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ABSTRACT

Quadtree matrices using Morton-order storage provide nat-
ural blocking on every level of a memory hierarchy. Writ-
ing the natural recursive algorithms to take advantage of
this blocking results in code that honors the memory hi-
erarchy without the need for transforming the code. Fur-
thermore, the divide-and-conquer algorithm breaks prob-
lems down into independert computations. These indepen-
dent computations can be dispatched in parallel for straight-
forward parallel processing.

Proof-of-concept is given by an algorithm for QR factor-
ization based on Givens rotations for quadtree matrices in
Morton-order storage. The algorithms deliver positive re-
sults, competing with and even beating the LAP ACK equiv-
alent.
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1. INTRODUCTION

Earlier work [13, 8, 12] has explored matrix-matrix mul-
tiplication using quadtree matrices stored in Morton or-
der. Theseresults suggestthat a Morton-order indexing [25,
p. 776] of a quadtree matrix e ectiv ely blocks the matrix
scalarsto fall into the transfer blocks of the various levels
of the memory hierarchy. Divide-and-conquer algorithms,
which honor the re-use of the quadrants of a quadtree ma-
trix, also honor the memory hierarchy of a computer with-
out knowledge about its existence, let alone the particulars
of ead level of the hierarchy. In general (not restricted to
divide-and-conquer algorithms), this phenomenonis called
cache-oblivious [14]: the algorithm needs neither tuning
nor speci cation of the memory system on which it is run-
ning.

In contrast, tiling iterativ e algorithms for row-major ma-
trices [20, Section 20.4.3]requires advancedknowledge of the
sizesof the levels of the memory hierarchy, although there
is software that can accourt for their impact from experi-
ments [4, 23].

Furthermore, divide-and-conqueror algorithms have been
advocated for parallelism [27]. The independernt computa-
tions in such an algorithm can be executedin parallel with-
out inter-pro cesscommunication [9, Section 1.3.1][3].

The time for both accessingthe memory and communi-
cating across processesmust be reduced for e cien t high-
performance computing [1, 10, 17].

While the results are encouraging, matrix multiplication
is relativ ely simple and straightforw ard; other problems are
not as well patterned which could signicantly aect the
performance of the quadtree matrix with these algorithms.
One such problem is the QR factorization of a matrix [15,
Section 5.2]. It is acommon problem with algorithms imple-
mented for row- and column-major matrices in the LAP ACK
library [2]. This paper tackles QR factorization for quadtree
matrices stored with Morton-order indexing [12].

This paper is organized in sewen sections, the rst being
this intro ductory section. The second section de hes some
terms and conceptsfor quadtree matrices. The third section
describes QR factorization. The fourth section describes
the quadtree matrix functions used for QR factorization,
including the parallel dispatch of the functions. The fth
section describes some of the issuesinvolved in coding up



0

1 2 3 4
5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Figure 1: Level-order indexing of quaternary tree
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Figure 2: Morton-order indexing of quaternary tree

the functions de ned in the fourth section. The sixth sec-
tion gives uniprocessorand multipro cessorresults, and the
sewenth concludes.

2. QUADTREE MATRICES

Definition  2.1. A quadtr ee matrix is either zem, a
non-zero salar, or a quadruple of sub-matrices (northwest,
northeast, southwest, southeast) of equal size where at least
one sub-matrix is non-zero. [24, p. 33]

The four quadrants of a quadtree matrix are selected with
the down-arrow operator # (e.g., M # nw for the northwest
quadrant of M, M #se#nwfor the north west of the southeast
of M).

2.1 Indexing a Quadtree

By numbering the nodes of the quadtree, the elemerts of
the quadtree can be mapped into an array. Two indexings
are of primary interest:

Definition  2.2. The level ordering of a quaternary
tree is an indexing of the nodes of the quaternary tree such
that the root has index 0 and for a node in the tree with
index i, its children are indexed 4i + 1, 4i + 2, 4i + 3, and
4i + 4. [25, p. 776]

Definition ~ 2.3. The Morton-or der indexing of a qua-
ternary tree is an indexing of the nodes of the quaternary
tree suchthat the root hasindex 0 and for a node in the tree
with index i, its children are indexed 4i + O, 4i + 1, 4i + 2,
and 4i + 3. [25, p. 776]

Figures 1 and 2 illustrate these two indexings.

The main di erence betweenthese indexings is that level
order givesa unique index to every non-terminal node while
Morton order indexes each level, starting with index zero.
The level-order indices on one level of the tree dier from

Traditionally , the root of a binary tree hasindex 1 in level-
order indexing [18, p. 401]; however, in trees with a higher
degree(such asa quadtree), this leavesgapsin the indexing
from one level to the next. A O-indexed root works well for
all trees without indexing gaps.

the corresponding Morton-order indices by only a constant

| t4 = (4 1)=8 where | is the number of the level
(zero-based) [25]. This conversion makes these indexings
easily interchangeable.

2.2 Padding and Decorations

The recursive, two-dimensional bifurcation of a quadtree
matrix suggeststhat the order of the matrix should be a
power of two. For matrices where this does not apply, the
matrices can be padded to the south and east, usually with
Zeros.

To describe the padding in a matrix, sewral de nitions
are useful:

Definition  2.4. A strip e is a set of adjacent rows in
a matrix. A colonnade is a set of adjacent columns. [24,
p. 33]

Definition  2.5. Majority padding is padding that ex-
tends into the westcolonnade or the north stripe. Minority
padding is padding that is found only in the east colonnade
or the south stripe. A perfe ct quadtr ee matrix is a quad-
tree matrix that has no padding. [12, p. 21]

The space for the zero elemerts of a quadtree matrix
stored in Morton order must be allocated in the computer's
address space. However, a second array using level-order
indexing (corresponding to the non-terminal nodes of the
quadtree) can be used to store decorations . These deco-
rations can be used by the quadtree-matrix algorithms to
avoid the padding quadrants.

Four decorations are useful: )
Zero The matrix is the zero matrix.

identity The matrix is the identit y matrix.

perfect The matrix is a perfect quadtree matrix
(i.e., without internal zeros or identities,
or padding, cf. De nition 2.5).

unkno wn  The contents of the matrix is unknown at

this level.
With so few decorations, a single decoration takes up less
than a byte of data; decorations can be stored very com-
pactly.

Algorithms can honor the algebra of zer o and identity
decorations as special cases, avoiding the traversal of the
lower levels of that matrix, preverting the scalarsfrom those
quadrants from ever being accessedand brought into higher
levels of a memory hierarchy (e.g., cache). They will con-
sume spaceonly in the lower levels of a memory hierarchy.

The perfect decoration allows algorithms to stop testing
the decorations since the matrix doesnot have any padding
or other special quadrants. The unkno wn decoration indi-
cates that testing the decorations must contin ue within the
matrix; it must consist of a mixture of perfect , zero, and
identity  matrices.

While these decorations, the zer o decoration in particu-
lar, can assist with processing sparse matrices, this paper
focuseson densematrices.

2.3 Row-Major Matrices

Throughout this paper, the term \ro w-major" should be
read as \ro w- and column-major" unless otherwise noted.

A row-major matrix stores an ertire row of a matrix in
consecutive memory locations. Poor spatial locality results
from traversing a row-major matrix by columns instead of



rows [7, Section 2], yet column traversalsare often necessary
in the iterativ e algorithms written for row-major matrices.

Better reuse of local memory (within a transfer block) is
achieved by dealing with the matrix in terms of blocks, but

this must be provided by the algorithm sincethe data is not

naturally blocked. One standard way to block an algorithm

is to tile the loops [20, Section 20.4.3].

3. QR FACTORIZATION

The QR factorization of an n  n matrix A producesan
n n orthogonal matrix Q (i.e., QQT = | = QTQ) and
ann n upper-triangular matrix R such that A = QR [15,
Section 5.2].

QR factorization applies a series of orthogonal transfor-
mations Q1;Q2;:::;Qm to A = Ag;A1;A2;:::;Am, updat-
ing each successie A; = QT A; 1 until A, = R, an upper-
triangular matrix, is produced. The matrix Q is formed by
multiplying the individual orthogonal transformations to-
gether. Dieren t algorithms for QR factorization arise since
di eren t orthogonal transformations can be usedfor Q; and
the type of transformation used determines m.

3.1 HouseholderQR Factorization

A Householder re ection is an orthogonal transfor-
mation that is applied to one column of a matrix to zero
out selectedcomponernts in a column [15, Section 5.1.2]. In
Householder QR factorization, ead Q; is a Householderre-
ection to zeroout the portion of column i below the matrix
diagonal of A; [15, Section 5.2.1].

Most QR factorizations for row-major matrices are done
using Householderre ections, and the re ections themselves
can be stored individually in the eliminated portion of A. Q
is not formed explicitly , although it can be computed quite
easily.

3.2 GivensQR Factorization

A Giv ens rotation eliminates just one selected elemert
from the matrix using another elemert [15, Section 5.1.8].
To eliminate b 6 0 using a, the Givens rotation is formed
from the cosine c and sine s of an right triangle:

c s a _ r
s c b ~— 0
where
c= a and s= b_.

If b= 0, then the identit y matrix isused(i.e.,c= lands=
0) since b is already eliminated. This avoids all unde ned
operations (lik e division by zero).

An iterativ e QR-factorization using Givens rotations is
preserted in Figure 3 [15, Algorithm 5.2.2].

3.3 Block Householder QR Factorization Al-
gorithms

A block represertation for Householder transformations
can be used in a block algorithm for QR factorization [15,
Sections5.17and 5.2.2], resulting in a more memory-e cien t
algorithm and only slightly increasingthe number of oating-
point operations. Columns are taken in groups, and ead
group is factored using the column-based algorithm. The
updatesto the rest of A are saved and applied to each block

for (int j =0;j <n; j++) {
i =

for (int n; i >=j+l; i) {
Scalar c, s;
givens (c, s, R[i-1,j, R[i.j]);
for (int k =j; k <n; k++) {

Scalar top =c¢ * R[i-1,k] - s * R[ik];
Scalar bot =s * R[-1k] + ¢ * R[ikK];

R[i-1,k] = top;
R[i,k] = bot;
}
for (int k =0; k <n; k++) {

Scalar top =c¢ * Q[i-1,k] - s * QJik];
Scalar bot =s * Q[i-1,k] + ¢ * QJik];
Q[i-1,k] = top;
Q[i,k] = bot;
}
}
}

Figure 3: Iterativ e QR factorization
rotations

using Giv ens

of columns in turn just before they are factored. These up-
dates use matrix-matrix multiplications instead of lesse -
cient matrix-v ector multiplications. The dgeqrf() function
in LAPACK for QR factorization usesthis approach.

The block sizein that algorithm (i.e., the number of col-
umns in a group) must be tuned for particular machines
just as block sizesin tiling must also be tuned. Either pro-
grammers or optimizing compilers must know or obtain this
information, although it canbe collected automatically (e.g.,
by PHIPAC [4] or ATLAS [23)).

Elmroth and Gustavson [11] take a recursive approach to
QR factorization on row-major matrices using Householder
transformations with the sameblocking e ect, saving a block
of column updates so that matrix-matrix multiplication is
usedfor the updating. Their recursive algorithm incurs sig-
nicantly more ops than a purely iterativ e algorithm, so
their ultimate algorithm is actually an iterativ e/recursive
hybrid. The top-level algorithm is iterativ e over blocks of
the matrix, calling their recursive algorithm to factor eac
block. They tune the hybrid algorithm on the number of
columns factored by the recursive algorithm to balance the
benet of the recursive algorithm with drawback of the in-
creasednumber of ops.

While Elmroth and Gustavson's recursive algorithm is
similar to the function f preserted in the next section, their
approach is still in terms of the columns of the matrix and
column-major storage.

3.4 Elmroth and Gustavson

The hybrid algorithm for QR factorization from Elmroth
and Gustavson outperforms dgeqrf() on their IBM ma-
chines (15{20% better for larger orders); their best perfor-
mance on an IBM POWER2 node is 90% of the maximum
ops rate for the machine. The speed-upsfor their paral-
lel version are closeto the ideals, improving steadily as the
order of the matrix increases.

Their algorithm doeshave a tuning parameter: the num-
ber of columns in a block sert to the recursive algorithm
from the iterativ e algorithm. Using only their recursive al-
gorithm signi cantly increasesthe number of oating-p oint



operations done overall; the hybrid allows them to keepthe
number of ops lower while gaining the bene ts of the recur-
sive algorithm. They do not do any tuning for the memory
hierarchy, sothey too are cache-oblivious.

4. QUADTREE QR FACTORIZATION

In the QR factorization functions, Z represerts the zero
matrix, and | represens the identity matrix. In the pro-
gram, theseare implemented asdecorations (cf. Section 2.2).

The QR factorization for quadtree matrices consists of
two mutually recursive functions, f and e. The function
f factors a matrix with a QR factorization; the function
e eliminates one triangular matrix using another triangular
matrix.

4.1 QuadtreeQR Factorize

The factorization function isf : A 7! hQ; Ri where A, Q,
and R are n n matrices; Q is orthogonal; R is upper-
triangular; and A = QR. This is the top-level function
to factor a matrix. The function is preserted in Figure 4.
The quadrants in the west are recursively factored, and the
southwest result is eliminated using e. Then the southeast
is factored using f . After eac call to f and e, A is updated
appropriately .

4.2 QuadtreeQR Eliminate

The elimination function e: hN;Si 7! hQ; N'i assistsf in
factoring matrices. It eliminates an upper-triangular matrix
S using another upper-triangular matrix N; N is updated
to N' which is also upper-triangular. (N and S get their
names from \north" and \south", respectively, indicating
the relativ e positions of the two blocks in the matrix being
factored; e.g.,Step 3 of f.) The N, S,and N arealln n
matrices while Q hasorder 2n  2n. Q is orthogonal, and N
is upper-triangular. The computational postcondition for e
is

N _ N

The algorithm is preserted in Figure 5. Similar to f on A,
elimination works west to eastthrough N and S.

The elimination function preserts some specialized mul-
tiplications that require fewer than 2n® ops. SinceN and
S are both triangular, Q is returned from e with triangular
patterns in it. The zer o and identity decorations direct
the multiplication algorithms to take advantage of these pat-
terns. A programmer might alsotailor special multiplication
routines to these patterns, and thereby avoid the need for
testing the decorations.

4.3 Memory Ef ciency Without Tuning

The bene t of Morton-order indexing and quadtree matri-
cesis that the matrix is blocked at every level of the quadtree
matrix. Morton order assignsindices based on blocks, and
so ead quadrant is indexed with its own unique sequenceof
consecutive indices. Then, for any memory hierarchy, there
will be somelevel of the quadtree matrix that ts nicely into
a transfer block of that memory.

Interestingly, the quadtree-matrix algorithm does natu-
rally what hasto be addel to the iterativ e Householder al-
gorithm (i.e., save updates to A, seeSection 3.3).

Furthermore, the functions are cache-oblivious. The quad-
tree-matrix programmer doesnot have to tune the blocking
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of the quadtree-matrix algorithm for the memory hierar-
chy. The structure itself is blocked, and the blocked na-
ture of quadtree-matrix algorithms leads to blocked algo-
rithms without tuning. Programming for the quadrants of
the quadtree matrix is programming for the memory hierar-
chy.

4.4 Accumulating Q

The iterativ e algorithms for QR factorizations typically
leave Q unfactored; each Q; is saved in the eliminated por-
tions of A. The quadtree matrix algorithms compute Q
explicitly to update A, and so they incur more work (see
Section 6.2). (Most applications do not need Q, and if it is,
Q can always be formed, regardlessof what algorithm was
used.)

45 Errors

No formal analysis of the accuracy of the quadtree-matrix
functions hasbeendone, but the orthogonality of the Givens
rotations provides the algorithms with great stability. The
error analysis of QR factorization using Givens rotations
without pivoting is very favorable [16, Section 1.14.2, Sec-
tion 18.5].

Explicit pivoting is usedwith QR factorizations on singu-
lar matrices [15, Section 5.4.1] for reasonsbeyond the scope
of this work. Pivoting is unnecessaryon nonsingular ma-
trices. Neither the standard algorithm in LAP ACK nor the
algorithm from Elmroth and Gustavson doesany pivoting.

The quadtree-matrix functions only make explicit pivot-
ing unnecessary If N = Z in e, then the Givens rotation
generated naturally by e will be a permutation matrix that
pivots the matrices sothat N' = S.

4.6 Parallelism

The two functions for QR factorization are evaluated ac-
cording to the padding in their inputs (similar to the paral-
lelization of matrix multiplication for quadtree matrices [13]).
To properly balancethe computations in a parallel dispatch,
the amount of padding must be considered. First, the pad-
ding determines the amount of computation done; second,
the padding determines the pattern of memory accesses.

The casesof an algorithm are rst determined by the
shapes of the matrices: square, strip e, and colonnade (see
De nition 2.4). Each caseis further analyzed basedon the
amount of padding: perfect, majority, and minority (see
De nition 2.5).

In the parallel dispatch charts [12] (Figures 7 and 9), the
steps of the algorithms are listed vertically. Horizontal lines
indicate a synchronization. Steps listed side-by-side can be
donein parallel. Parallel matrix multiplication routines were
called asoften aspossible. The dispatchesin Figures 7 and 9
do a parallel dispatch of the multiplications; for the other
dispatch cases,the functions for QR factorization let the
multiplication routines handle all of the parallelism.

The function f decomposesinto three casesas sketched
in Figure 6.

0. Perfect Square. When A is perfect, the north west
and southwest quadrants can be factored in parallel
(Steps 1 and 2). The multiplications of Steps 4, 5
and 7 are well balanced within ead step, so the mul-
tiplications of those steps are immediately dispatched
in parallel. This dispatch is given in Figure 7.

h X i =f Perfect square 0
h X i =f Square 1
h : i =f Stripe 2

Figure 6: Parallel patterns of f

Step 1: perfect squaref | Step 2: perfect square f

Step 3: perfect square e

Step 4: parallel multiplication

Step 5: parallel multiplication

Step 6: perfect square f

Step 7: parallel multiplication

Figure 7: Parallel QR factorization:
dispatc h

perfect square

1. Square. This is the general case,and it is where top-
level dispatching starts. There are no immediate op-
portunities for parallel dispatch in this case;all paral-
lelism is deferred to the next level in the function-call
tree.

Majority-p  adding dispatch: This casereducesto
one instance of itself on the northwest quadrant of A.

Minority-p adding dispatch: All steps are done se-
quentially .

2. Strip e. As with the square case,there are no imme-
diate opportunities for parallel dispatch.

Majority-p  adding dispatch: This casereducesto
one instance of itself on the northwest quadrant of A
plus an update to A#ne (Step 5).

Minority-p adding dispatch: The dispatch for this
caseis identical to the minorit y-padding dispatch for
the square case.

The function e breaksdown into only two casesasdepicted
in Figure 8. The caseand size of the padding is determined
by the padding in S since N is always upper-triangular and
dense.

0. Perfect Square. The eliminations of Steps1 and 2
can be done in parallel with eac other. Parallel dis-
patch is possible for the multiplications of Steps 3, 5,
and 7. This pattern of dispatch is given in Figure 9.

1. Strip e. This caseis strange becausethe majority
caseis non-trivial (unlik e most other majorit y-padding
cases)and becausethere is someparallelism in the mi-
nority case.

Majority-p  adding dispatch: asnoted, this casedoes
not merely reduce to an instance of itself. All if the
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Step 1: perfect square e | Step 2: perfect square e

Step 3: parallel multiplication

Step 4: perfect square f

Step 5: parallel multiplication

Step 6: perfect square e

Step 7: parallel multiplication

Figure 9: Parallel QR -elimination:
dispatc h

perfect square

steps of the function must be done sequerially (al-
though someare trivial).

Minority-p adding dispatch: all steps must be done
sequertially although the multiplications steps can be
dispatched immediately in parallel.

5. THE CODE

Matrix-matrix multiplication is implemented using the al-
gorithms by Frens and Wise [13, 26]. The functions f and e
are implemented in C as is the matrix multiplication algo-
rithm. Driv ers were written in C++.

5.1 Unfolding and Re-rolling the BaseCase

Iterativ e loops are routinely unrolled [20, Section 17.4.2]
to take advantage of superscalar architectures and software
pipelining. Optimizing compilers do this automatically for
programmers.

However, these same optimizing compilers have a poorer
understanding of recursion, and they do not unfold the base
caseg[6, 21] of a recursive function. While this wasknown in
earlier work [13], nding the right unfolding for the compiler
to optimize into the best superscalar code has beenthe real
key. Matrix-matrix multiplication is unfolded to an 8 8
base caseby hand. To avoid lling the instruction cache,
to tolerate cache mapping, and to take advantage of the
optimizing compiler's knowledge of loops, the unfolded base
casesare re-rolled into loops that operate on the Morton-
order indices [26]. The same technique is used to code the
base casesof the QR-factorization functions f and e using
the algorithm in Figure 3 with Morton-order indices.

It is assumed that the optimizing compilers unroll the
LAPACK and BLAS algorithms. (Everything is compiled
with the maximum optimizations.) Unfolding the basecases

of the quadtree algorithms only establishes a level playing
eld with these other libraries.

5.2 Decorations

The code for functions f and e make useof the decorations
in the quadtree matrices. Neither oneis coded to recognize
the identity  decoration since A doesnot start with identity
quadrants and none of the A; updates have identit y matri-
cesintroduced into them. However, both functions place
identity decorations into the Qs that they generate, sothe
matrix multiplication routines handle identit y quadrants.

Two versions of ead function are used to deal with the
decorations. One recognizesand reacts appropriately to the
decorations; the other ignores the decorations. The second
versionis called from the rst when A inf or Sin eis aper-
fect quadtree matrix. (Incidentally, basedon zero padding,
N must always be a \p erfect” triangular matrix; if it were
not, then S would be all zero and there would have beenno
needto call e onit.) The test-free version avoids the over-
head of testing the decorations. Arguably, the programmer
should write just oneversion, and the two versionscould be
generated automatically .

Due to the unfolded 8 8 basecase,any 8 8 quadrant
with even one non-zero value in it is considered to be a
perfect quadtree matrix. The zerosin this matrix will then
be usedin the base-casecomputation, but ultimately this is
faster than testing for down to the scalar level.

5.3 Multipr ocessingBaseCases

Since a parallel dispatch has an overhead, there is a point
where a parallel dispatch on a quadrant takes more time
than to use the unipro cessoralgorithm. General tests in-
dicate that a 32 32 quadrant (or smaller) is best done
unipro cessor.

Also, if the padding in a matrix is small enough, it is
worthwhile in the parallel dispatch to ignore the padding.
Parallel dispatch can then switch over the perfect square
caseearlier for more parallelism higher in the function-call
tree. Again, generaltests indicate that padding 32 elemerts
wide or 32 elemerts tall (or smaller) is best ignored.

6. RESULTS

Three machines were used to obtain timing results. The
quadtree matrix algorithm was run against dgeqrf() , the
QR factorization algorithm from LAPACK using House-
holder transformations.

6.1 The Machines

Three machines were usedto run timing experiments: an
SGI Power Challenge, an SGI Octane, and a Sun Enter-
prise 450 Model 4400, all described in Table 1. All of the
tests were run on these machines in shared mode, although
care was taken to run the tests when the load on the ma-
chines was minimal.

The MIPSpro compiler was used on the SGI machines.
The manufacturer provided its own BLAS libraries; LA-
PACK was compiled locally. On the Sun machine, the Sun
Workshop Compiler 5.0 was used with the Sun Performance
Library 2.0, which suppliesprecompiled BLAS and LAP ACK
libraries. The LAPACK dgeqrf() was not tuned on any of
the machines. To avoid most problems with stride [15, Sec-
tion 1.4.4], every array for row-major matrices is allocated
with an odd stride.



Property Power Octane Enterprise 450
Challenge
Number of processors|| 10 1 4
Type of processors R8000 R10000 Ultra Sparc Il
Clock speed 75 MHz 195 MHz 400 MHz
Virtual memory 2GB 39GB 5.4 GB
RAM (shared) 2GB 128 MB 2GB
Secondary cache 4 MB 1 MB 4 MB
Instruction cadche 16 KB 32 KB 16 KB
Data cade n/a 32KB 16 KB
Maximum m op/s 300 m op/s 390 m op/s 400 m op/s
Compiler ags -Ofast=ip21 or  -Ofast=ip30 , -fast
-64, -mips4, -r8000 or -r10000, -xrestrict
-ﬁDVXP::ON -OPT:alias=RESTRICT

RAM is shared on multipro cessormachines; processorspeed, caches, and m op/s

are per processor.

The oating point unit of an R8000 is connected only to secondary cache [22, Sec-

Table 1: System parameters
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Figure 10: Flop count of QR factorization algorithms

6.2 Flop Counts

The op count for dgeqrf() (approximately 4n®=3 [15,
Section 5.2.1]) and the op count for the quadtree algorithm
(tallied explicitly in the code) are graphed in Figure 10.
(Analytically , the op count for the quadtree algorithm is
4.17%) The op count for the quadtree matrix is over
three times higher becauseit multiplies Q explicitly , while
dgeqrf() merely stores eacth Q;.

6.3 UniprocessorResults

The running times and m op/s of dgeqrf() and the quad-
tree algorithm on the three machines are given in Figures 11
through 16. The graphs of mop/s performance include
plots of the maximum op rates of the various machines.

Sincethe results reported in earlier work [13, 12], the base
caseof quadtree matrix-m ultiplication on the SGls hasbeen
improved signi cantly; consequetly, the quadtree-matrix
QR factorization has also improved signi cantly. The base
casehas always beenunfolded, but more experienceand pa-

tient experiments with the SGI MIPS architecture has paid
o in better re-rolling of the unfolded code.

It is also very important to inform the compiler that ar-
ray pointers point to disjoint sections of memory; then the
optimizer can optimize array-elemert computations for su-
perscalar architectures. We have successfullybeenusing the
-OPT:alias=restrict compiler ag on the SGils for a long
while [13], but only recertly have we taken advantage of
the -xrestrict compiler ag and the restrict  keyword
in C for array declarations. These more than doubled the
performance on the Enterprise 450 (contrasted to previous
work [12]).

On the Power Challenge (Figures 11 and 12), despite do-
ing considerably more work (explicitly accumulating Q), the
quadtree algorithm is noticeably faster in raw processortime
than dgeqrf() . The op rate bearsthis out: the quadtree
QR factorization performs at a op rate almost four times
better than dgeqrf() , and it is nearly as good as the per-
formance of the quadtree matrix algorithm for matrix mul-
tiplication.

The dgeqrf() function doesnot even reach a quarter of
the mop/s performance of dgemm() (the BLAS3 matrix-
matrix algorithm) on the Power Challenge. It may also
be slightly unfair comparing the op rates of the quad-
tree algorithm for QR factorization to the performance of
dgeqrf() since the quadtree algorithm benets from the
op-rate boosting matrix-m ultiplication algorithm in accu-
mulating Q. But the dierence in performance of dgemm()
and of dgeqrf() should not be a factor of four.

On the Power Challenge, dgeqrf() were compiled from
source code and linked to the manufacturer's BLAS which
performs quite well. The performance of dgeqrf() would be
improved on the Power Challenge if time was spent tuning
the algorithm and the compilation; however, without tuning
for any block sizes, the quadtree algorithm performs very
well.

The Octane (Figures 13 and 14) has very telling results.
Just like the Power Challenge, dgeqrf() was compiled from
sourcecode on the Octane. Despite doing lesswork, dgeqrf()
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takesas much time to compute as doesthe quadtree matrix
algorithm on matrices with orders lessthan 3500. (The lit-
tle hiccup at order 2048 for dgeqrf() is reproducible and
consistert with the results for dgemm() it is most likely a
striding issue.)

The most telling result on the Octane comesfrom matri-
ceswith orders above 3500. The page faults for dgeqrf()
are plotted with the raw processortimes in Figure 13, and
both increasesharply around order 3500. LAP ACK was not
tuned for the virtual memory system on this Octane, and so
it has trouble with matrices so large. This is perhaps not
too surprising since LAPACK was compiled from source;
however, this same problem manifests itself in dgemm()on
the samemachine, and the BLAS library did comefrom the
manufacturer.

The quadtree algorithm, on the other hand, does much
better. The plot of its performance on the Octane ap-
pears to be a step function, with steps just after orders
that are a power of two. Handling the padding appears
to incur a greater cost on the Octane than on the other ma-
chines, but the overall performance on the Octane is quite
respectable. Most notably, the performance of the quadtree
algorithm continuesto improve in spite of the fact that an-
other level of the memory hierarchy is being used. (In fact,
the quadtree-matrix algorithm triggers the virtual memory
system at smaller orders since it explicitly stores Q in an-
other array that consumesextra memory.) The algorithm
was never tuned for any level of the hierarchy, and yet the
quadtree matrix handles ead level of the memory hierar-
chy without extra coding e ort and without any knowledge
of machine speci cs .

Performance on the Sun (Figures 15 and 16) is alsotelling,
in dieren t ways. It is clear that there are striding problems
for dgeqrf() on matrices whose orders are a power of two.
However, the quadtree algorithm is competitiv e in the raw
processortimes despite doing more work. The m op/s bear
this out even better. The relative di erence between the
quadtree algorithms and dgeqrf() is not ascloseon the Sun
Enterprise as it is on the SGls; however, unlike the SGls,
LAPACK on the Enterprise is part of the Sun Performance
Library . One would expect manufacturer-supplied code to
be tuned to be as e cien t as possible, but these results do
not demonstrate this. Yet the quadtree algorithm for QR
factorization performs at the same level as matrix-matrix
multiplication of quadtree matrices.

Similar tests have been done on the Sun Ultra 5/10 [12];
the results are very similar to Figures 15 and 16.

6.4 Parallel Results

The optimal speed-upson the graphs for the parallel runs
are plotted as horizontal lines.

The Power Challenge does not come with a parallel im-
plementation of dgeqrf() . Two solutions were attempted:
linking LAPACK to a parallel BLAS and using a Power
Challenge version of ScaLAPACK [5]. Both were unsuccess-
ful. Linking to a parallel BLAS did not give enough par-
allelism; ScalLAPACK is intended for distributed systems
which did not work well with the shared-memory on the
Power Challenge.

The parallel quadtree algorithm compiled just ne on the
Power Challenge. Its speed-ups(Figure 17) are all steadily,
asymptotically approaching the ideals. The speed-upis good
for two and four processors.The speed-up for eight proces-
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Figure 17: Power Challenge quadtree speed-up
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sors is disappointing, getting just over half the speed-up it
should although the increasein the speed-up is clear. Op-
portunities for parallel dispatch in the quadtree QR factor-
ization are much rarer than they are for, say, matrix mul-
tiplication; with eight processors,the opportunities happen
much lower in the quadtrees themselves, resulting in less of
a payo in the parallel dispatch.

On the Enterprise 450, the speed-upof dgeqrf() wascom-
puted using wall-clock time. The Sun Performance Library
on the Enterprise 450 usesthreads to implement parallelism.
The processortimer (from getrusage() ) measuresthe to-
tal time spent by all threads, making the results uselessfor
speed-up calculations. Instead, a wall-clock timer was used
to time the uniprocessorand parallel tests, and these wall-
clock times were usedto calculate only the speed-upson the
Enterprise 450 for dgeqrf() .

The unipro cessorresults on the Enterprise 450 (Figures 15
and 16) call the parallel speed-upsof dgeqrf() into ques-
tion in at least two ways. First, the processortimes and op
rate indicate that dgeqrf() doesnot perform asit should.
Second,the wall-clock times of someunipro cessorruns were
extraordinarily large. Grossly distorted unipro cessortimes
will make the speed-upsof even very poor parallel runs ap-
pear to be good. Sothe speed-upsfor dgeqrf() are highly
suspect. As far asthey can be trusted, the speed-up for two
processorsseemsto be fairly good.

In contrast, the speed-up of the quadtree algorithm (com-

puted using getrusage() ) increasesas the order increases.

The performance on two processorsstarts out closeto the
ideal, and steadily improves with relatively minor steps at
power-of-two orders. The performance of four processorsis
fairly good and also improves as the order increases.

7. CONCLUSION

The quadtree matrix is automatically tuned for multiple
levels of a memory hierarchy; the algorithms written for
the quadtree matrix are cache-oblivious by de nition. Their
performance is consistert even when accessinga new level
of the hierarchy as seen quite tellingly on the Octane in
Figure 13. The natural blocking of Morton-order indexing
and the divide-and-conquer algorithms for quadtree matri-
ces honor the memory hierarchy without tuning or special
knowledge.

One of the important considerations in high-performance
computing is the innermost computation|the  computation
that takes advantage of a superscalar architecture. Each
tweaking of a base case for matrix multiplication has re-
sulted in signicant improvemerts in performance. More
tuning could be done for improved performance of the base
casesof both QR factorization functions.

The tuning of the basecasedoesnot invalidate the claim
that these quadtree-matrix algorithms are cache oblivious.
Unfolding a basecase(or unrolling an inner loop) depends
on the particulars of the processor, the cache mapping, and
perhapsthe sizeof the instruction cadhe; it is not a memory-
hierarchy issue. An algorithm that did not needto be un-
folded or unrolled with explicit tuning could be called pro-
cessor oblivious or supersalar oblivious.

As for the parallelism, the divide-and-conquer functions
f and e result in relatively easy parallelism that performs
quite well (especially on the Enterprise 450, Figure 18).

These results suggestfuture work for quadtree matrices.
Optimizing compilers are neededto unfold and re-roll the

base casesof quadtree matrix algorithms. Compilers are
needed to automatically generate the parallel versions of
quadtree algorithms from stylish recursive codes. The par-
allel dispatch of the functions for QR factorization must be
generalizedto rectangular matrices. Testsneedto berun on
distributed memory machines. Researt at Calvin College
and Indiana University is already following these paths.
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