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Abstract

This paperamguesthattwo apparenthydistinctmodef generalizingcon-
cepts— abstractingulesandcomputingsimilarity to exemplars- should
bothbeseenasspecialcase®f amoregeneraBayesiariearningframe-
work. Bayesexplainsthe specificworkingsof thesetwo modes-which

rulesareabstractedhow similarity is measured- aswell aswhy gener

alizationshouldappearule- or similarity-basedn differentsituations.
This analysisalso suggestsvhy the rules/similaritydistinction, evenif

not computationallyfundamentalmay still be usefulat the algorithmic
level aspartof a principledapproximatiorto fully Bayesiariearning.

1 Introduction

In domainsrangingfrom reasoningo languageacquisition,a broadview is emeging of
cognitionasahybrid of two distinctmodesof computationpnebasedn applyingabstract
rulesandthe otherbasedn assessingimilarity to storedexemplarg7]. Muchsupportfor
this view comesfrom the studyof conceptsandcategorizationIn generalizingconcepts,
peoplesjudgmentoftenseentoreflectbothrule-basedndsimilarity-basedomputations
[9], anddifferentbrainsystemarethoughtto beinvolvedin eachcas€8]. Recenipsycho-
logical modelsof classificatiortypically incorporatesomecombinationof rule-basednd
similarity-basednoduleq1,4]. In contrasto this currentlypopularmodularityposition,|
will argueherethatrulesandsimilarity arebestseerastwo endsof acontinuunof possible
conceptepresentationsn [11,12],1 introducedageneratheoreticaframeworkto account
for howpeoplecanlearnconceptdrom justafew positiveexampledbasedntheprinciples
of Bayesiarinference.Herel explorehowthisframeworkprovidesa unifying explanation
for thesawo apparentlyistinctmodesf generalizationTheBayesiarframeworknotonly
includesbothrulesandsimilarity asspecialkcasedut alsoaddresseseveraluestionghat
conventionamodularaccountgo not. Peopleemployparticularalgorithmsfor selecting
rulesandmeasuringsimilarity. Why thesealgorithmsasopposedo any others?Peoples
generalizationgppeairto shift from similarity-like patterngo rule-like patterngn system-
aticways,e.g.,asthenumberof example®bservedncreasesWhy theseshifts?

This shortpaperfocuseson a simplelearninggameinvolving numberconceptsin which
bothrule-like andsimilarity-like generalizationslearlyemegein thejudgmentf human
subjects.imaginethatl havewritten someshortcomputemprogramswvhichtakeasinputa
naturalnumberandreturnasoutputeither‘yes” or “no” accordingo whetherthatnumber



satisfiessomesimpleconcept.Somepossibleconceptsnightbe“ z is odd”, “ z is between
30and45”, “z is apowerof 3", or “z islessthan10”. For simplicity, we assumehatonly
numberaunderl00areunderconsiderationThelearneris showna few randomlychosen
positive examples- numberghatthe programsays‘yes” to — andmustthenidentify the
othernumberghatthe programwould accept.This task,admittedlyartificial, nonetheless
drawson peoplesrich knowledgeof numbemwhile remainingamenabléo theoreticahnal-
ysis. Its structureis meantto parallelmorenaturaltasks suchasword learning,thatoften
requiremeaningfulgeneralizationfrom only afew positiveexample®f a concept.

Section2 presentgepresentativexperimentabdatafor this task. Section3 describesa
Bayesiammodelandcontraststs predictionawith thoseof modelsbasedburelyon rulesor
similarity. Sectiord summarizesanddiscussethe model’s applicabilityto otherdomains.

2 Thenumber concept game

Eight subjectarticipatedn anexperimentastudyof numberconceptearning,underes-
sentiallythesameinstructionsasthosegivenaboveg11]. Oneacltrial, subjectavereshown
oneor morerandompositiveexamplef a conceptandaskedto ratethe probability that
eachof 30 testnumberswould belongto the sameconceptasthe examplebserved. X
denoteghe setof exampleobservedn a particulartrial, andn the numberof examples.

Trialsweredesignedo fall into oneof threeclassesFigurelapresentslatafor two repre-
sentativerialsof eachclass.Barheightsepresentheaveraggudgedprobabilitieshatpar

ticulartestnumberdall undertheconcepigivenoneor morepositiveexamplesX, marked
by “*”s. Barsareshownonly for thosetestnumbergatedby subjectsmissingbarsdo not

denotezeroprobabilityof generalizationmerelymissingdata.

Onclassl trials, subjectsawonly oneexampleof eachconceptie.g.,X = {16} andX =

{60}. To minimize bias,thesetrials precededill otherson which multiple examplesvere
given. Givenonly oneexample peoplegavemosttestnumberdairly similarprobabilities
of acceptanceNumberghatwereintuitively moresimilar to theexamplereceivedslightly

higherratings:e.g.,for X = {16}, 8 wasmoreacceptablehan9 or 6, and17 morethan
87;for X = {60}, 50 wasmoreacceptabl¢han51,and63 morethan43.

The remainingtrials eachpresentedour examplesand occuredin pseudorandonordet
On classll trials, the examplesvere consistentwith a simple mathematicatule: X =
{16,8,2,64} or X = {60,80,10,30}. Notethatthe obviousrules,“powersof two” and
“multiplesof ten”, arein noway logically implied by thedata.“Multiples of five” is apos-
sibility in the secondcase and“evennumbers™or “all numberaunder80” arepossibilities
in both,notto mentionotherlogically possiblebut psychologicallyimplausiblecandidates,
suchas“all powersof two, except32or4”. Nonethelessubjectoverwhelminglyfollowed
anall-or-nonepatternof generalizationwith all testnumbergatednearO or 1 accordingo
whetherthey satisifiedthe singleintuitively “correct” rule. Thesepreferredrulescanbe
looselycharacterize@sthe most specific rules(i.e., with smallestextension}hatinclude
all theexamplesandthatalsomeetsomecriterionof psychologicakimplicity.

On classlll trials, the examplessatisifiedno simple mathematicatule but did havesim-
ilar magnitudes:X = {16,23,19,20} andX = {60,52,57,55}. Generalizatiomow
followed a similarity gradientalongthe dimensionof magnitude.Probability ratingsfell
below0.5for numberanorethana characteristiclistancet beyondthelargestor smallest
observedexamples- roughly the typical distancebetweemeighboringexampleg~ 2 or
3). Logically, thereis no reasonwhy participantscouldnot havegeneralizediccordingto



variouscomplexrulesthathappenedo pick outthe given examplespr accordingto very
differentvaluesof ¢, yetall subjectdisplayedmoreor lessthe samesimilarity gradients.

To summarizeéhesedata,generalizatiorirom a singleexamplefollowed a weaksimilarity

gradientbasecn bothmathematicahndmagnitudepropertiesof numbers Whenseveral
moreexamplesvereobservedgeneralizatiorevolvedinto eitheranall-or-nonepatternde-
terminedby the mostspecificsimplerule, or, whenno simplerule applied,a morearticu-
latedmagnitude-basesimilarity gradientfalling off with characteristicistance; roughly
equalto the typical separatiorbetweemeighboringexamples.Similar patternswere ob-

servedon severaltrials not shown(including onewith a differentvalue of ¢) andon two

otherexperimentsn quitedifferentdomaingdescribedriefly in Section4).

3 TheBayesian model

In [12], | introduceda Bayesianframeworkfor conceptlearningin the contextof learn-
ing axis-parallerectanglesn a multidimensionafeaturespace Herel showthatthesame
frameworkcanbeadaptedo the morecomplexsituationof learningnumberconceptsand
canexplainall of the phenomenaf rulesandsimilarity documenteébove.Formally we
observen positiveexamplesX = {z(1) ... z(®)} of conceptC andwantto compute
p(y € C|X), theprobabilitythatsomenewobjecty belongsto C' giventhe observations
X. Inductiveleverages providedby ahypothesispaceH of possibleconceptsandaprob-
abilistic modelrelatinghypothese4 to data X .

The hypothesisspace. Elementf H correspondo subset®f theuniverseof objectsthat
arepsychologicallyplausiblecandidate$or the extension®f conceptsHeretheuniverse
consistof numbersbetweenl and100,andthe hypothesesorrespondo subsetsuchas
the evennumbersthe numbershetweenl and10, etc. The hypothesesanbe thoughtof
in termsof eitherrulesor similarity, i.e., aspotentialrulesto be abstractear asfeatures
enteringinto a similarity computationput Bayesdoesnot distinguishtheseinterpretations.

Becausave cancaptureonly afraction of the hypothesepeoplemight bring to this task,

we would like anobjectiveway to focuson the mostrelevantpartsof peoples hypothesis
space Onesuchmethods additive clustering (ADCLUS) [6,10],whichextractsasetof fea-

turesthatbestaccountdor subjects’'similarity judgmentson a givensetof objects.These
featuressimply correspondo subset®f objectsandarethusnaturallyidentifiedwith hy-

pothesedor conceptlearning. Applicationsof ADCLUS to similarity judgmentsfor the

numbers0-9 revealtwo kinds of subset46,10]: numberssharinga commonmathemati-
calpropertysuchas{2, 4, 8} and{3, 6, 9}, andconsecutiveiumberof similarmagnitude,
suchas{1,2,3,4} and{2,3,4,5,6}. Applying ADCLUS to thefull setof numberdrom

1to 100is impractical butwe canconstructananalogousiypothesispaceor thisdomain
basedon the two kinds of hypothese$oundin the ADCLUS solutionfor 0-9. Onegroup
of hypothesesapturesalientmathematicapropertiesiodd,even,squarecube,andprime

numbersmultiplesandpowersof smallnumberg< 12), andsetsof numbersendingin the

samedigit. A secondyroupof hypothesesiepresentinghe dimensionof numericalmag-
nitude,includesall intervalsof consecutivenumberswith endpointdbetweenl and100.

Priorsand likelihoods. Theprobabilisticmodelconsistof aprior p(h) overH andalike-
lihoodp(X |h) for eachhypothesis € H. Ratherthanassigningorior probabilitiesto each
of the5083hypothesemdividually, | adoptedahierarchicabpproactbasedntheintuitive
divisionof  into mathematicapropertiesandmagnitudentervals.A fractionA of theto-
tal probabilitywasallocatedo themathematicahypotheseasagroup,leaving(1 — A) for



the magnitudehypothesesThe A probabilitywasdistributeduniformly acrosgshe mathe-
maticalhypothesesThe(1 — A) probabilitywasdistributedacrosgshe magnitudentervals
asafunctionof intervalsizeaccordingto an Erlangdistribution, p(h) o (|h|/o?)e= 1/,
to capturethe intuition thatintervalsof someintermediatesizeare morelikely thanthose
of verylargeor smallsize. A ando aretreatedasfreeparametersf themodel.

Thelikelihood is determineddy the assumptiorof randomlysampledpositiveexamples.
In the simplestcase eachexamplein X is assumedo be independentlysampledrom a
uniformdensityovertheconcept”'. Forn examplesve thenhave:

p(XIh) = 1/[R]" if V29 € h (1)

= 0 otherwise,

where|h| denoteshesizeof thesubseh. Forexamplejf h denotesheevennumbersthen
|h| = 50, becausehereare50 evennumberdetweenl and100. Equationl embodieghe
size principlefor scoringhypothesessmallerhypotheseassigngreateiikelihoodthando
largerhypotheseso the samedata,andtheyassignexponentiallygreateriikelihood asthe
numberof consistenexamplesncreases.The size principle playsa key role in learning
conceptdrom only positiveexampled12], and,aswe will seebelow in determiningthe
appearancef rule-like or similarity-like modesof generalization.

Giventhesepriorsandlikelihoods,the posteriorp(h| X ) follows directly from Bayes'rule.
Finally, we computethe probability of generalizatiorio a new objecty by averaginghe
predictionsof all hypothesesveightedby their posteriomprobabilitiesp(h| X ):

ply € C1X) =Y p(y € Clh)p(h|X). )
heH

Equation2 follows from theconditionalindependencef X andthemembershipfy € C,
givenh. ToevaluateEquation2, notethatp(y € C|h) issimplylif y € h, andO otherwise.

Model results. Figure1b showsthe predictionsof this Bayesianmodel(with A = 1/2,
o = 10). Themodelcaptureghe mainfeaturesof the data,includingconvegenceto the
mostspecificruleonClasdl trialsandto appropriatelshapedimilarity gradienton Class
[l trials. We canunderstanthetransitionsetweergraded similarity-like andall-or-none,
rule-likeregimesf generalizatiomsarisingfromtheinteractiorof thesizeprinciple (Equa-
tion 1) with hypothesis averaging (Equation2). Becauseeachhypothesis contributeso
the averagen Equation2 in proportionto its posteriorprobability p(2| X ), the degreeof
uncertaintyin p(h|X) determinesvhethergeneralizatiorwill be sharpor graded. When
p(h|X) is very spreacbut, manydistincthypothesesontributesignificantly resultingin a
broadgradientof generalizationWhenp( 2| X) is concentratedn a singlehypothesis:*,
only »* contributessignificantlyandgeneralizatiorappearsll-or-none.Thedegreeof un-
certaintyin p(h| X) isin turnaconsequencef thesizeprinciple. Givenafew exampleson-
sistentwith onehypothesighatis significantlysmallerthanthe next-bestompetitor such
asX = {16, 8, 2, 64}, where"powersof two” is significantlysmallerthan“evennumbers”
—thenthesmalleshypothesidbecomegxponentiallymorelikely thananyotherandgener
alizationappearso follow this mostspecificrule. However givenonly oneexampleg(such
asX = {16}), orgivenseverabxamplegonsistentvith manysimilarly sizedhypotheses
suchasX = {16, 23, 19,20}, wherethetopcandidateareall verysimilarintervals:“num-
bersbetweenl6 and23”, “numbersbetweenl5 and24”, etc. — the size-basedikelihood
favorsthe smallerhypothesesnly slightly, p(2|X) is spreadout over manyoverlapping
hypotheseandgeneralizatiormppearso follow agradientof similarity. ThattheBayesian



modelpredictgheright shapdor themagnitude-basezimilarity gradienton Clasdll trials
is no accident.Thecharacteristidistancet of the Bayesiargeneralizatiorgradientvaries
with theuncertaintyin p(2| X'), which(for intervalhypothesesjanbeshownto covarywith

theintuitively relevantfactorof averageseparatiobetweemeighboringexamples.

Bayesvs. rulesor similarity alone. It is instructiveto considertwo specialcasesf the
Bayesiamtmodelthat areequivalentto conventionakimilarity-basedandrule-basedlgo-
rithmsfrom the conceptearningliterature. Whatl call the SIM algorithmwaspioneered
by [5] andalsodescribedn [2,3] asa Bayesiamapproacho learningconceptsfrom both
positiveandnegativeevidence SIM replaceshesize-basetikelihoodwith abinarylikeli-
hoodthatmeasuresnly whetherahypothesiss consistentvith theexamplesp(X |h) = 1
if Vj,2U) € h, and0 otherwise.GeneralizatiorunderSIM is just a countof the features
sharedby y andall the examplesn X, independenbf the frequencyof thosefeaturesor
the numberof exampleseen.As Figure 1c shows,SIM successfullynodelsgeneraliza-
tionfrom asingleexamplgClasd) butfailsto capturenowgeneralizatiosharpensipafter
multipleexamplesto eitherthemostspecificrule (Clasdl) oramagnitude-basesimilarity
gradienwith appropriateharacteristidistance (Clasdll). Whatl calltheMIN algorithm
preservethesizeprinciplebutreplaceshestepof hypothesisiveragingvith maximization:
p(y € C|X) = 1if y € arg max;, p(X|h), andO otherwise.MIN is perhapsheoldestal-
gorithmfor conceptearning[3] and,asa maximumlikelihood algorithm,is asymptotically
equivalento Bayes.Its successor finite amountf datadepend®n how peakeds(h|X)
is (Figure1d). MIN alwaysselectshe mostspecificconsistentule, which is reasonable
whenthathypothesiss muchmoreprobablethananyother(Classll), buttoo conservative
in othercaseqClassed andlll). In quantitativeterms,the predictionsof Bayescorrelate
muchmorehighly with theobservediata(R? = 0.91) thandothepredictionof eitherSIM
(R? = 0.74) or MIN (R? = 0.47). In sum,only thefull Bayesiarframeworkcanexplain
thefull rangeof rule-like andsimilarity-like generalizatiopatternsobservedn this task.

4 Discussion

Experimentsn two otherdomainsprovidefurther supportfor Bayesasa unifying frame-

work for conceptlearning. In the contextof multidimensionaktontinuousfeaturespaces,
similarity gradientsare the defaultmodeof generalizatior{5]. Bayessuccessfullymod-

elshow the shapeof thosegradientsddepend®n the distributionandnumberof examples;
SIM andMIN donot[12]. Bayesalsosuccessfullypredictshow fastthesesimilarity gra-

dientsconvepgeto the mostspecificconsistentule. Convegenceis quite slow in this do-

main(n ~ 50) becaus¢hehypothesispaceconsistf denselyoverlappingsubsets- axis-

parallelrectangles- muchlike theintervalhypothese@ the Classlll numbertasks.

Another experimentengaged word-learningtask, using photographf real objectsas
stimuli anda coverstory of learninga newlanguagg11]. On eachtrial, subjectssawei-
theroneexampleof anovelword (e.g.,atoy animallabeledwith “Here is a blicket.”), or
threeexamplesat one of threedifferentlevelsof specificity: subordinatge.g.,3 dalma-
tianslabeledwith “Here arethreeblickets.”), basic(e.g.,3 dogs),or superordinatée.g.,3
animals). Theythenwere askedto pick the otherinstance®f that conceptfrom a setof
24 testobjects,containingmatchedo the example(sht all levels(e.g.,otherdalmatians,
dogs,animals)aswell asmanynon-matchingbjects.Figure2 showsdataandpredictions
for all threemodels.Similarity-like generalizatiomivenoneexamplerapidly convegedto
the mostspecificrule afteronly threeexamplesvereobservedjust asin the numbertask
(Classed andll) butin contrastto the axis-parallelrectangletaskor the Classlll num-



bertaskswheresimilarity-likerespondingvasstill the normafterthreeor four examples.
For modelingpurposesa hypothesispacewvasconstructedrom a hierarchicaklustering
of subjects'similarity judgmentgaugmentedby ana priori preferencédor basic-levekon-

cepts)[11]. The Bayesiammodelsuccessfullyredictsrapidconvegencefrom a similarity

gradientto theminimalrule, becaus¢he smalleshypothesisonsistentith eachexample
setis significantlysmallerthanthenext-bestompetitore.g.,"dogs” is significantlysmaller
than“dogsandcats”,justaswith “multiples of ten” vs. “multiples of five”). Bayesfits the

full dataextremelywell (R? = 0.98); by comparisonSIM (R? = 0.83) successfullyac-

countsfor only then = 1 trialsandMIN (R? = 0.76), then = 3 trials.

In conclusion,a Bayesianframeworkis ableto accountfor both rule- andsimilarity-like
modef generalizationaswell asthedynamicof transitiondetweerthesemodesacross
severalquite different domainsof conceptlearning. The key featuresof the Bayesian
modelarehypothesis averaging andthe size principle. Theformerallowseitherrule-like
or similarity-like behaviordependingon the uncertaintyin the posteriorprobability. The
latter determineghis uncertaintyasa function of the numberanddistribution of examples
andthe structureof the learnets hypothesispace.With sparsely overlapping hypotheses
— i.e., the mostspecifichypothesionsistenwith the exampleds muchsmallerthanits
nearestompetitors- convegenceto a singlerule occursrapidly, after just a few exam-
ples.With densely overlapping hypotheses i.e., manyconsistenhypothesesf compara-
ble size— convegenceto a singlerule occursmuchmoreslowly, anda gradientof similar
ity is thenormafterjustafew exampleslmportantly the Bayesiarframeworkdoesnot so
muchobviatethe distinctionbetweerrulesandsimilarity asexplainwhy it mightbeuseful
in understandinghe brain. As Figuresl and2 show specialcasesf Bayescorrespond-
ing to the SIM andMIN algorithmsconsistentlyaccountfor distinctand complementary
regimeof generalizationSIM, withoutthesizeprinciple,worksbestgivenonly oneexam-
pleor denselyoverlappindhypothesesyhenEquationl doesnotgeneratdargedifferences
in likelihood. MIN, without hypothesisaveragingworks bestgiven many examplesor
sparselpverlappinghypothesesyhenthemostspecifichypothesislominateshesumover
‘H in Equation2. In light of recentbrain-imagingstudiesdissociatingule- andexemplar
basedorocessing8], the Bayesiartheorymay bestbe thoughtof asa computational-level
accounbf conceptearningwith multiplesubprocessesperhapsubservingIM andMIN
—implementedn distinctneuralcircuits. | hopeto explorethis possibilityin futurework.
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Figure 1: Data and model pdéctions for the nmber concept task
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Figure 2: Data and model pdictions for the wed learning task.



