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ABSTRACT
We present elements of quantum circuits translations from the stan-
dard network (or circuit) model to the one-way one. We present
a general translation scheme, give an account of currently existing
tools to apply the scheme, and propose an extension of those tools
into a complete translation calculus. We analyze the set of difficul-
ties incurred from such work, and show an engendered opening to
new sets of discussions and ideas. Among others, this paper extends
the findings to the notions of graphical concatenation, graph state
reduction (GSR) and graph state extension (GSE) passes. Further,
it proposes an algorithm for running the (extended) measurement
calculus with acceptable efficiency.

1. INTRODUCTION
As interests and need for experiments in one-way quantum com-

putation rise, the need for a systematic way to translate already ex-
isting circuits, especially those that derive from the standard model,
into circuits obeying the one-way model, rises equivalently. Some
work has already been done by Schlingemann [10] that systemati-
cally translates circuits from a one-way to a circuit model, but that
does not address the question of optimization or efficiency of the
translation. Other works implicitly provide methods of circuit op-
timizations in a particular model through an account of possible
circuit transformations and equivalence classes [9, 16]. However,
to the best of our knowledge, there does not exist a straightforward
and systematic way to transform circuits from one particular model
to another, and surely not the most efficiently or in a way that would
produce the best translated circuit possible. This poses some cum-
bersome limits on the possibilities of implementing and testing sim-
ulations in and across given models.
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In this paper, we address the problem of translating a circuit from
a standard network to a one-way model. We give an account of
elements that such a task would normally involve, reviewing current
works and extending them to more effective components such as a
graphical concatenation for circuits in the one-way model. Further,
we approach the question of translations’ efficiency and propose an
extension of the measurement calculus [8] to include optimization
passes.

In the following, we assume a basic familiarity with notions of
quantum mechanics and computation, fundamental differences be-
tween the circuit and the one-way models, as well as with the rela-
tion of one-way realizations to graphs. In addition, for simplicity,
we will refer to the Pauli matrices σx, σy and σz as X, Y and Z, re-
spectively. We will also precede any controlled operation with the
letter “C”. The longer version of this paper, will elaborate more on
concepts introduced or used here.

A general translation scheme
In a first time, the translation can follow the structure of the cir-
cuit, decomposing it into several levels of subdivisions (in a tree-
like recursive fashion) until we reach the smallest ones. The cho-
sen one-way realizations for those smallest subdivisions will form
a set that we refer to as universal sets. Then, at each level, associ-
ated universal sets will need to be combined accordingly based on
a choice from various combination methods that we call concate-
nations. This will produce a first realization that will need to be
improved based on some particular needs that we refer to as real-
ization needs. We call this step optimization.

Alternatively, the translation can be done using the phase map
decomposition, which bypasses completely any reference to the
circuit-model representation. Instead, it analyses the possible in-
puts and outputs of the circuit, and generates alternative realizations
for the universal set.

All combinations of these alternatives describe the possible trans-
lation paths of the circuit, which can in turn be classified in terms
of the realization needs that they would meet best. Indeed, this sug-
gests choosing the right set of unitaries and concatenation methods
(plus optimizations) to start with as a detrimental factor of trans-
lation. In any events, experiments will depend heavily on the effi-
ciency and flexibility of the associated concatenation method.

Related work
Raussendorf et al. have given a detailed account of one-way (or
measurement-based) quantum computation on cluster states that
provides a first universal set for clusters as well as a concatenation
method through by-product operators [5]. Alternatively, Danos et
al. have defined a more robust and parsimonious universal set [7],



as well as a more standardized method of concatenation called the
measurement calculus [8]. Additionally, they have also defined the
phase-map decomposition [6]. Several others, such as Hein et al.
[16] and Schlingemann [10], have studied graph state properties
and their classifications into some equivalence classes that could be
helpful in the process of graph state optimization.

We review those concatenation methods, analysing their respec-
tive limitations, and derive an alternative scheme based on observ-
ing relationships between the graphical representations of to-be-
composed one-way realizations: a graphical concatenation. In the
process, we extend the measurement calculus to include more stan-
dardization passes as well as optimization passes derived from re-
cent studies. We then present an example of practical interest with
the translation of Cuccaro et al.’s quantum ripple carry addition cir-
cuit [1] and analyze the effects of the translation on the optimiza-
tions performed in the circuit model. As a result, it will be possible
to implement a complete translation calculus and the process will
give rise to a new thinking process and range of interesting discus-
sions.

2. BUILDING UP A TRANSLATION PATH

2.1 Example: Building the Identity operation
Let’s start with the composition of two Hadamard (H) operations

into the Identity (I). A single-wire one-way realization of H en-
tangles a logical input qubit with a logical output one, and then
measures the input in X. With respect to the randomness of mea-
surement results, this realizes the unitary X s1

2 H[1] and the associated
command sequence (from its pattern definition 1) is X s1

2 Mx
1E12. The

composition will have the output of the first application become the
input of the second. Thus, the final realization of I will constitute
of three qubits 1, 2, and 3, where qubit 2 is entangled with the re-
maining two and qubits 1 and 2 are measured in X.

Under the by-product approach [5]. The composition so
described is justified by the fact that realizations meet the require-
ment of having their logical inputs measured in X. It can then be
verified by composing the realized unitaries or by analysing the re-
sulting state’s characteristic eigenvalue equations; either way gen-
erating the associated by-product operators. So, the final unitary
it realizes will be X s2

3 H[2] ·X
s1
2 H[1], and then X s2

3 Zs1
2 ·H[2] ·H[1] =

X s2
3 Zs1

2 · I[1] after propagation of the by-product operators accross
the composing unitaries.

The propagation is rather abstract, as it deals with unitaries rather
than automated entities, and does not guarantee the conservation of
the parameters associated with unitaries that are not in the Clifford
group 2 (although it does conserve the individual sets of measure-
ments from each sub-circuit) — so the parameters will have to be
redefined accordingly. Further, the task of modifying a measure-
ment pattern for improvement, while maintaining the meaning of
the realization and updating the associated by-product operator ac-
cordingly, is not trivial. Among others, one will have to recon-
sider the new input state’s correlation operators, regenerating and
1The pattern is defined according to this tuple:
(Vertices, Logical Inputs, Logical Out puts, Command Sequence).
2For example, a general rotation Urot will undergo modifications
according to the following relations:{

Urot(α,β ,ζ )X = X Urot(α,−β ,ζ )
Urot(α,β ,ζ )Z = ZUrot(−α,β ,−ζ )

.

1. Ei j X s
i −→ X s

i Zs
j Ei j

2. Ei j Zs
i −→ Zs

i Ei j

3. Ei j A~k −→ A~k Ei j, with A 6= E

4. .t
[
Mα

i
]s X r

i −→ .t
[
Mα

i
]s+r

5. .t
[
Mα

i
]s Zr

i −→ .t+r [Mα
i
]s

6. A~k X s
i −→ X s

i A~k, with A 6= X and A 6= Z

7. A~k Zs
i −→ Zs

i A~k, with A 6= X and A 6= Z

8. .t
[
Mα

i
]s −→ St

i
[
Mα

i
]s

9. X s
j St

i −→ St
i X s[t+si/si]

j

10. Zs
j St

i −→ St
i Zs[t+si/si]

j

11. .t
[
Mα

j

]s
Sr

i −→ Sr
i .t[r+si/si]

[
Mα

j

]s[r+si/si]

12. ⊥ S −→ ⊥

Figure 1: Standardization passes.

re-evaluating its characteristic eigenvalue equations. This is with-
out mentioning the fact that it is practically impossible to apply this
scheme to arbitrary realizations for which the realized unitary and
by-product operators have yet to be determined.

The phase-map decomposition handles the latest limitation and
allows for trial-and-error experimentations that will uncover the re-
alized unitary and associated by-product operator. All other limita-
tions are addressed by the measurement calculus approach.

Under the measurement calculus approach [8]. Logical
inputs can be measured in the X-Y plane of the Bloch sphere. Fur-
ther, the approach is more generalized and systematic, propagating
by-product operators — now Pauli correction commands — over
measurement commands, rather than unitaries. Thus, the earlier
composition is now performed through the more automated con-
catenation and standardization (C&S) of patterns.

Using the symmetric transformations provided by the work of
Danos et al. [8] and listed in Figure 1, we can standardize the com-
position X s1

3 Mx
2E23 ·X s1

2 Mx
1E12 by applying the sequence of passes

1, 3, 4, and 7 onto it. This will result in the following pattern for I:

I (1) = ({1,2,3}, {1}, {3}, X s2
3 Zs1

3 Mx
2Mx

1 E23E12 ) .

In addition, we can even derive a more general realization of I
by composing arbitrary J unitaries3, rather than H ones. Thus, the
final pattern will be I (1) = Jβ (2) ·Jα (1) = ({1,2,3}, {1}, {3}, X s2

3 M−β

2 E23 ·
X s1

2 M−α

1 E12 ), and then

I (1) = ({1,2,3}, {1}, {3}, X s2
3 Zs1

3

[
M−β

2

]s1
M−α

1 E23E12 )

after running the same sequence of passes as before.
The transformations used here ensure the conservation of the

meaning of realizations, while automatically updating the result-
ing by-product operators accordingly. Hence, there no longer is a
3

Jα (1) = ({1,2}, {1}, {2}, X s1
2 M−α

1 E12 ) .



Algorithm 1 A simple C&S Algorithm.
1. Propagate E2 backwards, across C1 −→ E = E2.E1

2. Propagate M2 backwards, across C1 −→ M = M2.M1 and
C = C2.C1

3. For each M

(a) Introduce Shift

(b) Propagate the Shift forward, across M and C, dropping
it at the end of the command sequence.

Ex, Mx, and Cx respectively represent the sequence of entanglement,
measurement and Pauli correction operations of two standard sub-
patterns 1 and 2, with x indicating the sub-pattern acted upon.

1. .t
[
M
− π

2
i

]s
= .t

[
M

π

2
i

]s+1
= .t+s+1 [My

i
]
= St+s+1

i My
i

2. .t
[
M

π

2
i

]s
= .t+s [My

i
]
= St+s

i My
i

3. .t
[
M0

i
]s = .t

[
M0

i
]
= St

i Mx
i

4. .t
[
M

3 π

4
i

]s
= .t+1

[
M

π

4
i

]s+1
= St+1

i

[
M

π

4
i

]s+1
= St+1

i

[
M
− π

4
i

]s

Figure 2: Extending the standardization passes.

striking need for verification and non-Clifford unitaries are handled
inherently. This considerably improves the computation time, and
an efficient algorithm for their execution is provided in Algorithm 1.
The algorithm is defined for the composition of two circuits and can
be applied several times for more composite circuits. It succeeds at
skipping the unnecessary passes 3 and 12 and implicitly transfers
dependencies induced by Z-actions into introduced and propagated
Shifts.

So, where is the problem?. The situation gets tedious as the
size of circuits increases. Among others, patterns become more
complex and less human-readable, while the C&S algorithm be-
comes more time-consuming. We address these problems in the
following section.

2.2 Extending The Measurement Calculus
We extend the previous list of standardization passes by notic-

ing the equalities in Figure 2. Because of their simplicity, they can
be incorporated into the C&S algorithm implicitly and hence im-
prove its efficiency further. In addition, we simplify our pattern
definition so that it only pays attention to ancilla qubits as neces-
sary, while showing a direct relationship with the corresponding
network model representation.

A monadic pattern representation. Vizzotto et al. [11] ear-
lier related “unusual” features of quantum computing (quantum par-
allelism and measurement) to the semantic constructions of mon-
ads and arrows from the theory of programming languages. Using
their abstractions, a quantum computation expressed in the circuit
model could be elegantly expressed as a computation in the monad
of quantum computation.

Take, for example, the decomposition of a CCZ operation in
terms of controlled rotations. Based on its circuit-model repre-

Algorithm 2 Monadic pattern for CCZ.

CCZ (A0,B0,C0) =

C
π

2
Phase (B0,C0) >>= \(B1,C1) →

CNot (A0,B1) >>= \(A0,B2) →

C(−π

2
)Phase (B2,C1) >>= \(B3,C2) →

CNot (A0,B3) >>= \(A0,B4) →

C
π

2
Phase (B4,C2) >>= \(B5,C3) →

return (A0,B5,C3)

(1)

sentation, we can express it as in Algorithm 2. Here, an expres-
sion F (i1, i2, ...) >>= \(o1,o2, ...) represents the application
of some function F on some input qubits (i1, i2, ...), producing the
outputs (o1,o2, ...). In addition, the arrow→ specifies the sequence
of operations, while return specifies the final logical output qubits
of the pattern. >>= and return are monadic operations that hide all
the quantum magic, allowing for easy translations into the previous
patterns structure or a valid graphical representation. Remarkably,
the one-way realization of the same circuit can be expressed in the
exact same notation by varying the underlying monad. Figure 7 in
the Appendix shows an example of the hidden computation.

2.2.1 The Graphical Concatenation
At times, a graphical structure, for a one-way realization, rep-

resenting only the entanglement relationships between the qubits
as well as each one-qubit measurement can be enough for a user.
Thus, we derive a concatenation scheme based on graphical repre-
sentations of one-way realizations of sub-circuits.

In the course of concatenating two circuits 1 and 2, with some
outputs of circuit 1 (O1) becoming inputs of circuit 2 (I2) — we call
them intersecting qubits, let’s explore the standardization passes
and the C&S algorithm further. For each interleaving qubit, let’s
examine the relationships between the measurement in I2 and the
associated Pauli correction in O1, with respect to the correspond-
ing measurement in the resulting pattern. This yields the following
conclusion, keeping in mind that each introduced Shift is dependant
on the corrections signals of its associated qubit in O1:

1. All X-correction will always introduce Shifts on the neigh-
bors (within circuit 2) of the intersecting qubit. Meanwhile,
the measurement

(a) will either simply remain unchanged if it is in the X-
observable,

(b) or remain unchanged and accompanied with a Shift, if
it is in the Y-observable,

(c) or become dependant on the correction’s signals other-
wise.

2. Meanwhile, All Z-correction on the intersecting qubit will al-
ways leave its measurement unchanged and be accompanied
with a Shift.

Therefore, the concatenation procedure will consist of, first, de-
termining whether the condition 1c above is satisfied and, second,
blindly converting the representation of each intersecting qubit from
input- or output- qubit representations to regular-qubit (ancilla) ones,
while conserving their respective derived measurement angle.



Left to Right: X, Y, Z, and adaptive measurements; and Out-
put qubit.

Left to Right: Input qubits to be measured in X, Y, an arbi-
trary angle, − π

4 , and π

4 .

Figure 3: Graph state representation legend.

A reduced graphical concatenation scheme. In this pa-
per’s graphical representation, we are only concerned with whether
measurements are adaptive (i.e. dependant on previous measure-
ments) and with the particular measurements in X, Y, and± π

4 when
they are not. Thus, intersecting qubits with adaptive measurements
need no further analysis. This is particularly helpful in situations
where computing the exact Pauli corrections is not as much a pri-
ority as determining the entanglement and measurement patterns of
the final circuit.

Further, this scheme can be used to approximate concatenations
of circuits for which information about signals and Pauli corrections
are missing. One simply needs to assume that intersecting qubits
are X-corrected and that the Shifts’ propagation will never cancel
signals — and hence neither measurements, nor corrections.

As an illustration of the simplicity and convenience of this scheme,
we derive a one-way realization of the CCZ’s pattern from Equation
1 in Figure 4. The graph is defined according to the following leg-
end.

Graph legend. To easily recognize how close a graph state is to
a cluster one, we borrow Raussendorf et al.’s 2-dimensional lattice
grid design [5], and extend the design to include representations of
logical input states that will be measured in observables different
from X and Y. In relation to general graph states, we add entangle-
ment “wires” (simple lines) for cases where maintaining the rectan-
gular grid representation is not possible. These “wires” will hence
constitute the characteristic indication that the state represented is
a general graph state and not a cluster one. Finally, for step-by-
step illustrations of concatenations, we also use arrows to represent
which logical output qubit becomes which logical input one. Figure
3 presents the complete legend for qubits in use.

A general graphical concatenation scheme. Further ob-
servations yield to the realization that if we extend the graphical
representation to include the specification of more particular mea-
surement angles, the type of corrections (X or Z) that are performed
on each output qubit, as well as the existing signals on each mea-
surement and correction, then we will be able to easily introduce
and propagate the Shifts accordingly. Further, we will know the
exact final pattern.

Furthermore, by noticing that the Shifts’ propagations affect only
those operations (measurements and corrections) that have explicit
signals (different from the number 1), we then improve the C&S al-
gorithm even further by skipping non-adaptive measurements dur-
ing the Shifts’ propagation step.

2.2.2 Optimizing the results
We classify optimizations defined in recent works into GSR and

GSE transformations. We also re-express them as symmetric trans-
formation passes to be added to previous list. Indeed, in order to

Figure 4: Building a CCZ gate from controlled rotations
(graph) .

maximize the transformations’ effectiveness, by finding the small-
est graph state that satisfies one’s realization needs, it is preferable
to run the GSR transformations prior to the GSE ones. In addition,
the execution of this step will require that measurements be allowed
to be in Z, in addition to the previous limitation in the X-Y plane.

Graph State Reduction (GSR) transformations. These
concern realizations that need to use as few qubits as possible, due
to either restrictions on physical space, or needs to maintain coher-
ence.

• The removal of redundant qubits [5]
Type-lifting the notations from the measurement calculus,
Mz

Q/QN
and sQ/QN

respectively represent the sets of all mea-
surements in Z and of all resulting signals. The transforma-
tion pass is then

CQN MQN EQ −→ CQN MQN Z
sQ/QN
QN

Mz
Q/QN

EQ ,

which will result in the pattern CQN MQN EQN . Thus EQN =
Z

sQ/QN
QN

Mz
Q/QN

EQ.

• The removal of unnecessary measurements [5]
The transformation pass for this is:

CQMQN Mx
Q/QN

EQ −→ CQN MQN EQN ,

where Mx
Q/QN

represents the set of measurements in X that
can be removed as specified by Raussendorf et al. [5], and
thus so that the size of Q/QN is even. Also, the resulting
pattern is modified by removing all reference (e.g. entangle-
ment edges and measurement outcomes) to the qubits that the
removed measurements were acting upon.

Graph State Extension (GSR) transformations. Among
realization needs satisfied by these transformations, are the prefer-
ences for either cluster or two-colorable states. In any event, the
particular passes in the GSE case can be generalized as converses
of GSR transformations.



Figure 5: 6-qubit addition circuit: high parallelism version.
[Picture from [1]]

• The introduction of Z measurements
We derive the following transformation pass:

CQN MQN EQN −→ CQN MQN Z
sQ/QN
QN

Mz
Q/QN

EQ ,

which will eventually produce a CQMQEQ pattern after prop-
agation of the Z

sQ/QN
QN

corrections, and introduced Shift com-
mands, across the MQN measurements, and the CQN correc-
tions.

• The identity propagation
This is simply a double-Hadamard transformation and corre-
sponds to this pass:

CQN MQN EQN −→ CQN MQNC
sQ/QN
QN

Mx
Q/QN

EQ ,

where, again, the size of Q/Qn is even.

It is important to clarify that these are not the only existing transfor-
mations. In addition to the Hadamard transformation itself, Schlinge-
mann studies the removal of the Clifford parts of a given graph state
in depth, and presents additional transformations [9].

3. PRACTICAL EXAMPLE: A (NEW) ONE-
WAY QUANTUM RIPPLE CARRY ADDI-
TION CIRCUIT

We take a special look at Cuccaro et al.’s “new quantum ripple-
carry addition circuit” [1] and generate clear translations in both
graph and cluster states; illustrating the applicability of the op-
timization passes defined earlier (especially the introduction of Z
measurements). Among others, the circuit from Figure 5 results in
the realization in Figure 6, of the high parallelism version of their
addition.

4. RESULTS ANALYSES: NO OPTIMIZA-
TION TRANSLATION

We review the needs and quantifiable parameters for algorithm
analysis across models of computations, analyse the efficiency of
our translations, and notice that optimizations are not always con-
served across different models of computations. In fact, whether we
translate the original addition circuit, or its high parallelism version,
the resulting one-way realizations have a low constant bounded

Figure 6: One-way translation of Fig. 5 (cluster).

depth and the difference in extra ancillae is negligible. This sug-
gests that circuit optimizations performed under the network model
cannot be expected to make much of a difference under the one-way
one. Indeed, optimizations that manipulate gates in the Clifford
group can only affect the spacial and operational resources, while
those involving appropriate changes in non-Clifford operations af-
fect the final depth.

5. FUTURE: A COMPLETE TRANSLATION
CALCULUS

Based on the information gathered from our translations, and the
analysis of their results, we notice a number of limitations on the
currently available translation tools: (1) measurement angles, in the
measurement calculus, are limited to the X-Y plane of the Bloch
sphere, (2) algorithms for running the measurement calculus passes
have not been designed, and nor has their efficiency been discussed,
and (3) we still need to actually define complete sets of optimiza-
tion passes. We have addressed those limitations and proposed ex-
tensions to the measurement calculus.

Attempts at resolving the said limitations call for the definition
of a complete translation calculus. Indeed, this is very possible
and will broaden our experimental range by allowing for flexible
navigations between different sub-categories of graph states (e.g.
clusters, 2-colorable, etc...). In fact, it could even be extended to
allow navigations and analysis across different models of computa-
tion. The idea of implementing such a calculus, then running and
analysing simulations raises a range of interesting discussions that
would be handled better once the complete translation calculus is
defined and analysed:

• Which combination of methods is best?

• Are results from phase map decompositions optimal?



• How well can one efficiently perform a systematic circuit’s
optimization?

Meanwhile, defining the calculus raises another set of discussions
related to possible future experiments:

• When implementing the measurement calculus, could a graph
theoretical approach be more effective?

• How effective would conversions of results from a graphical
concatenation, to and from their pattern representations, be?

• How open would the design be to trial-and-error approaches?
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APPENDIX
Defining the pattern for a CCZ operation
Figure 7 illustrates the translation from the pattern definition in Al-
gorithm 2 (monadic) to that of Danos et al. [8], making an explicitly
use of the trivial pattern

T (1) = ({1}, {1}, {1},⊥) .



CCZ{A0,B0,C0} = (T(A0) ⊗C
π

2
Phase{B4,C2}) .(∧X{A0,B3} ⊗ T(C2)) .(T(A0) ⊗C(−π

2
)Phase{B2,C1})

.(∧X{A0,B1} ⊗ T(C1)) .(T(A0) ⊗C
π
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4
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Figure 7: Working out the CCZ’s pattern.


