43x10% 45x10°!
45 1.0-24x10231 1.0-57x10""2 10-16x101 1.0-42x10"°% 1.6x10°2
57 1.0-68x1021% 10-31x10% 10-3.7x101* 83x10! 3.1x10°5
58 1.0-12x1072% 10-17x10"% 1.0-92x 10" 8.0x10! 1.6x107°
64 1.0-19%x107207 1.0-40x10"% 1.0—-14x10"1 5.2x107! 2.5x10~7
65 1.0-29%x107206 10—-20x10"% 1.0-3.0x 10" 4.7x107! 1.2x10~7
91 1.0-62x10"'% 10-19x107% 10-11x10"* 5.8x10~* 2.3x1018
120 1.0-1.5x1071%0 1.0-76x10"2" 7.9x107! 5.3x10~1* 2.0x10734
121 1.0-12%x107" 1.0-19x10"% 7.6x107" 2.6x10~ 1! 4.7x10735
128 1.0-1.3x107"" 1.0-98x10"2* 5.1x10°1! 1.4x1013 1.7x10~39
129 1.0-88x107 1.0-23x10"2 48x10°! 6.6x107 14 3.8x10~40
186 1.0-28x107100 10-71x10"% 1.3x10°7 8.9%x1039 6.4x10~83
247 1.0-3.7x10% 75x10°! 2.0x10~24 1.2x10~75 5.2x10~139
248 1.0-1.2x10% 73x10°! 8.7x10725 2.4x10°76 5.3x10~140
256 1.0-9.6x107% 5.1x10"! 1.1x10~27 7.2%x10~82 4.7x10-148
257 1.0-29x107% 4.8x10~! 4.8x1028 1.4x1082 4.6x107149
377 1.0-81x10"1® 3.8x10°17 1.4x10-87 9.8x10~182 4.9x10286
503 7.2x10°1 6.9x10 62 1.5%x10-178 2.2x10314 2.1x10~458
504 7.0x107L 2.4x10-62 2.3x10°17 1.5x10315 7.0x 10460
512 5.1x1071 4.0x10-%6 4.4%10~186 6.6x107325 9.3x10~472
513 4.9%1071 1.3x10-66 6.3x107187 4.4%10~32%6 3.0x10~473
533 1.0x10~1 1.6x10~76 3.3x107204 5.6x10—350 1.9x10503

Table 1. S; for b = 1024, p = 1/2, and selected values of k.

from eqs. 55, 57, and 65. Table 4 shows F; for p = 1/16. Notice that, for small k, F with p=1/2 and [ =4
has approximately the same value as F' does for p = 1/16 and [ = 1. Table 5 shows the extend of the various

regions when b = 1024, p = 1/2, and 1 <! < 5. Table 6 shows information for the p = 1/16 case.
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k S1 So S3 Sy Ss

1 1.0-20x10"% 1.0-1.8x10"2 22x107T 1.6x10~2 9.8x10°1

2 1.0-14%x1072" 1.0-9.1x10"2 26x1072 1.2x10~* 4.8x1077

3 1.0-4.8x10726 7.6x107! 2.2x1073  6.3x1077  1.5x10°10

4 1.0-1.1x10" 5.7x107! 1.3x10~* 24x10~° 3.8x10~ '

5 1.0-1.9%x10"2 3.7x10~" 6.6x1076  7.6x107'2 7.3x107!8

22 1.0-1.5x 10710 3.0x1019 3.2x1073% 1.3x1076' 4.2x10788

32 1.0-2.0x10"% 1.0x10°18 1.0x107%%  3.7x1079% 1.1x10132
33 1.0-43x10"% 1.2x10719 7.3x10758  1.7x107%7 3.1x10°137
45 1.0-42x10"% 9.2x10 32 2.0x1078%  1.6x10712 1.1x107192
57 8.3x10° 1 2.5x10 45 1.9x10 112 55%x10 18 1.3x10°24°
58 8.0x10! 1.7x10~46 7.8x107115  1.4x10718¢ 2.1x10~2%4
64 | 5.2x10! 8.9x1054 2.5x107129 2.6x107206 2.3x10~283
65 | 4.7x107! 5.1x1075%° 89x107132 59x107210 3.3x10~288
91 5.8x107% 2.0x1089 1.6x107197 5.1x107397 1.4x10—*16
120 | 5.3x10~t 5.6x10~132 48x10725 1.9%x10~*19 6.1x10%64
121 2.6x10~11 1.6x107133 8.7x107278 2.1x10742% 4.3x107%69
128 1.4x10~13 2.3x10~ 144 4.5%107297 4.1x10%! 3.1x107605
129 6.6x10~14 6.3x107146 7.7x107300  4.4%x107%%% 2.1x10-610
186 8.9%x10739 7.9%x10~241 1.8x107%63 2.4x107%87 2.6x1079"!
247 1.2x10°75 1.0x 10352 6.7x107649 3.0x1079% 1.2x10°1243
248 2.4x1076 1.3x10—35%4 5.1x107652 1.5%x1079%0 3.5x10- 1249
256 7.1x10~82 5.4%x10~370 4.9x107%77 3.3x107985 1.8x10~1293
257 1.4x10-82 6.3x107372 3.6x107680 1.5%x107980 5.2x10~1299

Table 2. S; for b = 1024, p = 1/16, and selected values of k.
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k F1 F2 F3 F4 F5

1 5.6x107399 1.1x10"128 4.1x10~%0 2.0x10~2 7.6x10-15
2 5.7x1073%  4.0x107126 6.1x10~%8 1.4x1027 2.6x1013
3 2.9x107303  6.8x107 12 4.5x10756 4.8x10~24 4.4x10712
4 1.0x1073%0  7.7%x107122 2.2x105* 1.1x10~24 5.0x10~11
5 2.5x107298  6.6x107120 8.0x10753 1.9x10~23 4.2x10~10
22 1.5x107265 3.1x1079° 2.3x10-3* 1.5x1010 2.4x10~2
32 0.2x1072%0 33x1078% 5.4x10~%7 2.0x1076 4.8x10~1
33 2.9x10248 3.4x10782 2.4x10~26 4.3x10~6 5.5%107L
45 2.4x107231 57x10°7? 1.6x10°19 4.2x10°3 1.0—-3.4 x 102
57 6.8x107216 31x10762 3.7x10 1 1.7x101 5.6x107!
58 1.2x10721% 1.7x107%1 9.2x10~14 2.0x10~1 5.0x107L
64 1.9x107207 4.0x107%7 1.4x10-1! 4.8x10~1 1.8x10™!
65 2.9%x107206 2 0x107% 3.0x10~!! 5.3x1071 1.4x10!
91 6.2x107178 1.9%x107% 1.1x10~* 1.0-1.0x10"3 5.6x1077
120 1.5x1071%0 76x10727 2.1x10~! 5.2x1071 2.0x10~18
121 1.2x1071%9 19x10726 24x10~! 4.7x10™1 6.8x10~19
128 1.3x107143 9.8%x1072¢ 4.9x10! 1.9x10-1! 2.0x10~22
129 8.8x107143 2.3x10-28 5.2x10°! 1.6x1071 6.1x1023
186 2.8x1071%0 71x1078% 1.0-34x10"7 3.8x107 '3 7.3x1060
247 3.7x107%%  25%x107!  5.0x10°! 4.7x10~40 4.7x10~112
248 1.2x107%  2.7x107!  4.7x10°! 1.3x10~40 4.7x10-113
256 1.0x107%0  49x10~! 2.2x10°! 4.5x10 1.1x10—122
257 29%x107%  51x107!  1.9x107! 1.2x1045 3.9x10124
377 8.0x107 1% 1.0 8.7x1030 3.8x10 165

503 2.8x10°!  5.2x10°!  2.7x10°109

504 3.0x10°!  4.9x10°!  1.5x10" 110

512 49%x10~1  2.6x1071  2.2x10°12

513 5.1x1071! 2.4x1071! 7.4x107123

533 9.0x10"!  1.0x1072  1.8x1071%8

Table 3. F; for b =1024, p = 1/2, and selected values of k.
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k F F F Fy F
1 2.0x10~2 1.8x10~2 7.3x107T 1.9x10~3  6.4x10°10
2 1.4x10~27 9.1x1072 7.3x1071  29x10~°  6.3x10713
3 4.8x10~26 2.4%x1071 45%x107"  2.3x1077  3.0x107'6
4 1.1x10~24 4.3x1071 2.0x10~t  1.2x107°  9.8x10720
5 1.9%x10-%3 6.3x1071 6.3x1072  4.7x107'2 24x10~23
22 1.5x1010 1.0-6.0x 10710 7.1x1072% 3.9x10°6' 5.6x10~%
32 2.0x1076 1.0-4.1x10"% 1.6x107%0 1.7x1079 2.0x10137
33 | 4.3x10°6 1.0-87x10% 21x107* 81x107%7 6.0x10"142
45 4.2x10°3 1.0-84x107% 21x107%® 1.1x107137 2.7x107197
57 1.7x10°1 6.9x101 2.4%x107%92  5.1x107180 1.92x1072™
58 2.0x1071 6.4x10~1 1.4x107%%  1.3x107183 1.7x10-287
64 | 4.8x107! 2.7%x107L 3.4x107108 2.8x10~205
65 5.3x107! 2.2x107L 1.7x107110  §.4x10—209
91 1.0-58x10"* 3.3x10~7 3.9x10-173
120 1.0-53 %10~ 2.8x1072! 4.0x10~250
121 1.0-2.6x1071 6.7x10722 3.5x10~253
128 1.0-14x 10713 2.1x102%6 9.7x10~276
129 1.0-6.3x 10~ 4.4x10~%7 4.1x10727
186 1.0 7.0x10°77
247 1.0 1.3x10~150
248 1.0 5.8x 107152
256 1.0 5.1x10~163
257 1.0 2.0x10~164
Table 4. F; for b =1024, p = 1/16, and selected values of k.
l | 1 2 3 4 5
Region 1 k> 513 k> 257 k>129 k> 65
Region 2 k <512 k < 256 k<128 k<64 k<32
Region 3 1023 < k£ <1023 1022< k<1022 1020 < k <1021 1016 < k < 1020
Region 4 | 513< k<1024 257 <k <512 129 < k < 256 65 < k<128 33<k<64
Table 5. Region boundaries for b = 1024, p = 1/2.
l | 2 3 4 5
Region 1 k> 65 k>5 k>1 k>1
Region 2 k < 64 k<4 k<0 E<0 k<0
Region 3 1023 < k<1023 1020 < k<1022 833<k <1021 2<k <1020
Region 4 65 <k <1024 5<k<64 1<k<4

Table 6. Region boundaries for b = 1024, p = 1/16.
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Figure 1. The value of S; and approximations to .S
for p=1/2 and 1 < < 5. The rightmost curve is
the upper bound on S (eq. 49 with the big O term
omitted). The next rightmost curve is the actual
value of S;. The next rightmost curve is the lower
bound on S; (eq. 51 with the big O term omitted).
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8. Experimental results.

In this section we report the results of running the Apriori Algorithm on data that is more like that
used in practice. We used three data sets: (1) synthetic data produced by the generator from the IBM Quest
Research Group [14], (2) real data based on the U. S. Census [24], and (3) real web data [25]. These data
sets have two major differences from the sets analyzed in the previous sections: (1) the probability of an
item being in a basket is not the same for every item, but varies greatly from item to item (this effect is
particularly strong in the census and web data sets) and (2) the items are correlated [6].

Given the major differences between the data used in the analytical study and the data used for the
experimental study, it is not surprising that many of the results from the experiments differ from those of the
analysis. However, the experiments did verify one important conclusions of the analysis: work done by the
Apriori Algorithm is dominated by the failure rate and the total failure rate is almost as high as it possibly
can be. To be more precise, for most thresholds, there is a single level where most of the work is done, and
on this level almost every candidate fails to be a success.

In the random model, there is a fixed number of items, |I|, each occurring in a basket with probability p.
For level [, when the threshold, k, is such that k < bp!, almost every combination of items ((!!') combinations)
is frequent. Once [ is large enough that k > bp', then almost no combination is frequent. When p is small,
the value of bp' changes rapidly with 1.

One can obtain an informal understanding of the experimental data presented below by permitting
||, b and p to vary (both with the threshold, k, and the level, ). In the random model, level | will have
approximately (111} successful item sets so long as k is much less than bp' and it will have a lot less if k
is much larger than bp!. Also, when p is small, the value of bp' changes rapidly with I. The ratio of the
number of item sets on level [ to level [ —1 is (‘{ ‘) / (l‘f‘l) which is approximately |I|/! if |I| is much larger
than [. Thus, we would expect the number of item sets to increase rapidly with [ until the level where bp'
became larger than k. Even when the effective |I| decreases with | and the effective p increases, one is likely
to get behavior that is qualitatively the same. The number of item sets will increase rapidly at first, and
then it will suddenly decrease. The cause of the decrease will be the high failure rate on the level just before
the decrease. This will be the level where most of the work is done, because it is the level with the most
candidates.

Now, let’s look at some actual data sets. These results were computed using a version of the Apriori
Algorithm that computes frequent item sets for all values of the threshold with a lower limit being impossed
on the threshold as necessary to avoid running out of computer memory. Figures 4-9 shows the results for
three data sets. On each figure, the bottom axis shows the threshold. Each color curve refers to one level of
the Apriori Algorithm — 1: brown, 2: red, 3: orange, 4: yellow, 5: green. The even numbered figures show
the number of candidates as a solid curve, the upper bound from [11] as a dotted curve, and the number of
failures as a dashed curve. For a given level, the upper bound is upper most, the number of candidates is

in the middle, and the number of failures is lower most. Often the dotted and/or dashed curves are so close
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Figure 4. Behavior of the algorithm on synthetic Figure 5. The failure rate for the synthetic dataset.
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data. The dotted line shows the upper bound, the value
solid line shows the actual number of candidates
considered, and the dashed line shows the number

of candidates that fail for each level.

to the solid curve that they don’t show up. Each even numbered figure is followed by an odd number figure

that shows the ratio of failures to candidates (for each level).

8.1 Synthetic Data

The first data set was generated using the synthetic dataset generator from the IBM Quest Research
Group [14] to create datasets in the same fashion as [3]. We tested several synthetic datasets, each of which
had 1000 items. We report the results for the T5.12.D100K (average transaction size 5, size of the average
maximal frequest item set 2, number of transactions 100,000), as they are representative of the experimental
results for the other synthetic datasets.

The solid curves in Figure 4 show the number of candidates on each level (which is proportional to the
work done on the level). Notice that for high thresholds (above about 1000) the most work is done on level
1, for intermediate thresholds (between about 20 and 999) the most work is done on level 2, and for low
thresholds (between 1 and about 19) the most work is done on level 3. Notice that for the highest solid
curve (which one is highest depends on the threshold) the number of failures is almost equal to the number
of candidates. In Figure 4 this shows up by the dashed curve falling on top of the solid curve (or almost on
top). Figure 5 shows the ratio of failures to candidates. This ratio is close to 1 for the curve that is upper
most in Figure 4.

For each threshold, the upper most curve represents the bad level, the level where most of the work is
done and where almost every candidate is a failure. For levels passed the bad level one may want to use a
version of the Apriori Algorithm that counts item sets for all remaining levels in one pass. (This was one of

the main motivations for [11].)
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Figure 6. Behavior of the algorithm on census Figure 7. The failure rate for the census dataset.
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of candidates that fail for each level.

8.2 Census Data

The second data set was U. S. Census data, using Public Use Microdata Samples (PUMS) [24]. We
chose the same sample that was used by [6, 7]. The data represents a five percent sample of the 1990 U.S.
Census data for Washington, D. C. It contains 30,370 entries with 122 attributes.

Following [6, 7, 12], we modified the data in the following ways. For monetary values, we took the
ceiling of the logarithm of the value. Then, we assigned a unique integer to each possible value in the data.
In total, the converted PUMS data was 16.6 MB, with 7523 unique items. In addition, we pruned the highly
frequent items, which yield an intractable number of frequent itemsets.

Due to the high number of correlated items in this type of data our computing resources did not permit
us to compute levels 4 and 5 for thresholds less than 25.

The solid curves in Figure 6 show the number of candidates on each level. Notice that for high thresholds
(above about 1000) the most work is done on level 1 and for intermediate thresholds (between 25 and 999)
the most work is done on level 2. We are missing data for low thresholds. Figures 6 and 7 show that for the

level where most of the work is done, the ratio of failures to candidates is almost 1.

8.3 Web Data

The third dataset was the BMS-WebView-1 dataset described in [25]. This data contains clickstream
data from a web-based merchandising company. There are 59,602 transaction and 497 distinct items in the
web data.

The solid curves in Figure 8 show the number of candidate tests Figure 8 shows the results for the web

data. Resources did not permit thresholds below 35 for levels 4 and above.
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Note that each of the first three levels is “bad” for

certain ranges of the threshold value
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Level 3, however, has a large enough number of successes to suggest that levels 4 and 5 are the truly
“bad” levels for this data. The slope of these two levels is extremely steep, with level 5 being nearly vertical.

Figure 9 shows the failure rate for the web data.

9. Discussion

Most people using the Apriori Algorithm are probably interested in applying it to data generated by
nonrandom shoppers. The formulas for random data predict that the algorithm uses a lot of time until it is
processing sets with so many items that a random set is unlikely to have more occurrences than the threshold.
Once this point is reached the algorithm does very little additional work. The synthetic dataset was like this
except that the various items had various probabilities. This resulted in the transition to small work to be
smeared out. This lead to a moderate improvement in the efficiency of the algorithm, but otherwise things
were qualitatively similar. The census and web datasets had more important deviations from the properties
of a random dataset, but the result was that the Apriori Algorithm did much better than the random theory
predicted.
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Appendix

This section gives proofs and the derivations of equations.

A subpart of the Apriori Algorithm is NP-complete. Determining whether some set of size [ occurs k
times is in NP because one can guess the set and then verify the number of occurrence by counting the
occurrences. The proof that the problem is NP-hard uses reduction from the Balanced Complete Bipartite
Subgraph Problem: given a positive integer K and a bipartite graph with vertices V and edges E determine
whether there are two disjoint sets of edges (V1 and V2) such that [Vi| = K, |Va| = K, and such that there
is an edge in E between each vertex in V; and each vertex in V. Since any such subgraph must be in a
single connected component of the original graph, we can process each connected component of the graph
separately. In a single connected component, the vertices of a bipartite graph naturally fall into two groups
where all the edges in a group are connected by paths of even length. To map the given single component
bipartite graph to baskets and items, associate (in a one to one manner) each vertex of one part with an
item, and associate (in a one to one manner) each vertex of the other part with a basket. Have item ¢ in
basket b if and only if the vertex associated with ¢ has an edge connecting to the vertex associated with b.
If there is solution to the given instance of the Balanced Complete Bipartite Subgraph Problem then that
solution directly gives an item set of size K that occurs in K baskets. Also if there is an item set of size K
that occurs in K baskets, then the corresponding subgraph is a solution to the given instance. QED.

Eq. 13. We have j (j > k) baskets that contain the set, b — j baskets that do not contain the set, so

b . )
5= % (J)wearn - pap-. (13a)
izk M

From the binomial theorem we have

> (”) [POY[L- PP 7 =1, (A1)
; J
)
()rapn-rap =15 (*)woyn - oy (130
izk M i<k M

Eq. 14. The factor [P(I)]% is the probability that the first jo baskets obey condition My, [Q(I)]’* is
the probability that the next j; baskets obey condition My, ..., [Q(I)]"" is the probability that the next j

baskets obey condition M;, and [1 — P(I) — IQ(I)]>~7° =~ is the probability that the remaining baskets
obey none of the conditions My, ..., M;. (Notice that each basket obeys at most one of the conditions
My (0 < h <1).) However, the various baskets can come in any order, and the multinomial coefficient
allows for this. Thus the probability that j, baskets obey condition My (0 < h <) and that the remaining
b— jo — - - — ji baskets do not obey any of the conditions is
(jo, e jl) [POPP QP+ [L = P(1) - 1Q()r—Fo=—7. (14)
Eq. 20.
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Rt = 5 (0t Q@ = POn) = Qo (19

= S
J2>k
Jz>k
b )
- (.)[cxm)]ﬂ
- J1
J1
b—j et e
X Z <J-2___ jlb_;i_..._jl)[Q(m)]“* Hit[1 — P(m) — nQ(m))b-i) iz =—d
sk
Jt>k

(A2)
Z() ]JRk(b Jl—1,m,n). (20)

Eq. 21. The boundary condition is just eq. 19 with [ replaced with 0.

Eq. 29. Using the binomial theorem on the j; sum in eq. 27, we have

—kt b ) Attt — Plm) — b—j1—e—ii
TS (i o e ) EQE L= Pl = Q)
—kl b ) Jitetii-agy —(n — b—j1——ji—1
) (o it Q@21 = Pl 0 = 2)Q(on) |
(A3)
The remaining [ — 1 sums can be done the same way to obtain
Pl b ) Jitta — p _ b—j1——1t
Ry, (b,1,m,n) Z, (jl; b — ) [2Q(m)] [1 = P(m) —nQ(m)]
<o M1 = P(m) - (n — 12)Q(m)]". (27)

Eq. 30. Less algebra is needed to minimize the logarithm of the bound, and it leads to the same result.

Start with the derivative of the logarithm of eq. 25.

d{—klnz +bl[l + (z - VPQ)} _ —Fk bP(l)
dz RS OICE)

(A4)

Now set the logarithm to zero and replace x (the free variable) with x, (the value that results in the derivative

being zero).

—k bP(1) B
z. 1+ P)(z.—1) 0 (45)
—kP()(zy — 1) — k + bP(l)z, = 0, (A6)
_ k1 -P(@)]
Eq. 31.
k[1 — P()]
b-hPQ) " (A7)

30



k[l — P(1)] > (b— k)P(), (A8)

(since b > k)
k> bP(l). (31)
Eq. 32. The derivative of the logarithm of the bound on F' (eq. 29) with respect z is

d[—kllnz — (k—1)Iny + bIn[l + (z'y — 1) P(l) + I(z — 1)Q(1)]
dz

= _Tkl g (xl;[gjx_l_;)yzf(%): zl(g(—l)]nQ(z)' (49)
Setting this to zero gives
—kl[1+ (2Ly = DP) + l(z — DQD)] + bz [lz' "y P(1) +1Q(1)] = 0, (A10)
—kl — KIP(Dxly + KIP(1) + k?Q(1) — kI2Q(D)z + bIP()zly + blQ(1)z4 = 0, (A11)
(b —k)P(D)zly + (b — k)Q()z. — k[1 — P(I) — 1Q())] = 0. (32)
Eq. 33. The derivative of the logarithm bound (eq. 29) with respect to y gives
d[~kllnz — (k—1)Iny + bln[cli;— (zly — )P() + U(z — 1)Q(I)] (A12)
-1 D e (419)
Setting this to zero gives
—(k =11+ (z'y. — DP) + l(z — 1)Q(I)] + ba'y.P(I) = 0, (A14)
(b—k+1)P()zty. — (k—1)[1 — P(1) +1Q()(z — 1)] = 0. (33)
Eq. 34. Eq. 32 with 2, =1,y = 1 is
(b—k)P(I) + (b— k)Q(I) — k[1 — P(I) = 1Q(I)] = 0, (A15)
k =b[P(l) + Q()] = bP(l - 1). (34)
Eq. 35. By implicit differentiation of eq. 32 (with y = 1) we have
d{(b—k)P()z. + (b— kl)fi)b(l)a:* — k1= PO - 1QM)} _ (A16)
Pzl + Q(D)zy +[(b — k)Pl + (b — kl)Q(l)]d d”g* =0, (A17)
do, _ Pzl + Q()zs ‘ (A18)

db (b= k)P + (b - kDQ(I)
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Since z, solves eq. 32 (with y = 1) we have
(b= K)P()at + (b — K)QU)w. = k[1 — P() — 1Q(D)], (A19)

which is positive. Thus

(b—k)P(l)zl + (b— k)Q()z

T

(b—Kk)PD)Ilz™ + (b= k)Q() = 4+ (1-1)b- k)P (A20)

is also positive (because z. > 0, b—k > 0, and [ > 1). Thus, d z./db is negative. If we start at the b value
that results in z, = 1, and decrease b, then z, increases. Thus, it becomes larger than 1 and stays larger
than 1.

Eq. 36. Eq. 33 with z =1 is

b—k+1)PDy.—(k—1[1-P()] =0, (A21)

_ (k=11 = PQ)]
T k)P0 (56)

Eq. 37.
(k —1)[1 - P{)]
G—k+1P0) -V (A22)
(k—D1-PDO]< b-k+1)P(), (A23)
k—1<bP(D), (A24)
k < bP(l) + 1. (37)
Eq. 39. From eq. 32
P()aly = k[1 - P(l) — lQb(?]k— (- kl)Q(l)w‘ (A25)
From eq. 33
P(l)a:ly* — (k — 1)[1 — P(l) + l(m — l)Q(l)] . (A26)

b—k+1

Setting & to 2., y to y.the two right sides equal and clearing fractions gives
k(b—k+1)[1—P() —1Q)] — (b= k(b -k +1)Q(N)z = (k—1)(b— k)[1 — P(I) + 1Q(1)x — IQ(1)], (A27)
(b —bk+b—bkl+k*1—k)Q(D)x = (bk—k>+k)[1—P(1)—1Q(1)]— (bk—k*—b+k)[1 - P()+1Q(1)z—1Q(1)], (A28)
(b — bk +b— bkl + k1 — kl + bkl — K>l — bl + k1)Q(I)x = (bk — k> + k —bk+ k> +b—k)[1 — P(I) = 1Q()], (A29)

(b = bk +b—b)Q()z = b[1 — P(I) —1Q(1)], (A30)
1—P(1) —1Q(l)

T k—1+DQO) (39)

Eq. 40. Plugging the value of z from eq. 39 into eq. 32 gives

1- P10 —1Q0) \' (b= kD[1 = P(1) = 1Q())]
(b_’“)(w—k—ul)cz(n)P(”“ iy 1

—K[1-P()—1QM)] =0,  (A31)
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_ K= P() - 1Q()] - =R

1
1—P(1)—1Q(!
- ) (=29=i9m)' pa)

Y

’

b—k—-I1+1)QOHEb -k -1+ 1)[1 - P(1) —1Q()] - (b—kD[1 - P(l) - lQ(l)]}‘

y= (b—k)[1 - PQ) —1Q())'P()

(b—k—1+1)"1Q)! bk — k2 — kl + k — b+ kI)[1 — P(I) — 1Q(1)]
(b—k)[1-PQ)—1QMIP() ’
(b—k—1+1)'QW)' (k=11 = P() —IQ(1)]
[1—P() —1QM]'P() ’

b—k—l+UQ@)’lQ@
1-P(l)—1Q() P(l)’

y=(k—1)((

Eq. 41. To have z > 1 we need
1-P)-1Q)
b-k-1+1)Q

> 1.

For b >k +1—1 we have
1-P)—-1Q) > (b—-k—-14+1)Q(),

1—P0) > (b—k+1)Q(),

1 - P(l)
b<k-1+ =gt

(A32)

(A33)

(A34)

(A35)

(A36)

(A37)
(A38)

(A39)

So that the upper and lower bounds look more similar, we rewrite the upper bound on b by adding and

subtracting (.

1— P(l) - 1Q())
R N e e

Suppose b < k + [ — 1. Then from eq. A36 we have
1-P)—-1QD) < (b—k—-14+1)Q(),

1-P(l) < (b—k +1)Q(I),
1- P(l)
QM)
1 - P(l)
QU -

b>k—-1+

k+l-1>b>k—-1+

For this range to be non-empty, we need

1- P(l)

E+l—-1>k—-1+ ,
Q)

1-P()
Q)

(41)

(A40)

(A1)

(A42)

(A43)

(A44)

(A45)

(A46)



but this can not be. We have P(I) +1Q(l) = p' + (1 — p)p' !, which are some of the terms in the binomial
expansion of [p+ (1 — p)]' = 1. Since all of the terms are nonnegative (for 0 > p > 1) the sum of some of the
terms is no more than 1, so the right side of eq. A46 is nonnegative. Thus, the range is always empty.

Eq. 42.
1-P() -1Q()

b<bP(I—1)+1—1+ 0 , (A47)
b —Pl-1)] < =L gzl)_ QW) (A48)
Bl — P(I—1)] < 1= gg)_ b, (A49)
b< ﬁ. (A50)
Eq. 43. To have y < 1 we need

b-k=1+1QM\' " QW

e (Troin) Pw <t (as1)
Forl>2
(b—k—1+1)QW) ((k-1)QM)\""
1—P()—1Q() ( P(l) ) <1 (A52)
1—P() —1Q()
— k-1 A
b +1< o0 ((k—}}()lc)g(l))l/(l_l), (A53)
1-PO)—1QU) (P \"!Y
b<k+1-1+ 0] ((k—l)Q(l)) . (43)
The upper bound on b from eq. 43 is greater than the lower bound from eq. 41.
1-P)—1Q) ( PO \Y*Y

k+1—1+ o0 ((k—l)Q(l)) >k+1-1, (A54)

1-P()—1Q) ( P@ \"/*V
" (evew)  >° (455)

All the terms on the left are positive for 0 < p < 1.

Eq. 44. We now consider when the upper bound on b from eq. 43 is less than the upper bound from

eq. 41.

1-P1)—-1Q() P(l) 1/(1-1) 1 — PU) - 1Q()
-1+ — <(k—1)Q(l)) <h+l-14 gt (a50)
1-PO)—1QW) (__ PO\ _1-P0)-1Q0)
Q) <(k - 1)Q(l)) <—on (A57)
1- P() — 1Q() pay  \Y0-D
<7 n ll - (m) : (A58)



As shown above (below eq. A46), the first factor is always positive. For the second factor to be positive we

P(l) 1/(1-1)
1>Qw4mm) ’

need

1> PO
(k=11 -pp'

(k-1 -p) >

>p,

(k—De®)’

4

b,

k—kp—14+p>p,

k(1—p) >1,

1
k> —.
>1_p

Eq. 47. Plugging eq. 30 into eq. 25 gives

&S<gtb(£) P*(g

St < {k[L = POB PO (b~ k)" (b~ k + {k[1 -

P()]
k) P(D)

i< (P0)" (12

b—b[P(l) + a1

P(l) b[P()+a1] 1— P(l)
&Sgwm+m) (

P() PP +en] 1— P(l)
&Sﬁww+m) (w

1

1) p(z)] b,

P = (b= k)PO)}’,

)"

Eq. 49. Replace k in eq. 47 with its value in terms of oy (eq. 48)

)bb[P(l)+a1]

b[1—P(l)—ai]
- -\ pb
1-P()— al]) ’

5 < (eamrm)  Gu=ae

1

b[1—-P(l)—a1]
)
2O

) BP(I)+ai]
S < | —
- <1+a1/P(1)) (1—a1/[1—

To further simplify this, we will write it as S; < eX with

X=In

1

ax
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(o) (e

B[1—P(I)— ]
P(l)]) '

B[1—P(I)—a]
P(D])

= —b[P(l) + a;1]In (1 + m) —b[1-P() - a;]ln (1 — [17Pl

(A59)

(A60)
(A61)
(A62)
(A63)
(A64)

(44)

(A65)

(47)

(A66)

(A67)

(A68)

(A69)

(A70)

(AT1)



Dividing by b, we have

% = —[P(l) + a1]In (1 + %) ~[1-P() - a1]In (1 - [1_"7]13(1)]) (AT2)
—> B % (%)2 +0 ((%)3” (A73)
( —afl’a)) +%<1—a11°<l) 0 <(1—a}<z))3>] o

1
2 3 2 3 4
_ o @ _ o @ @
=t O(Pz)z) P@) t 2P() O(Pm)

2P(l)
v 0 (k) -2 b~ (=) o
P2 - P [1-P)? 1-P(l) 2[1-POD] [1— PO
o3 a? a3 o3
- _ZPEI) - 1P(l)] +0 ([1 - 1;(1)]2) -0 (P(ll)2) : (A76)

The big O is with respect to a;. We assume that 0 < p < 1. Since negative big O terms can be dropped in

an upper limit,
S < e bel/{2P()[1-P(N]}+0(bai[1-P(1)]~?) (49)

Eq. 53. Eq. 32 with y =1 is
(b=k)P(Dz' + (b—kD)Q()x — k[1 — P(1) = 1Q(l)] = 0. (ATT)

Let x = 1 + § with small § and expand to second order. Let 6 stand for quantities that approaches 1 in
the limit as 6 approaches 0. In other words, 6 is short hand for [1 + o(1)], where § is the variable that is

approaching zero.

11— 1)520
2

(b — k)P(l) (1 + 15+ ) + (b= kDQ)(1 +6) = k[1 — P(l) — 1Q(1)]- (AT8)

(b— k)P(l) (za G 21)529) + (b= KDQU)S = k[1 — PA) — 1QM)] — (b — k)P{) — (b— kD)Q(), (AT9)
_ k=P —1QM)] — (G —-k)P() — (b—k)Q)
= = WPO+ U=106/2 + G—kDQ0) (A80)
_ k= bP(D) ~ 5Q()
0= PO + QW] = FIPO) + Q0] + (b = I = D) PA)63/2’ (A81)
- k—bP(—1)
O = PO+ QU = FPU—1) + (b~ B — 1)P()05/2’ (A82)
B k—bP(l—1) (b— k) —1)P0os/2 \

= PO + Q)] = WP =T) (1 PO + Q) = KIP( - 1)) : (A83)

~ k—bP(—1) b — bP( — D)](b— k)i — 1)P1)8/2\
gL TR (R (58)

Eq. 55. Write eq. 52 as

F <eX (A84)
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with

X =In{z "1+ (' - )P) + I(z — 1)Q(])]"}
= —kllnz +bln[l + (z' = 1)P() +I(z — 1)Q(1))].

Replace £ with 1+ 4.
X = —klIn(1 4 6) + bIn{1 + [(1 + 8)" — 1]P(1) + IQ(1)é}.

Expanding X in a power series to second order gives

11 - 1)P(1)§6?
2

X =—klln(1+6)+bln (1 +I6P(1) + + lQ(l)zS)

k1662 I(1 - 1)62P(1)6

2

2 2
1(1—1)213(1)05 +lQ(l)5) ;

— [k — bP(1) — bQ)]6 + P = D PO - b2[P(1) + Q)P

| kLB = DP(D) ~ bP[P( - 1)]

= —klo +

+b (lP(l)é + + lQ(l)é)

b
= (zp(z)a +

66*

= —I[k - bP(I - 1)]6 05

Replace k by its definition in terms of a3 (eq. 54) to obtain

X = ik — bP(1— 1) 4 LU= DPO —bPIPA- 1P},

2
— “blags + HPUD T as + (- DPO —IPE= P}
- (_bla3 n b{P(I—1)+asz+(l —21)P(l) — [P - 1)]2}95) s

Also replace k in eq. 53 by its value in terms of a3 to obtain

Oégb
T WIP() + Q)] = b[P(I— 1) + as)iP(I— 1)
y ( |+ bas{b—bIP(—1) + a3}l — 1)P()6/2 )1
{olP(1) + Q)] = b[P(I — 1) + as]I[P(I — 1)]}?

— a3
TIPO)+ Q) —I[PU-1) +az]P( - 1)

5 (1 L __osll=P—1) —asli(l — 1) P()6/2 )1
{iP(1) + Q) = I[P(I = 1) + as][P(l - 1)]}?

)

Since ¢ and a3 go to zero together, this can be written as

§= 0(13
PO+ QM —IPI -1
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(A85)
(A86)

(A87)

(A88)

(A89)

(A90)

(A91)
(A92)

(A93)

(A94)

(A95)

(A96)



Plugging the value of § into the expression for X (eq. A93) gives

v <—b1a3 L B{P=1) +ay +( —21) (1) = I[P(I - 1)] }05) s (A93)
_( I{P(I-1)+ (I -1)PQ1) —I[PI-1)]+ a3}0a Oas
_<_ s+ 2{P(l—1)+(l—1)P()—l[Pl—1 )Pl—l +(-1PO) —I[PI- 1]
(A97)
blfo bl Oas
= (_bla3+ >t S(PU= T+ (= D)PQ) = IPI=1) 2}) PU-D+(=-1)PQ) —I[PU=-1)P
(A98)
blfa2
=~ SPU=1) T (= D)PO) <IPI=DF} (499)
Thus,
F} < e-W003/(GIPU-1D+ (=) PO-IPU-DI?}), (55)

Eq. 56. The derivation of eq. 55 requires that § = o(1). The step from eq. A98 to eq. A99 requires that

a3 be small compared to some other terms. Both conditions imply

={IP(1) + Q(D) — I[P = )]*}o(1). (56)

Eq. 58. By inclusion-exclusion, the sum for the region that defines Ry, is equal to the sum over the entire
area (rg(b,l,m,n,0)), minus the sums over the various regions where a single j is required to be outside of

Ry’s region (I copies of r4(b,1,m,n,1), plus the sums over regions where two j’s are required to be outside
of Ry’s region, etc.

Eqg. 60.

’I”k(b, l,m,n, h) = Z . . b— ‘7:1 ] [Q(m)]jl+~~~+jz [1 _ P(m) _ nQ(m)]b—h—'"—jz
J2s-

= caJib=gr = =i
J2<k

Jh<k
Jht1see01

(59)
= Z (jz o b— '7:1 ) )[Q(m)]jl+---+jz_1[1 — P(m) = (n—1)Q(m)]P=i1— i1

j1<k e Jiet,b—g1— - =g
12<k

. Jh<k
Jht1seendi—1

(A100)

b— 7 e —J1——Jn
-3 (jz,. )T _jh)[Q(m)]h+ tin[1 — P(m) — (n — L+ h)Q(m)]’ :

ji<k "JJhab_Jl_"'
<k
Jn<k
(60)

Bound on first term of eq. 63. For



use the Chernoff bound from eq. 25.

Eq. 64.
b— jo e o
)y <Jo)[P< o 2;( J )[Q()Hl P(1) - QUo7
<Z() (b ”)[Q( VIt = P(1) — QU)t=HTaiy (A101)
< oMy 1L PO ey — 1) + (& — DU (A102)
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