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Abstract. We presenta novel multi-modal haptic interfacefor sketchingand
exploring the structureand propertiesof mathematicaknots. Our interfacede-
rivesfrom the familiar pencil-and-papeprocessof drawing 2D knot diagrams
to facilitatethe creationandexplorationof mathematicaknots;however, with a
touch-basedhterface,userscanalsoleveragetheir physicalintuition by seeing,
touching,andfeelingtheknots.The purehapticcomponenprovidesanintuitive
interactionmodelfor exploring knots,focusingon resolvingtheapparenton ict
betweerthe continuousstructureof the actualknotandthevisualdiscontinuities
at occlusionboundariesThe auditorycomponentiddsredundantuesthatem-
phasizethe traditional knot crossingswherethe haptic proxy crossesa visual
disruptionin the graphicsmage.Our paradigmenhancesandextendstraditional
2D sketchingmethodshy exploiting both touchand soundto assistin building
clearetmentalmodelsof geometrysuchasknot structures.

1 Intr oduction

2D knot diagramsare often usedto help explain the conceptsn knottheory They are
commonplacén textbooksandprovide a form of physicalintuition aboutthe abstract
principles(see.e.g.,[1]). Studentoftendrav pencil-and-papediagramgo represent,
study andvisualize3D knot structures.

Knots are usuallydravn on at 2D mediasuchasa blackboardor a sheetof paper

While suchanimagedepictsthe generalshapeof the curve, all 3D spatialinforma-

tion is implicit, and mustbe encodedat the crossinggwhereone strandcrossesover

or underanothersection)to resole possibleambiguities(seeFigure 1(a)). A classic
“knot crossing-diagram{seeFigure 1(b)) tries to alleviate this problemby cutting

away piecesof the curve thatlie underneatlotherpiecesin the choserprojection.The

drawvbackof this approacltis thatonemay have to usean erasemwhile draving a knot,

althoughexpertscandirectly drav imagedike Figure1(b) in asinglestep.This repre-
sentatiommakesthe knot's pathappeawisually discontinuouswhile thetrue structure
of theknot is of coursecontinuoug(seee.g.,Figure 1(c)). Our taskin this paperis to

shav how onecanfully exploit computergraphicsandcomputetbasechapticsto make

a smoothtransitionfrom the 2D visual representatiorto an ervironmentrich in 3D

informationandfeedback.
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Fig. 1. Commonwaysof drawing knots.(a) The 2D knot projectionhasno 3D cues.(b) The 2-
1/2 D knotdiagramprovidessufcient 3D depthinformationto characterizéhe3D geometry(c)
Renderingwith light andmaterialaddsapparen8D geometrydepth,andshapeo the 2D image.

(

2 Overview

Therehave beena numberof interestingattemptgo useinteractve computersystems
to help describe3D curvesandknots. For example,sketchinga knot with Schareirs
Knotplot is donein a planeusing a mouse-basedontrol system[2], while Cohenet
al. create3D curvesby correlatingthe curve with its sketchedshadev to computethe
curwe's 3D shapd3]. Snibbleetal. meige hapticinterfaceswith the studyof geometric
characteristicselevantto knots(seee.qg.,[4]).

Otherrepresentatie efforts include a variety of waysto edit and simulateknots and
ropes(see,e.g,[5—7]). Recentwork alsosuggestfiow hapticexplorationof projected
4D objectscanexploit topologicalcontinuity by ignoringillusory 3D surfaceintersec-
tionsandfocusingontheintrinsic 4D geometry[8].

Thetechniquewe presenin this paperis anextensionof theideasusedin [2—4,8]. By
combininggraphicsandcollision-sensindnaptics we enhancéhe 2D drawing protocol
to successfullyeverage2D pen-and-papeur blackboardskills.

In our approachuserssketchknotsin a 2D spacemuchaswe might sketcha 2D knot
diagramon a pieceof paper while guidedby appropriateconstraintforces.Real-time
force feedbackis usedto prevent the haptically sketchedcurve from passingthrough
curnve sggmentsin the 2D drawing thatactuallycollide in thefull 3D spacegollisions
are handledby moving the haptic probeto make over/undefcrossingdecisions(the
“22D” method).

Our approachalsoprovidesanintuitive touch-baseghysical navigation of the contin-

uousstructureof the actual3D knot irrespectve of the visual discontinuity In some
sensethe virtual reality of the haptic interface surpasseseality, sincethereare no

physical obstructiondo getcaughton while tracinga shapen virtual spaceWe auto-
matically overridethe apparentisual collisions,con icts in the sketchedmageof the

knot diagram,and keepthe hapticprobeanchoredo the 3D continuity thatunderlies
thewhole structure regardlessof whetherit is above or below anothercon icting part
relative to the projectionpoint.
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Fig. 2. Screenimage, haptic probe,and the users correspondingnentalmodel during haptic
navigationonthe 2D representationf a 3D mathematicaknot.

Figure 2 shawvs the mentalmodel of a usernavigating on a Knot 8,1 diagram.Our
paradigmaimsat a smoothtransitionfrom the 2D visual representatioto an erviron-
mentsupporting3D depthfeedback.

Overall featuresof the interface:

— Intelligentguiding forces;pastmotionis usedto hapticallyhint at a smoothedu-
turedirectionto avoid gettingstuckin sectionshaving high derivatives.

— Inputof over/undercrossingnteractionusing“Z%D” hapticfeedback.

— Exploitationof continuoushapticexplorationto supplemengdiscontinuousyisual
representatioandbuild morecompletementalmodels.

— Exploit auditorycuesto provide image-independermrossinginformation.

3 Implementation Methods

In this section,we describethe families of methodsusedto implementthe interaction
proceduresinduserinterfaces Ourfundamentatechniquesrebasednawide variety
of prior art, including hapticinterfacesfocusingon virtual realism(see,e.g.,[9]), the
explorationof unknavn objectsby robotic ngers (seeg.g.,[10,11]), andothervariants
on hapticexplorationtechnique$12,13]. Relevantmethod=of forcefeedbaclkanduser
assistancenclude,e.g.,thework of [14-18].

We have found mary requirementof our interfacetask to be unique,and thus we
have developeda numberof hybrid approached-or example , whensketching2D knot
diagramsthe haptic probeshouldbe constrainedo the 2D projectionplane,andyet
muststill detectandrespondo potentialcollisionsin the 3D space Conversely when
navigating on 2D knot diagrams appaent collisionsin the 2D knot diagramthat are
physically separateéh 3D mustbeignored.

Thebasicmodelingmethodscomponentsandfeaturescharacterizingurinterfaceare
summarizedn thesectiondelow.
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3.1 Haptic Knot Creation

Force Modeling for 2D Drawing. Our basicforce modelsimulatesa “sticky” stylus
in the 2D spaceausingadampedspringcon guration model;the probecanmave freely
in the 2D surfaceto createnew 2D projectedmagesof 3D curves.

The dampedspringforce modelcalculateghe point C° asthe projectionof the haptic
device proxy C onthe 2D plane[19]. ThedifferenceN = C° C is usedto computea
generalizedHooke's law force

Fm= HjNj¥ N : 1)

HereH is aconstantandb = 0 for anideal (linear) spring. This mechanicatestoring
forceis appliedwheneer the stylusis displacedrom the surface,but we allow force-
free motion alongthe directiontangentto the surfaceto facilitate exploration of the
surfacestructure.The usermustapply substantiakffort to overcomethis force,sothe
stylusfeelsstuckto the surface.Thedampingforceis takento be

Fd = KdV ) (2)

whereV is theradialvelocity usedto smooththeforcefeedback.

Collision Avoidanceand Repulsive Forces. Whensketching2D projectedmagesof
3D curwes,collisiondetectioris appliedto detectwhethertheproxy apparentlycollides
with otherpartsof the 2D projectedmage,andarepulsve forceis renderedo prevent
the haptic proxy from passingthroughsegmentsin the projectedimagethat actually
collide in the full 3D space;collisions are handledby physically lifting (or pushing)
the hapticprobe(in the directionperpendiculato the 2D plane)to createover/under
crossings.

Collision handlingmethods(see,e.g.,[20] and [21], to mentiononly a few) detect
a collision betweervirtual objectswhenthey have just begunto penetrateeachother
However, in ahapticinterface thecolliding pair positionshave physicalmanifestations,
so one cannotsimply shift both positionsto undothe collision. Thereforewe usea
dynamicrepulsve forceto avoid collisions. The force modelthatwe useto physically
detectanimpendingcollision andprepareor anover/undefcrossingchoiceis

Fr= HS?!PV: (3)

Here S representshe distancebetweenthe probeitself and the impendingcollision
with the projectedmage,andV is the radial velocity. This force slows down the hap-
tic proxy's velocity asit approachesan existing 2D imagesegment,thusallowing the
systemto detectandmanagecollisionsin a physically realisticmanner

Whena collision occursbetweena pieceof an editedobjectandan existing objectin
2D space usersmustmalke explicit over and underchoicesby lifting or pushingthe
hapticprobe Wethushave a“2 % D” collisionavoidancehateffectively leverageskills
developedfrom work with pencilandpaperandexploits intuitive forcefeedbacko aid
thedrawing processThisis closelyrelatedto thenon-haptianethodgor sketchingand
manipulating3D cunesadwcatedby Schareirf{2] andby Cohenetal. [3].
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Smoothingthe Sketching Process.The Z%D interfacein principleis sufcient to al-
low theuserto sketchaknotdiagramonthegiven2D surface. However, in practice this
free-handD constrainedirawing introducessigni cant jitter (humanandmechanical).
To improve on this, we follow Haeberlis Dynadiaw method[22], connectinga virtual
massto the cursorpositionvia a dampedspring.As the usermovesthe cursor the lit-
eralpathis modi ed to createsmooth,calligraphicstrokes (seeFigure 3(a)(b)).From
Dynasculpt(Snibbe[4]), a hapticvariantof Dynadiaw, we adoptthe methodof attach-
ing a virtual mass-springystemto the hapticprobepositionto smooththe free-hand
results.

Damped spring

L C — attached to
;\K\)}«D E wrtual mass
o
/

(( a Damped Vlnual
spring for  mass mooth

curve
() 2D drawing

Fig. 3. (a) A typicaljittery resultof free-handdrawing. (b) Smoothedirawving resultingfrom the
methodthat connectsa virtual massto the cursorpositionvia a dampedspring.(c) The force
modelfor 2D sketchingadaptedrom Dynasculpts dynamicmodel.

The implementationis calculatedusing Hooke's law with a dampingterm, adapting
Equationg1) and(2) to give

f=" H(Pm Pr) KdqV; (4)

whereH is the springconstantKy is the dampingconstant Py, is the positionof the
virtual mass,and Ps is the real-world nger-tip position as measuredy the haptic
systemThepositionof thevirtual masss updatedisingNewton'slaws,ma= f, where
mis thechosemmassandwe solve the secondrderdifferentialequationusingEuler's
method.This force modelis illustratedin Figure3.

Examples. In Figure 4, we illustrate typical stepsfor the haptic creationof a trefoil
knot. Sampledistancesreinteractvely adaptede.g.,via boundingspherechecking to
malkethe nal curve sggmentscloseto thesamesizeandwell-behaed (se€[5]). Figure
5 shaws examplesof morecomplex results.

3.2 Haptic Navigation

Theoverall experiencecanbeimproved by supportingassistedhavigationthatfollows
the local continuity of the object being explored. Tracing a real physical knot with
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(a) (b) (©) (a) (b) (©

Fig.4. A sequenceof framesshaving haptic Fig.5.Examplesketchedjsingthez%D hap-
knot creationvia a seriesof under over, un- tic interface.(a) Knot 8;g (b) Knot 933 (c)
der..crossings. Knot 9¢

() (b) ©)

Fig. 6. (a) It is nearlyimpossibleto tracea real knottedrope continuouslyeven whenyou are
holdingthe physicalobjectin yourhandgwww.bathsheba.com/sculpt/clef/ ). (b) The
freemotionof acomputetbasechapticprobesupportsa continuousnotionthatfollowsthelocal

continuityof the objectbeingexplored.(c) Theinteractive responsés improved whendamped-
springforcessteerthe probein thedesireddirection.

ones nger resultsin collisionsof the ropewith the ngertip (see,e.qg.,Figure6(a)),
forbiddingsmoothnavigation;the projectedmageof a knot cancontainmassve inter
ruptionsof visualcontinuityaswell. Thecomputetrbasechapticinterface however, can
do somethingeal-life cannotdo, which is to supporta continuousmotionthatfollows
thecontinuity of the objectbeingexploredwithout encounteringhysical obstructions;
visual collisions are unptysical and have no effect on the haptic motion. The haptic
navigationmethodthusresohestheapparenton ict betweerthe continuousstructure
of the actual3D knot andthe visual discontinuitiesat occlusionboundariesn the 2D
projection(seeFigure6(b)).

Haptic navigation canbe assistedy force suggestionshat constrainthe allowed mo-
tion, while assistingandguidingthe users ngertip (the probe)towardsthe predicted
position. The following stepsdescribethe haptic seno loop modelfor addingforce
suggestiongseeFigure6(c)):

1. Getcurrenthapticdevice coordinateC, velocity V, andthe instantaneous
updaterateof thedevice R.

2. Computethe predictedhapticdevice coordinate
Cp=C+V L. (}isthetimestep.)

3. ComputeCpOasprojectionof Cp oncurveimagel.

4. Apply adampedspringforce betweerC andeo.
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SelectingViewableand TouchableKnot Images. Differentchoicesof projectioncan
resultin very differentimages;2D knot diagramsare not invariantunderchangeof

projection.Thus,for sometaskswe maywishto varythechoserprojectionto optimize
theview. Oneway is to optimizesomeaspecsuchasthe projectionsizeof thesegment
currentlybeingtouchedby the probe;this hasthe advantageof makingboththeimage
size andthe haptic-sensitie path correspondo the maximaltrue local metric curve

lengtharoundthe pointbeingprobed[23]. Figure7 illustratesthe perceptuaVariations
possiblewith a singletopologicalknot, whereFigure7(a) hasthe fewestinterruptions
aswell asthemaximalprojectedarea.

@) (b) (c)
@ (b)

Fig. 7. Therigid 41 knotcanberepresentedith dif-

ferentprojectiondrom 3D to 2D, someof whichare Fig. 8. Computingthe knot viewpoint qual-
verydif cult to understandf toomary linescrossin ity measurg(l) of a 3D knot projectedto a
theimage. 2D plane.

We approachthe problemby adaptingmethodsusedin knot theory aswell asin mul-
tidimensionaldata visualizationand viewpoint selection.For example, Kamadaand
Kawai [24] considera viewing directionto be goodif it minimizesthe numberof de-
generatéacesunderorthographigrojection Hlavacetal. [25] optimizetheexploration
of asetof objectimagesandVazqueztal. [26,27] useaninformationtheoreticmea-
surefor viewpointentrofy. Startingfrom this backgroundwe synthesizemodelthatis

closelyrelatedto therequirementsf thehapticexplorationtaskfor knotdiagramsOur
optimizationmeasurecomposeaf the projecteccurve lengthandsegmentvisibility in

theknotimagesijs givenby

Be L; L; .
I(Kic)=a log—+V() : (5)

i=0 Lt Lt
HereL; representshe projectedengthof curve sggmenti andL; is thetotal lengthof
the knot curve embeddedn 3D; V(i) is thevisibility testfunctionfor curve segmenti,
whereV (i) = 1if thesaggmentis crossediy anothersegment,andotherwiseV (i) =
+ 1. Figure8 shaws two typical projectedmagesof the 7; knotandtheir optimization
measuresThe measurés maximal,hencebetter for Figure8(b).

Auditory cues. In practice knot structureis encodedy the locationandcharacteiof
the crossingsHowever, if one explored a knottedcurve with a probeconstrainedo
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(@) (b) (©

Fig. 9. (a) With visualfeedbacktheuseris acutelyawareof slidingthroughvisualinterruptionsn
the 2D knot crossing-diagram(b) Without usingvisuals,however, onewould betotally unavare
of encounteringa knot crossing.(c) Soundcuessupplemenbr replacevisual cuesto assistin
building a clearmentalmodelof the mathematicaknot.

the knot, with no visualfeedbackall knotswould be the similar — just a smoothpath
comingbackto itself. We thereforechooseo supplementhe visual displayby adding
a soundtag that distinguishessachover and undercrossingin the 2D knot crossing-
diagram asillustratedin Figure9. Soundtagspotentiallymake knot explorationpossi-
ble without vision.

4 Representationand Display

We next give the detailsof how exactly knotsarerenderedanddisplayed.Our system
hastwo majordisplaymodesAny knotmaybedisplayedn eithera“2D knotcrossing-
diagram”modeor in a“3D smoothtube” mode(seeFigurel(b)(c)).Sincethe“2D knot
crossing-diagrami's commonpracticein textbookson knot theory our interfaceuses
it asthe default representatiotior knots. However, mary usersalsolike the “smooth
look;” with the understandinghatthe apparentlysmoothcurnesandsurfacesrealisti-
cally representhe 3D knot structure.In this section,we describethe methodsusedto
renderinga mathematicaknotin boththe 2D and3D representations.

Rendering 2D Knot Crossing-Diagram. The classicalmeansof describingthe 3D
cunve of aknotis to drav atwo-dimensionaprojectedcurve thatis brokeneachtime it
is occludedby a pieceof thewhole curve thatis nearerto the 3D projectionpoint. At
theseocclusionpoints,the part of the curve nearesthe projectionpoint is continuous
andthe part passingunderneaths interruptedfor a shortintenal to eachside of the
occludingcurve at the crossing(seeFigure 1(b)). Our methodof renderingsucha 2D
knot diagramis to attacha thickenedcurve segmentin backgroundolor behindeach
of the curve sggmentsthat are renderedn foregroundcolor, sothata visual breakis
createdon eachside of anundercrossing.Programl describeour 2D knot crossing-
diagramrenderingmethod.

Rendering 3D SmoothKnot. A curve C(t) canbe “thickened”by ernvelopingit in a
tube.A polygonalmodelfor tubing canbe computedby attachingorientationframes
sampledalongthe curve, andby tracinga 2D pro le (suchasacircle) in the planesof
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Program 1 Procedurdor renderinga 2D knot crossingdiagram

glDisable(GL  _LIGHTING);

For each curve segment
glColor3f(BG.r, BG.g, BG.b);
glLineWidth( d + e);
draw curve segment;
glColor3f(FG.r, FG.g, FG.b);
glLineWidth(  d);
glDepthFunc(GL _LEQUAL);
draw curve segment;
glDepthFunc(GL _LESS);

glEnable(GL _LIGHTING);

framesto build the skeleton.An orientationframeis representeth theformofa3 3
orthonormakotationmatrix [T N1 N3]

Here, T(t) = Cqt)5jjCYt)jj is the normalizedtangentvector determineddirectly by
thecurve geometry(N1(t); N»(t)) area pair of orthonormalectorsspanninghe plane
perpendiculato T (t) at eachpoint of the curve C(t) (seeFigure 10(a)). To generatea
tube,we sweepthe chosersetof framesthrougheachcurve point C(t) to producea set
of connecteghointsX(t) onthetube(seeFigurel10(b)):

X(t;q) = C(t) + cog{q)Nu(t) + sin(q)Na(t)
Theresultingstructureis sampledn t over onefull 2p periodin g to produceatessel-
latedtube.The baseframesat eachpoint of the curve canbe computedoy a variety of
methodssuchasthe Frenet-Serref28] or the Bishop(paralleltransportmethod[29].

@) (b) (c)
Fig. 10. Tubingmodelfor generatinghickenedcurves.(a) The orientationframesalonga curve

segment.(b) The polygonalwire framemodel.(c) Smoothknot tubing renderedwith 3D light
andmaterialproperties.

5 UserApplications and FeedbackResults

Ourimplementationemplgy a SensAbleTechnologyOmniPHANToM force-feedback
haptic device combinedwith a high-performancegraphicscard supportingOpenGL.
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Theuserinterfaceandgraphicsrenderingarebasedn OpenGLandthe hapticssystem
is basedn SensAbles OpenHapticAPI. ThesoftwarerunsonaDell PCdesktopwith

a3.2GHzIntel Pentium4 CPU. The hapticframerateremainsabose 1000Hzfor most
of taskswe have encountereda hapticdevice requiresa refreshrate of about1000Hz
in orderto give a kinestheticsenseof stiff contact).The basictechnicalframework for

haptic curve manipulationand understandinglescribecherehasbeenintegratedinto

severaldistinctuserinterfaceervironmentswe mentiontwo here:

Knot Exploration Interface. A touch-basegedagogicatool wasdevelopedto assist
studentgaking a basicundegraduateopologyclass.The userinterfacewasdesigned
to help studentaunderstandhe correspondencieetweerthe strict 2D approacho rep-
resentingknotsusingcrossingdiagramsandthe correspondingtructuresn 3D space
(seeFigurel1l). A groupof eightsubjectswvasinstructedin the useof the systemand
then explored a variety of 2D knot diagramsand their 3D counterpartsboth before
and after being exposedformally to knot diagramsin the classroomA setof tasks
involving identifying apparentlydifferentbut topologicallyidenticalknotsand untan-
gling unknottedcurveswaspresentedo the subjectsandtheseresultsarereportedin
more detail elsavhere. The subjectswere also asled to give verbal descriptionsand
evaluationsof their experiencesandthe generakesponséo the systemwasthatit was
of signi cant valuein creatinga clearmentalmodelassociatinghe 2D knot diagram
with the 3D versionof theknot. Thefollowing is a summaryof the commonresponses
of the participantavho usedour knot explorationsystem:

— Featureof the applicationparticipantdik ed most:force feedbackduring naviga-
tion onthe knot, the ability to rotateandobsene knotsfrom differentview points,
andaudiofeedbackindicatingover andundercrossingsOne participantindicated
the usefulnes®f the castshadavs of theknotsin discriminatingdepthandheight
in 3D.

— Suggestionandcommentsthreeparticipantdndicatedthey would lik e the ability
to editknotsin additionto exploration.Oneparticipantfoundit dif cult to switch
betweerthe mouseandhapticstylusduring exploration,while anothermserfound
the hapticdevice tiresomeover extendeddurations.

Motor Assistance. A userinterfacewasdevelopedin which the knot datastructures
were supplementedby haptically-traceableurves, letters,and numbersthat could be
choseneasily by, for example,typing in one’s name.This systemis currently being
adaptedfor extensve useat a laboratorythat is devoted to assistingmotorimpaired
childrento develop curve-tracingand lettertracing skills; initial reportsare that this
applicationis quite successfulA snapshobf theapplicationis displayedn Figure12.
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Fig. 11. Userinterfacefor Knot exploration: left, the

2D knot diagrammode,andright, 3D knot structure Fig. 12. Touch-basednterface to help

andexplorationmode. develop repetitive motion skills suchas
trackingcurvesandletters.

6 Conclusionand Future Work

We have discussedh family of hapticmethodsfor intuitively exploring mathematical
knots.Currentcomputerinterfacescansupportmulti-modaldisplaysthatintegratevi-
sual,haptic,andauditoryfeedbaclkandinteraction Exploitingthesecapabilitiegpermits
usto build a particulartype of kinesthetidntuition aboutcontinuouscomplex geomet-
ric curvesandsurfacessuchasmathematicaknots.Startingfrom this basicframework,
we planto proceedo attackfamiliesof signi cant problemsn knottheorysuchasthe
interactve manipulationof knottedcurvesandReidemeistemoves.

Thisresearchvassupportedn partby NationalSciencd~oundatiorgrantsCCR-0204112
andlIS-0430730.

References

1. Livingston,C.: Knot Theory Volume24 of The CarusMathematicaMonographs.Mathe-
maticalAssociationof America,WashingtonJ.S. (1993)

2. SchareinR.G.: Interactve Topological Drawing. PhD thesis,Departmentof Computer
Science;The University of British Columbia(1998)

3. CohenJ., L.Markosian,Zeleznik,R., Hughes J., R.Barzel: An interfacefor sketching3d
cunes. In: SI3D'99: Proceedingsf the 1999symposiunon Interactve 3D graphics New
York, NY, USA, ACM Presg1999)17-21

4. Snibbe S.,AndersonsS.,Verplank,B.: Springsandconstraint§or 3ddrawing. In: Proceed-
ingsof the Third PhantomUsersGroupWorkshop,DedhamMA (1998)

5. Brown, J., Latombe,J.C.,Montgomery K.: Real-timeknot-tying simulation. The Visual
Computer20(2004)165-179

6. Wang,F, Burdet,E., Dhanik,A., Poston,T., Teo,C.L.: Dynamicthreadfor real-timeknot-
tying. In: WHC '05: Proceedingsf the First Joint Eurohaptic€ConferencendSymposium
on Haptic Interfacesfor Virtual Ervironmentand TeleoperatoiSystemsWashingtonDC,
USA, IEEE ComputerSociety(2005)507-508

7. Phillips,J.,Ladd,A.M., Kavraki, L.E.: Simulatedknottying. In: ICRA, IEEE (2002)841—
846

8. HansonA.J.,Zhang,H.: Multimodal explorationof the fourth dimension.In: Proceedings
of IEEE Visualization(2005)263-270



12

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

24.

25.

26.

27.

28.

29.

Hui Zhang,SidharthThakur,andAndrew J.Hanson

. Baxter W.V., Scheib)V,, Lin, M.C.: dAb: Interactve hapticpaintingwith 3D virtual brushes.

In Fiume,E., ed.: SIGGRAPH2001, ComputerGraphicsProceedingsACM SIGGRAPH,
ACM (2001)461-468

OkamuraA.M.: Haptic Explorationof Unknowvn Objects.PhDthesis StanfordUniversity,
Departmenbf MechanicaEngineeringCalifornia, USA (2000)

OkamuraA.M., Cutkosky, M.R.: Featuredetectionfor hapticexplorationwith robotic n-
gers.Thelnternationallournalof RoboticsResearct20 (2001)925-938

L.Kim, SukhatmeG., M.Desbrun: A haptic-renderingechniquebasedon hybrid surface
representationlEEE Comput.Graph.Appl. 24 (2004)66—-75

Yu, W., Ramloll, R., Brewster S.: Haptic graphsfor blind computerusers. In: First Inter-
nationalWorkshopon Haptic Human-Computeinteraction,British HCI Group, Springer
(2000)102-107

Zahari®, M.A., MacKenzie,C.L.: Auditory, graphicalandhapticcontactcuesfor a reach,
graspandplacetaskin anaugmente@nvironment.In: Proc.of 5thintl. ConfonMultimodal
Interfaces(ICMI), New York, ACM, ACM Presg2003)273-276

KennedyJ.M.: Opticsand haptics:The picture. In: The conferenceon Multimodality of
HumanCommunicationTheory ProblemsandApplications.,University of Toronto(2002)
Forsyth, B.: Intelligent supportof interactve manual control: Design, implementation
and evaluationof look-aheadhaptic guidance. Masters thesis, The University of British
Columbia(2004)

Park, J.G.,Niemegyer, G.: Hapticrenderingwith predictve representatioof local geometry
In: HAPTICS.(2004)331-338

C.W.Reynolds: Steeringbehaiors for autonomougharacters.In: The proceeding®f the
1999GameDevelopersConference(1999)763-782

SensAble)nc.: 3D TouchSDK OpenHapticgoolkit Programmes Guide.(2004)
Larsson,T., Akenine-Mdller, T.: Collision detectionfor continuouslydeformingbodies.In:
Eurographic2001,ShortPresentationdvlanchesterEurographicfssociation(2001)325—
333

GottschalkS.,Lin, M.C., ManochaD.: OBBTree:A hierarchicalstructurefor rapidinter
ferencedetection.ComputerGraphics30(1996)171-180

Haeberli,P.: Dynadrav. Gra ca OBSCURA(1989)

Hanson,A.J., Ma, H.: Spacewalking. In: Proceeding®f Visualization'95, IEEE, IEEE
ComputerSocietyPresg1995)126-133

Kamada., Kawali, S.: A simplemethodfor computinggenerapositionin displayingthree-
dimensionabbjects.ComputeVision, GraphicsandimageProcessingt1 (1988)43-56
Hlavac, V., Leonardis,A., Werner T.: Automatic selectionof referenceviews for image-
basedsceneepresentationdn: ECCV (1). (1996)526—-535

Vazquez PP, Feixas,M., Sbert,M., Heidrich, W.: Viewpoint selectionusing viewpoint
entropy. In: VMV '01: Proceeding®f the Vision Modeling and VisualizationConference
2001,Aka GmbH(2001)273-280

VazquezP.P, Feixas M., Sbert,M., Llobet,A.: Viewpointentrogy: anew tool for obtaining
good views of molecules. In: VISSYM '02: Proceeding®f the symposiumon Data Vi-
sualisation2002, Aire-la-Ville, Switzerland Switzerland EurographicsAssociation(2002)
183-188

Gray, A.: Modern Differential Geometryof Curvesand Surfaces. CRC Press/nc., Boca
Raton,FL (1993)

Bishop,R.L.: Thereis morethanonewayto frameacure. AmericanMathematicaMonthly
82(1975)246-251



