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Abstract. We presenta novel multi-modal haptic interfacefor sketchingand
exploring the structureandpropertiesof mathematicalknots.Our interfacede-
rives from the familiar pencil-and-paperprocessof drawing 2D knot diagrams
to facilitatethecreationandexplorationof mathematicalknots;however, with a
touch-basedinterface,userscanalsoleveragetheir physical intuition by seeing,
touching,andfeelingtheknots.Thepurehapticcomponentprovidesanintuitive
interactionmodelfor exploringknots,focusingonresolvingtheapparentcon�ict
betweenthecontinuousstructureof theactualknotandthevisualdiscontinuities
at occlusionboundaries.Theauditorycomponentaddsredundantcuesthatem-
phasizethe traditional knot crossings,wherethe hapticproxy crossesa visual
disruptionin thegraphicsimage.Ourparadigmenhancesandextendstraditional
2D sketchingmethodsby exploiting both touchandsoundto assistin building
clearermentalmodelsof geometrysuchasknotstructures.

1 Intr oduction

2D knot diagramsareoftenusedto helpexplain theconceptsin knot theory. They are
commonplacein textbooksandprovide a form of physical intuition abouttheabstract
principles(see,e.g.,[1]). Studentsoftendraw pencil-and-paperdiagramsto represent,
study, andvisualize3D knotstructures.

Knots areusuallydrawn on �at 2D mediasuchasa blackboardor a sheetof paper.
While suchan imagedepictsthe generalshapeof the curve, all 3D spatialinforma-
tion is implicit, andmustbe encodedat the crossings(whereonestrandcrossesover
or underanothersection)to resolve possibleambiguities(seeFigure1(a)).A classic
“knot crossing-diagram”(seeFigure 1(b)) tries to alleviate this problemby cutting
away piecesof thecurve that lie underneathotherpiecesin thechosenprojection.The
drawbackof this approachis thatonemayhave to useaneraserwhile drawing a knot,
althoughexpertscandirectly draw imageslike Figure1(b) in a singlestep.This repre-
sentationmakestheknot's pathappearvisually discontinuous,while thetruestructure
of theknot is of coursecontinuous(seee.g.,Figure1(c)). Our taskin this paperis to
show how onecanfully exploit computergraphicsandcomputerbasedhapticsto make
a smoothtransitionfrom the 2D visual representationto an environmentrich in 3D
informationandfeedback.
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(a) (b) (c)

Fig.1. Commonwaysof drawing knots.(a) The2D knot projectionhasno 3D cues.(b) The2-
1/2D knotdiagramprovidessuf�cient 3D depthinformationto characterizethe3D geometry. (c)
Renderingwith light andmaterialaddsapparent3D geometry, depth,andshapeto the2D image.

2 Overview

Therehave beena numberof interestingattemptsto useinteractive computersystems
to help describe3D curvesandknots.For example,sketchinga knot with Scharein's
Knotplot is donein a planeusinga mouse-basedcontrol system[2], while Cohenet
al. create3D curvesby correlatingthecurve with its sketchedshadow to computethe
curve's3D shape[3]. Snibbleetal. mergehapticinterfaceswith thestudyof geometric
characteristicsrelevantto knots(see,e.g.,[4]).

Other representative efforts includea variety of ways to edit andsimulateknotsand
ropes(see,e.g,[5–7]). Recentwork alsosuggestshow hapticexplorationof projected
4D objectscanexploit topologicalcontinuityby ignoringillusory 3D surfaceintersec-
tionsandfocusingon theintrinsic4D geometry[8].

Thetechniquewe presentin this paperis anextensionof theideasusedin [2–4,8]. By
combininggraphicsandcollision-sensinghaptics,weenhancethe2D drawing protocol
to successfullyleverage2D pen-and-paperor blackboardskills.

In our approach,userssketchknotsin a 2D space,muchaswe might sketcha 2D knot
diagramon a pieceof paper, while guidedby appropriateconstraintforces.Real-time
force feedbackis usedto prevent the hapticallysketchedcurve from passingthrough
curve segmentsin the2D drawing thatactuallycollide in thefull 3D space;collisions
are handledby moving the haptic probeto make over/under-crossingdecisions(the
“2 1

2D” method).

Our approachalsoprovidesanintuitive touch-basedphysicalnavigationof thecontin-
uousstructureof the actual3D knot irrespective of the visual discontinuity. In some
sense,the virtual reality of the haptic interfacesurpassesreality, sincethereare no
physicalobstructionsto getcaughton while tracinga shapein virtual space.We auto-
maticallyoverridetheapparentvisualcollisions,con�icts in thesketchedimageof the
knot diagram,andkeepthe hapticprobeanchoredto the 3D continuity that underlies
thewholestructure,regardlessof whetherit is above or below anothercon�icting part
relative to theprojectionpoint.
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Fig.2. Screenimage,haptic probe,and the user's correspondingmentalmodel during haptic
navigationon the2D representationof a3D mathematicalknot.

Figure 2 shows the mentalmodel of a usernavigating on a Knot 821 diagram.Our
paradigmaimsat a smoothtransitionfrom the2D visual representationto anenviron-
mentsupporting3D depthfeedback.

Overall featuresof the interface:

– Intelligentguidingforces;pastmotion is usedto hapticallyhint at a smoothedfu-
turedirectionto avoid gettingstuckin sectionshaving highderivatives.

– Inputof over/undercrossinginteractionusing“2 1
2D” hapticfeedback.

– Exploitationof continuoushapticexplorationto supplement(discontinuous)visual
representationandbuild morecompletementalmodels.

– Exploit auditorycuesto provide image-independentcrossinginformation.

3 Implementation Methods

In this section,we describethe familiesof methodsusedto implementthe interaction
proceduresanduserinterfaces.Ourfundamentaltechniquesarebasedonawidevariety
of prior art, includinghapticinterfacesfocusingon virtual realism(see,e.g.,[9]), the
explorationof unknown objectsby robotic�ngers (see,e.g.,[10,11]),andothervariants
onhapticexplorationtechniques[12,13]. Relevantmethodsof forcefeedbackanduser
assistanceinclude,e.g.,thework of [14–18].

We have found many requirementsof our interfacetask to be unique,and thus we
have developeda numberof hybrid approaches.For example,whensketching2D knot
diagrams,the hapticprobeshouldbe constrainedto the 2D projectionplane,andyet
muststill detectandrespondto potentialcollisionsin the3D space.Conversely, when
navigating on 2D knot diagrams,apparent collisionsin the 2D knot diagramthat are
physically separatedin 3D mustbeignored.

Thebasicmodelingmethods,components,andfeaturescharacterizingour interfaceare
summarizedin thesectionsbelow.
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3.1 Haptic Knot Creation

ForceModeling for 2D Drawing. Our basicforcemodelsimulatesa “sticky” stylus
in the2D spaceusingadampedspringcon�gurationmodel;theprobecanmove freely
in the2D surfaceto createnew 2D projectedimagesof 3D curves.

Thedampedspringforcemodelcalculatesthepoint C0 astheprojectionof thehaptic
device proxy C on the2D plane[19]. ThedifferenceN = C0� C is usedto computea
generalizedHooke's law force

Fm = HjNj1+ b N̂ : (1)

HereH is a constant,andb = 0 for anideal(linear)spring.This mechanicalrestoring
forceis appliedwhenever thestylusis displacedfrom thesurface,but we allow force-
free motion along the direction tangentto the surfaceto facilitateexplorationof the
surfacestructure.Theusermustapplysubstantialeffort to overcomethis force,sothe
stylusfeelsstuckto thesurface.Thedampingforceis takento be

Fd = � KdV ; (2)

whereV is theradialvelocityusedto smooththeforcefeedback.

Collision Avoidanceand Repulsive Forces. Whensketching2D projectedimagesof
3D curves,collisiondetectionis appliedto detectwhethertheproxyapparentlycollides
with otherpartsof the2D projectedimage,anda repulsive forceis renderedto prevent
the hapticproxy from passingthroughsegmentsin the projectedimagethat actually
collide in the full 3D space;collisionsarehandledby physically lifting (or pushing)
thehapticprobe(in thedirectionperpendicularto the2D plane)to createover/under-
crossings.

Collision handlingmethods(see,e.g., [20] and [21], to mentiononly a few) detect
a collision betweenvirtual objectswhenthey have just begun to penetrateeachother.
However, in ahapticinterface,thecolliding pairpositionshavephysicalmanifestations,
so one cannotsimply shift both positionsto undo the collision. Thereforewe usea
dynamicrepulsive forceto avoid collisions.Theforcemodelthatwe useto physically
detectanimpendingcollisionandpreparefor anover/under-crossingchoiceis

Fr = � HS� 1� b V̂ : (3)

Here S representsthe distancebetweenthe probeitself and the impendingcollision
with theprojectedimage,andV is theradialvelocity. This forceslows down thehap-
tic proxy's velocity asit approachesanexisting 2D imagesegment,thusallowing the
systemto detectandmanagecollisionsin aphysically realisticmanner.

Whena collision occursbetweena pieceof aneditedobjectandanexisting objectin
2D space,usersmustmake explicit over andunderchoicesby lifting or pushingthe
hapticprobe.Wethushavea“2 1

2D” collisionavoidancethateffectively leveragesskills
developedfrom work with pencilandpaper, andexploits intuitive forcefeedbackto aid
thedrawing process.This is closelyrelatedto thenon-hapticmethodsfor sketchingand
manipulating3D curvesadvocatedby Scharein[2] andby Cohenetal. [3].
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Smoothingthe Sketching Process.The21
2D interfacein principle is suf�cient to al-

low theuserto sketchaknotdiagramonthegiven2D surface.However, in practice,this
free-hand2D constraineddrawing introducessigni�cant jitter (humanandmechanical).
To improve on this,we follow Haeberli's Dynadraw method[22], connectinga virtual
massto thecursorpositionvia a dampedspring.As theusermovesthecursor, the lit-
eralpathis modi�ed to createsmooth,calligraphicstrokes(seeFigure3(a)(b)).From
Dynasculpt(Snibbe[4]), ahapticvariantof Dynadraw, weadoptthemethodof attach-
ing a virtual mass-springsystemto the hapticprobepositionto smooththe free-hand
results.

Fig.3. (a)A typical jittery resultof free-handdrawing. (b) Smootheddrawing resultingfrom the
methodthat connectsa virtual massto the cursorpositionvia a dampedspring.(c) The force
modelfor 2D sketchingadaptedfrom Dynasculpt'sdynamicmodel.

The implementationis calculatedusingHooke's law with a dampingterm, adapting
Equations(1) and(2) to give

f = � H(Pm � Pf ) � KdV ; (4)

whereH is the springconstant,Kd is the dampingconstant,Pm is the positionof the
virtual mass,and Pf is the real-world �nger-tip position as measuredby the haptic
system.Thepositionof thevirtual massis updatedusingNewton'slaws,m�a= f, where
mis thechosenmass,andwesolve thesecondorderdifferentialequationusingEuler's
method.This forcemodelis illustratedin Figure3.

Examples. In Figure4, we illustratetypical stepsfor the hapticcreationof a trefoil
knot.Sampledistancesareinteractively adapted,e.g.,via boundingspherechecking,to
makethe�nal curvesegmentscloseto thesamesizeandwell-behaved(see[5]). Figure
5 shows examplesof morecomplex results.

3.2 Haptic Navigation

Theoverall experiencecanbeimprovedby supportingassistednavigationthatfollows
the local continuity of the object being explored. Tracing a real physical knot with
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(a) (b) (c)

Fig.4. A sequenceof frames showing haptic
knot creationvia a seriesof under, over, un-
der. . . crossings.

(a) (b) (c)

Fig.5. Examplessketchedusingthe21
2D hap-

tic interface. (a) Knot 818 (b) Knot 933 (c)
Knot 96

(a) (b) (c)

Fig.6. (a) It is nearly impossibleto tracea real knottedropecontinuouslyeven whenyou are
holdingthephysicalobjectin yourhands(www.bathsheba.com/sculpt/clef/ ). (b) The
freemotionof acomputer-basedhapticprobesupportsacontinuousmotionthatfollowsthelocal
continuityof theobjectbeingexplored.(c) Theinteractive responseis improvedwhendamped-
springforcessteertheprobein thedesireddirection.

one's �nger resultsin collisionsof the ropewith the �ngertip (see,e.g.,Figure6(a)),
forbiddingsmoothnavigation;theprojectedimageof aknotcancontainmassive inter-
ruptionsof visualcontinuityaswell. Thecomputer-basedhapticinterface,however, can
do somethingreal-life cannotdo,which is to supporta continuousmotionthatfollows
thecontinuityof theobjectbeingexploredwithoutencounteringphysicalobstructions;
visual collisionsareunphysical andhave no effect on the hapticmotion. The haptic
navigationmethodthusresolvestheapparentcon�ict betweenthecontinuousstructure
of theactual3D knot andthevisualdiscontinuitiesat occlusionboundariesin the2D
projection(seeFigure6(b)).

Hapticnavigationcanbeassistedby forcesuggestionsthatconstraintheallowedmo-
tion, while assistingandguiding theuser's �ngertip (theprobe)towardsthepredicted
position.The following stepsdescribethe haptic servo loop model for addingforce
suggestions(seeFigure6(c)):

1. Get currenthapticdevice coordinateC, velocity V, andthe instantaneous
updaterateof thedeviceR.

2. Computethepredictedhapticdevicecoordinate
Cp = C+ V � 1

R. ( 1
R is thetimestep.)

3. ComputeCp
0asprojectionof Cp oncurve imageI .

4. Apply adampedspringforcebetweenC andCp
0.
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SelectingViewableand TouchableKnot Images. Differentchoicesof projectioncan
result in very different images;2D knot diagramsarenot invariantunderchangesof
projection.Thus,for sometasks,wemaywishto varythechosenprojectionto optimize
theview. Onewayis to optimizesomeaspectsuchastheprojectionsizeof thesegment
currentlybeingtouchedby theprobe;this hastheadvantageof makingboththeimage
sizeand the haptic-sensitive pathcorrespondto the maximal true local metric curve
lengtharoundthepointbeingprobed[23]. Figure7 illustratestheperceptualvariations
possiblewith a singletopologicalknot, whereFigure7(a)hasthefewestinterruptions
aswell asthemaximalprojectedarea.

(a) (b) (c)

Fig.7.Therigid 41 knotcanberepresentedwith dif-
ferentprojectionsfrom 3D to 2D, someof whichare
verydif�cult to understandif toomany linescrossin
theimage.

(a) (b)

Fig.8. Computingthe knot viewpoint qual-
ity measure(I ) of a 3D knot projectedto a
2D plane.

We approachtheproblemby adaptingmethodsusedin knot theory, aswell asin mul-
tidimensionaldatavisualizationand viewpoint selection.For example,Kamadaand
Kawai [24] considera viewing directionto begoodif it minimizesthenumberof de-
generatefacesunderorthographicprojection,Hlavácetal. [25] optimizetheexploration
of asetof objectimages,andVázquezetal. [26,27] useaninformationtheoreticmea-
surefor viewpointentropy. Startingfrom thisbackground,wesynthesizeamodelthatis
closelyrelatedto therequirementsof thehapticexplorationtaskfor knotdiagrams.Our
optimizationmeasure,composedof theprojectedcurve lengthandsegmentvisibility in
theknot images,is givenby

I(K;c) =
Ns

å
i= 0

�
Li

Lt
log

Li

Lt
+ V(i)

�
: (5)

HereLi representstheprojectedlengthof curve segmenti andLt is thetotal lengthof
theknot curve embeddedin 3D; V(i) is thevisibility testfunctionfor curve segmenti,
whereV(i) = � 1 if thesegmentis crossedby anothersegment,andotherwiseV(i) =
+ 1. Figure8 shows two typical projectedimagesof the71 knot andtheir optimization
measures.Themeasureis maximal,hencebetter, for Figure8(b).

Auditory cues. In practice,knot structureis encodedby thelocationandcharacterof
the crossings.However, if oneexploreda knottedcurve with a probeconstrainedto
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(a) (b) (c)

Fig.9. (a)With visualfeedback,theuseris acutelyawareof slidingthroughvisualinterruptionsin
the2D knotcrossing-diagram.(b) Withoutusingvisuals,however, onewouldbetotally unaware
of encounteringa knot crossing.(c) Soundcuessupplementor replacevisual cuesto assistin
building aclearmentalmodelof themathematicalknot.

theknot,with no visual feedback,all knotswould bethesimilar — just a smoothpath
comingbackto itself. We thereforechooseto supplementthevisualdisplayby adding
a soundtag that distinguisheseachover andundercrossingin the 2D knot crossing-
diagram,asillustratedin Figure9. Soundtagspotentiallymakeknotexplorationpossi-
blewithoutvision.

4 Representationand Display

We next give thedetailsof how exactly knotsarerenderedanddisplayed.Our system
hastwo majordisplaymodes.Any knotmaybedisplayedin eithera“2D knotcrossing-
diagram”modeor in a“3D smoothtube”mode(seeFigure1(b)(c)).Sincethe“2D knot
crossing-diagram”is commonpracticein textbookson knot theory, our interfaceuses
it asthe default representationfor knots.However, many usersalsolike the “smooth
look,” with theunderstandingthat the apparentlysmoothcurvesandsurfacesrealisti-
cally representthe3D knot structure.In this section,we describethemethodsusedto
renderingamathematicalknot in boththe2D and3D representations.

Rendering 2D Knot Crossing-Diagram. The classicalmeansof describingthe 3D
curveof aknot is to draw atwo-dimensionalprojectedcurve thatis brokeneachtime it
is occludedby a pieceof thewholecurve that is nearerto the3D projectionpoint. At
theseocclusionpoints,thepartof thecurve nearesttheprojectionpoint is continuous
andthe part passingunderneathis interruptedfor a short interval to eachsideof the
occludingcurve at thecrossing(seeFigure1(b)). Our methodof renderingsucha 2D
knot diagramis to attacha thickenedcurve segmentin backgroundcolor behindeach
of the curve segmentsthat arerenderedin foregroundcolor, so that a visual break is
createdon eachsideof anunder-crossing.Program1 describesour 2D knot crossing-
diagramrenderingmethod.

Rendering 3D SmoothKnot. A curve C(t) canbe“thickened”by envelopingit in a
tube.A polygonalmodelfor tubing canbe computedby attachingorientationframes
sampledalongthecurve,andby tracinga 2D pro�le (suchasa circle) in theplanesof
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Program 1 Procedurefor renderinga2D knotcrossingdiagram
glDisable(GL LIGHTING);
For each curve segment

glColor3f(BG.r, BG.g, BG.b);
glLineWidth( d + e);
draw curve segment;
glColor3f(FG.r, FG.g, FG.b);
glLineWidth( d);
glDepthFunc(GL LEQUAL);
draw curve segment;
glDepthFunc(GL LESS);

glEnable(GL LIGHTING);

framesto build theskeleton.An orientationframeis representedin theform of a 3� 3
orthonormalrotationmatrix [T N1 N2].

Here,T(t) = C0(t)=jjC0(t)jj is the normalizedtangentvectordetermineddirectly by
thecurvegeometry. (N1(t);N2(t)) areapairof orthonormalvectorsspanningtheplane
perpendicularto T̂(t) at eachpoint of thecurve C(t) (seeFigure10(a)).To generatea
tube,wesweepthechosensetof framesthrougheachcurvepointC(t) to produceaset
of connectedpointsX(t) on thetube(seeFigure10(b)):

x(t;q) = C(t) + cos(q)N̂1(t) + sin(q)N̂2(t)

Theresultingstructureis sampledin t over onefull 2p periodin q to producea tessel-
latedtube.Thebaseframesat eachpoint of thecurve canbecomputedby a varietyof
methodssuchastheFrenet-Serret[28] or theBishop(paralleltransport)method[29].

(a) (b) (c)

Fig.10.Tubingmodelfor generatingthickenedcurves.(a) Theorientationframesalonga curve
segment.(b) The polygonalwire framemodel.(c) Smoothknot tubing renderedwith 3D light
andmaterialproperties.

5 UserApplications and FeedbackResults

Ourimplementationsemploy aSensAbleTechnologyOmniPHANToM force-feedback
hapticdevice combinedwith a high-performancegraphicscardsupportingOpenGL.
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TheuserinterfaceandgraphicsrenderingarebasedonOpenGLandthehapticssystem
is basedonSensAble'sOpenHapticsAPI. ThesoftwarerunsonaDell PCdesktopwith
a 3.2GHzIntel Pentium4 CPU.Thehapticframerateremainsabove 1000Hzfor most
of taskswe have encountered(a hapticdevice requiresa refreshrateof about1000Hz
in orderto give a kinestheticsenseof stiff contact).Thebasictechnicalframework for
hapticcurve manipulationandunderstandingdescribedherehasbeenintegratedinto
severaldistinctuserinterfaceenvironments;wementiontwo here:

Knot Exploration Interface. A touch-basedpedagogicaltool wasdevelopedto assist
studentstakinga basicundergraduatetopologyclass.Theuserinterfacewasdesigned
to helpstudentsunderstandthecorrespondencebetweenthestrict 2D approachto rep-
resentingknotsusingcrossingdiagramsandthecorrespondingstructuresin 3D space
(seeFigure11). A groupof eightsubjectswasinstructedin theuseof thesystemand
then explored a variety of 2D knot diagramsand their 3D counterparts,both before
and after being exposedformally to knot diagramsin the classroom.A set of tasks
involving identifying apparentlydifferentbut topologicallyidenticalknotsanduntan-
gling unknottedcurveswaspresentedto thesubjects,andtheseresultsarereportedin
more detail elsewhere.The subjectswere also asked to give verbal descriptionsand
evaluationsof their experiences,andthegeneralresponseto thesystemwasthatit was
of signi�cant valuein creatinga clearmentalmodelassociatingthe 2D knot diagram
with the3D versionof theknot.Thefollowing is a summaryof thecommonresponses
of theparticipantswhousedourknotexplorationsystem:

– Featuresof theapplicationparticipantslikedmost:force feedbackduringnaviga-
tion on theknot, theability to rotateandobserve knotsfrom differentview points,
andaudiofeedbackindicatingover andundercrossings.Oneparticipantindicated
theusefulnessof thecastshadows of theknotsin discriminatingdepthandheight
in 3D.

– Suggestionsandcomments:threeparticipantsindicatedthey would like theability
to edit knotsin additionto exploration.Oneparticipantfoundit dif�cult to switch
betweenthemouseandhapticstylusduringexploration,while anotheruserfound
thehapticdevice tiresomeover extendeddurations.

Motor Assistance. A userinterfacewasdevelopedin which the knot datastructures
weresupplementedby haptically-traceablecurves,letters,andnumbersthat could be
choseneasilyby, for example,typing in one's name.This systemis currentlybeing
adaptedfor extensive useat a laboratorythat is devoted to assistingmotor-impaired
children to develop curve-tracingand letter-tracingskills; initial reportsare that this
applicationis quitesuccessful.A snapshotof theapplicationis displayedin Figure12.
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Fig.11. User interfacefor Knot exploration: left, the
2D knot diagrammode,andright, 3D knot structure
andexplorationmode.

Fig.12. Touch-basedinterface to help
develop repetitive motion skills suchas
trackingcurvesandletters.

6 Conclusionand Futur eWork

We have discusseda family of hapticmethodsfor intuitively exploring mathematical
knots.Currentcomputerinterfacescansupportmulti-modaldisplaysthat integratevi-
sual,haptic,andauditoryfeedbackandinteraction.Exploitingthesecapabilitiespermits
usto build a particulartypeof kinestheticintuition aboutcontinuouscomplex geomet-
ric curvesandsurfacessuchasmathematicalknots.Startingfrom thisbasicframework,
weplanto proceedto attackfamiliesof signi�cant problemsin knot theorysuchasthe
interactive manipulationof knottedcurvesandReidemeistermoves.

Thisresearchwassupportedin partbyNationalScienceFoundationgrantsCCR-0204112
andIIS-0430730.
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