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Abstract. We give an analysis of various classical axioms and characterize a
notion of minimal classical logic that enforces Peirce's law without enforcing Ex
Falso Quodlib et. We show that a \natural" implementation of this logic is Parigot's
classical natural deduction. We then move on to the computational side and em-
phasize that Parigot's corresponds to minimal classical logic. A cortin uation
constant must be added to to get full classical logic. The extended calculus is
isomorphic to a syntactical restriction of Felleisen's theory of control that oers a
more expressiwe reduction semartics. This isomorphic calculus is in correspondence
with are ned version of Prawitz's natural deduction.
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1. Intro duction

Traditionally, classicallogic is de ned by extending intuitionistic logic
with either Peirce'slaw, the excluded middle law, or the double nega-
tion law. We show that theselaws are not equivalert and de ne minimal

classi@l logic, which validates Peirce'slaw but not Ex Falso Quodlib et.
This logic is interesting from a computational point of view since it

correspondsto a calculus with a notion of cortrol (such ascallcc or )
which however does not permit aborting of computations. Indeed our
analysisrevealsthat closedtyped terms of Parigot's (1992, 1993a)
correspond to tautologies of minimal classicallogic and not of (full)

classicallogic. To prove tautologies of classicalnatural deduction, the
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2 Ariola, Herbelin, and Sabry

calculus must be extended with a corntinuation called tp which
denotesthe top-level.

On the programming side, the presenceof the cortin uation tp makes
it possibleto distinguish betweenaborting a computation and throwing
to a cortinuation (as aborting corresponds to throwing to the spe-
cial top-level continuation). This distinction can be usedto dewelop
more re ned programming calculi for languageswith control opera-
tors. In particular, in the seminal theory of cortrol . (Felleisenand
Hieb, 1992), there is a mismatch betweenthe operational and proof-
theoretical interpretation of the reduction theory. This mismatch is
resolved by moving to a richer theory with a continuation constart.

We start in Section 2 with reviewing the de nitions of minimal,
intuitionistic and classical logic. We presen both the axiomatic and
structural rendering of these logics. We introduce an equivalert for-
mulation of Prawitz's natural deduction which better corresponds to
the axiomatic preseration. We conclude the section with the more
recert formulation of Parigot's classicalnatural deduction which em-
ploys sequeits with multiple conclusions.In Section 3, we introduce
the new notion of minimal classial logic. We rst analyze which ax-
ioms lead to this new logic. Next, we give the structural presenation.
Section4 reviewsthe basic control operators and calculi together with
their (Curry-Howard) isomorphismto classicallogic discovered by Grif-
n (1990). Section 5 and 6 introduce two isomorphic calculi which
are the computational cournterparts of classicalnatural deduction with
one and multiple conclusions,respectively. We discussrelated work in
Section 7 and concludein Section 8. Throughout the paper we restrict
our attention to propaositional logic.

2. Minimal, Intuitionistic and Classical Logic

We successiely recall the de nitions of minimal, intuitionistic and clas-
sicallogic, and state simple facts about them. We usenatural deduction
to formalize the various logics.

2.1. Preliminaries

We assumea set of formulas, denoted by Roman uppercaseletters
A, B, etc., which are built from an in nite set of propositional atoms
(ranged over by X;Y, etc.), a distinguished formula ? denoting false,
and implication written ! . A namead formula is a pair of a formula and
a nametaken from an in nite set of names We write A*, B , etc. for
named formulas. A context is a set of named formulas. We use Greek
uppercaseletters , , etc. for contexts.
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A;B = Xj?jA!l B
=] A
Ax Ay B » wAl B MA!e
ATy A "wAl B "wB

Figure 1. Minimal logic

If we are only interested in provability, contexts could have been
de ned just as sets of formulas (not as sets of named formulas). But
in order to be able to assign -terms to proofs, we need to distin-
guish between di erent occurrencesof the sameformula. This is the
role of names. Otherwise, the two distinct normal proofs of A;A ~ A
(represenable by the -terms x:y :x and x:y :y) areidenti ed.

We rst consider seuents of the form A, where the formulas
in are the hypothesesand the formula on the right-hand side of the
symbol * is the conclusion. If S is a schematic axiom or rule, we denote
by S; ° Athefactthat ° A is derivable using an arbitrary number
of instancesof S. We will sometimesomit irrelevant hypothesisto make
proofs more readable.

2.2. Minimal Logic

Minimal natural deduction is an implemertation of minimal logic (Jo-
hansson,1937). It is de ned by the set of (schematic) inferencerules
givenin Figure 1 (the namesof formulas are left implicit and omitted).

Minimal logic originally included negation but no formula ? . Nega-
tion in minimal logic is quite formal in the sensethat A! : A! B
does not hold in general. It can actually be showvn that : A in the
original minimal logic behavesexactly the sameasA ! Ag, whereAg is
someglobally distinguished formula. We here transfer to minimal logic
the standard decomposition of : A asA ! ? from intuitionistic or clas-
sical logic, hencetaking Ag = ?, but throwing away any speci ¢ rules
about ? . Thus, the formula ? , despitea namesuggestingit denotesthe
absurd formula, could essetially be interpreted by any formula, even
a true one. This in turn shows that minimal logic can alternatively be
seenas the positive fragmen (i.e., the fragment without negation) of
intuitionistic logic.

Valuations and normal proofs are important tools for reasoning
about provability in propositional logic. When reasoningwith valua-
tions requires proving completenessresults we opt for reasoningwith
normal proofs. We say that an occurrenceof ! ¢ (also called Modus
Ponens) is normal if its left premiseis an axiom or another normal
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A;B = Xj?]JA! B
= ] A
AT, B
AX -
AT A VAl B
VAl B ‘.A!e ‘.??e
\|B \|A

Figure 2. Intuitionistic logic

instance of Modus Ponens. We say that a proof in minimal logic is
normal if any occurrenceof Modus Ponensin the proof is normal. It is
known that a provable statemert can be proved with a normal proof.

THEOREM 1 (Prawitz). If , A is provablethen there is a normal
proof of ~ A.

For all the systemswe presen, the following weakening lemma will
hold.

LEMMA 2. Let ° A bederivable,then for every °suchthat 0
0% A is derivable.

2.3. Intuitionistic Logic

Any formula isimplied by ? in intuitionistic logic. A way to expressthis
in natural deduction is to consider? asa connective with no intro duc-
tion rule and a single elimination rule asshown in Figure 2. Obviously,
this presenation of intuitionistic logic is equivalent to minimal logic
extendedwith the following schematic axiom:

?21 A Ex Falso Quodlib et sequitur (EFQ)

PROPOSITION 3. " Ai EFQ; "y A.

In propositional or rst-order predicate logic, there is no formula ?
with the desired property, as stated by the following lemma which ex-
presseghat (propositional) intuitionistic logic is strictly stronger than
minimal logic.

PROPOSITION 4. 6, EFQ.
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A Proof-Theoretic Foundation of Ab ortiv e Contin uations 5

Proof. Follows from the soundnessof minimal logic with respect to
classicalvaluations V by taking V(?) = 1 (van Dalen, 1997).

In contrast, in minimal second-orderlogic, a formula having the
property of ? is 8X:X.

Remark 1. Negation can be de ned directly with the following infer-
encerules with no referenceto ? :
AT B AT DB A AL

1 -  ~ 5 €

A ' B

The rule : i is derivable in minimal logic whereas: ¢ uses?¢. In the
following we also usethe abbreviation:

A = A! B (Abbrev. 1)

Assuming the set of formulas is enriched with disjunction and the
following inferencerules:

T AL T Az TAL_ Az ;A" C ;A" C

AL A, AL A, " C

the formula (: A_B)! (A! B) is provablein intuitionistic logic but
not in minimal logic. The corverseis only provable in weak classical
logic, which is given next. Normalization still holds with the addition
of disjunction.

2.4. Axioma tic Present ation of Classical Logic

Traditionally classi@l logic is obtained by adding any of the schematic
axioms given in Figure 3 to intuitionistic logic (Lalement, 1993). To
acquire a better understanding of the strength of theseclassicalaxioms
we analyze them in minimal logic, and further classify them in three
categories:we call PL, and EM weak classi@l axioms PL and GEM
minimal classi@al axioms, and DN a (full) classi@l axiom. We remark
that noneof the classicalaxiomsare derivablein minimal logic and that
the weak classicalaxioms are wealer than the minimal classicalaxioms
which themselhes are wealer than DN. Togetherwith EFQ, weak and
minimal classicalaxioms are however equivalert to DN.

PROPOSITION 5. In minimal logic, we have:
1. None of PL,, PL, EM, GEM, and DN are derivable.
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Weak classical:

GCAl A! A Weak Peirce'slaw (PL )

CA_A Excluded middle (EM)

Minimal Classical:

(A B)! A)! A Peirce'slaw (PL)

(A! B)_A Generalizedexcluded-middle (GEM)
Classical:

o ADA Double negation law (DN)

Figure 3. Classical schematic axioms

2. PL, and EM are equivalent (as schemes).

3. GEM and PL are equivalent (as schemes).

4. GEM and PL imply EM and PL» but not conversely.
5. DN implies GEM and PL but not conversely.

6. DN, EM+EF Q, PL,+EFQ, GEM+EF Q, and PL+EF Q are all
equivalent.

Proof. We only show the proofs of 5 and 6.

5. We rst show that DN implies EFQ:

———=—~=~ AX
.A:? M?!i
DN ’? M::A!e
? wA
w2 A

DN implies PL (we make use of DN and EFQ as rules intead of
axioms):

A, AN AT A M
AA 2 S e
A A;:A‘MBFF_Q
n BAL AL AL A X TA Ty isA,
A A "BAl AIA 4 A S e

Al AA Ty ?
Al ATy A
‘sAl ATy A
‘v GsAl AL A
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A;B = Xj?]A!l B

= ] A GA??

. Ax

JA T raa A
;A ran B . ra Al B \RAAAI

LI . e
“ra Al B “raa B
AI?? o ? RAA AR RAAA?i T ean ? 2.

Traa A A2 ean ? Traa ?

Figure 4. Classical natural deduction with one conclusion

As in Proposition 4, the conversedirection follows from the sound-
nessof minimal logic.

6. PL, and EFQ imply DN:

oA M::AAX TA Ty A',A‘X
EFQ D ACATN? ¢
CACATWA
PL> T A Al Ai;
T AMA
“wo AT A

2.5. Str uctural Present ation of Classical Logic

We presen two implementations of classical logic: we start with an
alternativ e of Prawitz's classicallogic (1965) and then presen Parigot's
ClassicalNatural Deduction (1992).

2.5.1. Revisal Prawitz's Classial Logic
Prawitz (1965) de nes classicallogic asminimal logic plus the Reductio
Ad Absurdum rule: .

AT ?

_— RAA
TA

This rule implies EFQ as DN implies EFQ. Also PL, plus EFQ are
equivalent to RAA. In here we dewelop a revision of Prawitz's classical
logic which comesfrom analyzing the following proof of PL, where
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, 1and , stand for fA;: A;:gA! Ag f A;:gA ! Ag and
f. sA ! Agrespectively:

AX < AX
VEMAY MA‘e
EFQ m?
AX MB 'I.e
1 wm:.BA!l A 1 mA!l B
e
lMA !i
PL-, Z\M:A!A|

2‘MA ]
“wGCsAl A A

The proof usesEFQ. Howewer, this seemscounter-intuitiv e sincePL
is wealer than DN, and therefore the proof should not need the full
power of EFQ. We addressthis discrepancy by providing a restricted
version of EFQ that can be usedto prove PL from PL, but not DN.
This is done by de ning a new ? ¢ rule as follows:

T2
— ?e

and by introducing the Weakening rule de ned as follows:

» .
—A W eakening

The new symbol ? stands for a sequem with no conclusions,that is,
instead of writing = wewrite  "??. As we explain in Section5, the
symbol ? has an interesting computational justi cation. In Figure 4
we presert Prawitz's revision. Formulae do not cortain ?, thus for
examplethe sequen ~ A !? ? is not syntactically correct. However,
? canoccur in the context in the form of A !? ? . Other than the ? ¢
rule, ? isintroducedby the ?; rule. This rule is not subsumedby the
implication elimination, as suggestedbelow:

AT A2 X AR A
A2 72727 '

e

A 1? ? is not a formula, hencethe left-hand side sequet in the premise
is not a correct instance of the axiom.

The addition of ? ¢ and Weakening to minimal logic gives intuition-
istic logic. To obtain classicallogic, a variant of RAA, called RAA 5,
must be added.
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A Proof-Theoretic Foundation of Ab ortiv e Contin uations 9

Remark 2. The addition of RAA » eliminates the needfor Weakening
which becomesan admissiblerule. If  *?? is derivable then the sequen

;A 1?22?72 is derivable by Lemma 2. By RAA > one then obtains

* A. We may later usethe admissible Weakening rule to simplify the
preseration.

EXAMPLE 6. We formulate the proofsof PL and DN in the logic of
Figure 4. Only the proof of DN usesthe ? ¢ rule. The use of EFQ in
the proof of PL is replacedby an application of the Weakening rule.

1.

TS AA e A X
Y. W-N ? ° )
—':A'A‘:::B eakening
T o A .
AT A wm TaAl A X A wn oA
2 A Al A‘RAAA_)'
gA!l Al 2A g ? !
. RAA
eAl ATem A 7
\RAA (BA' A)' A
2. A
A!??;A‘RAAA?X
A2 A pn? 1

e ATZA o ? Weakening
TA mnt ACYTARY g A,
A122.70 A rm ? e

A272:: A g ? ;;A
AT AT
Traa o AlA

PROPOSITION 7. “am Ai  %PL, A, whee UYis obtained from
by replacingeach B !? ? by a sulvontext  of the form

B! Ci; ;B! C,:
Proof.

( Follows from the following two points: 1) PL is provablein classical
logic; 2) eat axiom of the form

B! C;; ;B! C, /B! G
can be replaced by

—— AX
B1?7?:B RAAB,)_

BI?2?2:B ran? ' .
B177 B wu C Weakening

|
B |9 ?\ RAA B | Ci
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) By rule induction. The only interesting caseis rule RAA,. We
distinguish two casesdepending on which rule introduced ? .

?e) We have:

A?7? gan ? 5

Al?? ? ¢

\—RAARAA?
raa A

By the induction hypothesis:
Al Bi; A! ByPL,?
The result then follows from ? ¢ and n applications of PL,:

OAl By; Al Bp;PL,?
A1 By; A! BnPL A
CpPL A

“e
PLP
where PL, stands for the derived inferencerule

PL;A! B A
PL ,(A! B)! A)!I A PL ,(A! B)! A
PL A

?i) We further distinguish two cases.Suppose:

AR
AR

RAA A

RAA ?

2
RAA >

RAA A

By the induction hypothesis:
Al Bi; ;A! Bn;PL A

The result then follows by n applications of PL,. For the
other case,we have:

A122;B12?2 g B
AR?2:B12?7 ppn? )
‘B127 m A RAA?

By the induction hypothesis:
% 1, PL B
where ; and , are asfollows:

1=fAl C;; ;A!D Chg
2=fB! D;; ;B! Dng
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A;B = Xj?]JA! B
;o= ) A
N
AX cC 2,
!A CA1 \Cy
!A C81 CAl B, CA1
- | o
cAl B; c B;
T AGA; . T A .
Passivate Activate
T A T A

Figure 5. Classical natural deduction with multiple conclusions

We proceedas follows:

B! A, B! AN o 1, 2PL /B,

0 B! APL A - °
o B! A;PL A

PL}

2.5.2. Parigot's Natural Deduction with Multiple Conclusions
As initially shown by Gentizen (1969) in his sequen calculus LK, clas-
sical logic can be obtained by considering sequers with seweral con-
clusionsinstead of adding new inferencerules. Parigot (1992) extended
this approad to natural deduction. We show that using sequeits with
seweral conclusionsallows for a uniform preseration of di erent logics.
Parigot's convention is to have two kinds of sequets, onewith only
named formulas on the right:

and one with exactly one unnamed formula on the right:
A

To clearly mark the distinction betweenan unnamed formula and the
set of namedformulas, we write the above sequets as:

oooand T OA;

Girard (1991) calls the optional formula a stoup. The formulasin are
the hypothesesand the formulas on the right-hand side of the symbol °
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12 Ariola, Herbelin, and Sabry

are the conclusions In ead case,the intuitiv e meaning is that the
conjunction of the hypothesesmplies the disjunction of the conclusions.
A sequen with no conclusionmeansthe negation of the conjunction of
the hypotheses.

The inferencerules are shown in Figure 5. The formulas explicitly
mertioned in the inferencerules are called active. The one bearing the
connective (introduced or eliminated) is called the main formula. The
notation A; stands for the union of the singleton cortext A and
and assumesthat both componerts are disjoint. All rules, except the
Passivaterule and the ?  rule, have an active formula in the conclusion.
The axiom and implication rules are asin minimal logic. The goal of
the Activate and Passivaterulesis to allow changing focusfrom the main
formula to any other formula in the cortext. For example,the sequert:

A A B A X

indicates that our focusis on formula A. To focus on formula B, ap-
pearingin the right-hand sidecontext, we rst needto unfocusA (using
the Passivaterule):
A A BA
A . BA
thus obtaining a sequem with no active formula. To focuson B we use
the Activate rule:

Passivate

A . B:A
A .B;A
Thesestepsare necessanto shav ™ . A! B; A, sincein orderto apply
the implication introduction rule the formula B hasto be active:
A A B A 'gx _
—A < < B;A A t4’s-lSSlVE':l'£e
A" B;A Ve
“CAl BA

Activate

EXAMPLE 8. We prove PL and DN in the logic of Figure 5.
1.

—— 5 AX
A A A; B
7A\C BA Pass=Act.
C 1] | .
(A B)! A:(A! B)! A;AAX "¢ Al B;A '
! e
(A B)! AcAA
Pass=Act.

(A1 B)! A cA;
S (AT B)! A)I A;
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< AX
TAA T CA?A _
TAA L7 A |Ffass.—Act.

AT A;AAX D ATCIAA Y

D ATC?GA .

ﬁ ? e=Activate
. C [} | .

e ATCA; '

e

The above proof usesthe rule ? ¢ whereasthe proof of PL doesnot.

Parigot's classicallogic is a correct characterization of classicallogic,
as expressedn the following proposition. If the cortext s the set of
formulasA1;  ;An, thenwewrite : » fortheset: 2 A1, ;i 2An,
where: » A standsfor A 1??.

PROPOSITION 9.
A 712 raa Al
“¢Ai PL; T A

3. Minimal Classical Logic

The previous section suggeststhat there is spacefor a classicallogic
which doesvalidate Peirce'slaw (or GEM) but not EFQ. By analogy
with minimal intuitionistic logic, we call this logic minimal classial
logic. As discussedin the caseof minimal intuitionistic logic, minimal
classical logic can be seenas the positive fragmert of classical logic
where the absurdity formula and negation are still there but in a de-
generated form that does not allow one to prove any formula from
an absurdity. More speci cally, Avron (1991) notes that a standard
axiomatization of classical positive logic is provided by the following
axioms:

Al (B! A)

(Al B! C)! (A!" B)! (A! ©)

(Al B)! A)I' A

plus the Modus Ponensinferencerule. Indeed, this axiomatization is
equivalent to minimal logic plus Pierce Law (Goubault-Larrecq and
Mackie, 2001).

Since? in minimal classicallogic is a distinguished formula without
any special properties, EM and PL,, without EFQ, are wealer than
PL and their addition to minimal logic seemsuninteresting.
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14 Ariola, Herbelin, and Sabry

The minimal subsetof the revisedversion of Prawitz's classicallogic
(seeFigure 4) is obtained by disallowing the ? ¢ rule and is denoted by

MRAA -

PROPOSITION 10. " yraa A1 ;PL " Al

Another implementation of minimal classicallogic is Parigot's clas-
sical natural deduction (seeFigure 5) with no special rule for ? . That
is, without hiding the occurrencesof the ? formula on the right-hand-
side of the sequents (Parigot, 1992, p. 198). We denote this subsetby

MC -
PROPOSITION 11.
Twe AL T St T wraa Al
"mc Al PL; Ty A
Using Proposition 5(5), we have the following corollary.

COROLLARY 12. Minimal Parigot's classial natural deduction does
not prove DN.

Howewer the sequen ™ :: A! A;? is provable.

We now de ne the notion of normal proof for a minimal variant of
Parigot's classicalnatural deduction. We say that an occurrenceof the
rule Passivateis normal if its premiseis not an Activate rule. We say
that a proof in minimal classical natural deduction is normal if any
occurrence of Modus Ponensin the proof is normal (this is the same
de nition as for minimal non-classicalnatural deduction) and if any
occurrenceof Passivateis also normal.

THEOREM 13 (Parigot (1993a)). If ¢ A; is provablethenthere
is a normal proof of ¢ A;

We de ne normal proofs for classicalnatural deduction as for min-
imal classical natural deduction where the rule ? ¢ is normal if its
premiseis not an Activate rule (i.e. ? ¢ is consideredat the samelevel as
Passivatd. Parigot's normalization proof for minimal classicalnatural
deduction (Parigot, 1993b;Parigot, 1997) applies also for full classical
natural deduction.

THEOREM 14 (Parigot). If "¢ A; is provable then there is a
normal proof of "~ A;
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A Proof-Theoretic Foundation of Ab ortiv e Contin uations 15

As expected,full classicallogic is consenative over minimal classical
logic for formulas not mentioning the ? formula, as stated by the
following consequencef Theorem 14.

PROPOSITION 15. If ? doesnot occur in A then™ ¢ Ai " A.

Proof. The \if " part is trivial. For the \only if" part, let's apply
Theorem 14to getanormal form of * . A and considerthe more general
caseof a proof of ", ; , where standsfor an optional formula
and ? doesnot occurin .

We show by induction that the rule ? ¢ cannot occur in the proof.
First, we obsenethat the only rule changingthe cortext to the left of *,
namely ! i, presenesthe property that ? doesnot occurin . Next,
we shaw that it is impossiblethat the rule ? ¢ occursin the derivation.
Assumethat it wereso,deriving " ; fromaproof of “.7?;.
Since isnormal, it doesnot start with an Activate rule sothat it starts
either by an axiom rule or by a sequenceof! . whoseleftmost premise
(by normality of ) is an axiom rule. This meansthat there should be
an hypothesisof the form A1 ! ::! Ap! ? in  which contradicts
the fact that ? doesnot occur in the formulas of .

Remark 3. Without the rule Passivate minimal classicalnatural de-
duction yields minimal logic, sincethe context is inert and can only
remain empty in a derivation for which the end sequen has the form

" A; (even the Activate rule cannot be applied). Similarly, classical
natural deduction without the Passivaterule yields intuitionistic logic.
As a consequenceminimal and intuitionistic natural deduction can
both be seenas subsystemsof classicalnatural deduction.

4. Control Operators and Calculi

The logical systemsintroduced so far can be related to programming
under the so called Curry-Howard isomorphism The isomorphism es-
tablishes a corresppndence between a proof of a formula A and a
program of type A. Executing a program correspondsto normalizing a
proof.

Minimal logic corresponds to the simply-typed -calculus (Baren-
dregt, 1992). As shown in Figure 6, the axiom of minimal logic corre-
sponds to looking up an environment for a variable's typing, lambda
abstraction corresponds to implication introduction, and function ap-
plication correspondsto implication elimination. Execution is carried
out by the -rule:

(X:N 1)N2 ! Ny[N2=x]
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16 Ariola, Herbelin, and Sabry

M = xjxM jMM
D= XA
;x:A\x:AAX
X:A M :B » "M :A! B ‘MO:A!e
' xM Al B MM B

Figure 6. The -calculus and minimal logic

M = xjxM jJMNjAMjKMjCM
V = Xj xM
E :=2JEMjVE

Figure 7. Syntax of ¢

where N1[N2=x] standsfor the capture-free substitution of N, for eah
free occurrenceof x in N1. A -redex correspnds to a non normal
occurrenceof Modus Ponensand -reduction eliminates thesedetours
Grin (1990) was the rst to extend the Curry-Howard isomorphism
to classical logic. This ertails extending the -calculus with cortrol
operators, which are reviewed next.

4.1. Contr ol operators and their semantics

To reason about Scheme programs, Felleisen and Hieb (1992) intro-
ducedthe -calculuswhosesyntax isin Figure 7. The calculusextends
the call-by-value -calculus with the operators alort (A), callcc (K),
and C. The operators K and C provide alortive continuations: the invo-
cation of a continuation reinstatesthe captured conext in place of the
current one. Their semartics can be described most conciselyusing the
following three operational rules, which rewrite complete programs:

E[AM] 7! M
EIKM] 7! EM (x: A E[X])]
E[CM] 7' M (x: A E[X])

In eat of the rules, the entire program is split into an evaluation
context E represerting the corntinuation, and a current redexto rewrite.
The operator A aborts the cortinuation returning its subexpressionto
the top-level; the other two operators capture the evaluation context E
and reify it as a function ( x: A E[x]). When invoked, this function
aborts the evaluation context at the point of invocation, and installs
the captured cortext instead.
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C(k:M (x: A (X))
M k 62V (M)

M@= xjxM jMM jCM
V = Xj xM
& . (XM)N I M[N=x
%CL: (CM)N ' C(k:M (f A (k(fN)))
nc. G CM I C(k:M (f A (kf)))
!
!

% Gun : C(K:CM)
"~ Gim : C(kkM)

& . (xM)V I M=y
2q (CMYN ' C(k:M (f:A (k(fN)))
ve. GR: V(CM) ' C(k:M (x: A(k(VX)
£C: CM I C(k:M (f A (kf))
|

Geem : C(k:CM) C(k:M (x: A (X))

Figure 8. Call-by-name and call-by-value ¢ reduction rules

The rules show that C diers from K in that C doesnot duplicate
the evaluation cortext:

C(k:4)+1 7" (k:4)(z:A(z+1) 74
K(k:d)+17 (kd)(zA(@Ez+1)+175

This di erence makesC at least as expressie asboth A and K; it can
be usedto de ne them as follows:

AM - C( M) (Abbrev. 2)
KM = C(c: c(M 0) (Abbrev. 3)

where _ refers to an anornymous variable. The operator K is not as
powerful as C (Felleisen,1990); expressingC using K is only possibleif
we also have the abort primitive A:

CM) - K(k:A (M k)

In the sequelwe focuson C, but still occasionallytreat A asa primitiv e
cortrol operator to provide more intuition.

4.2. Reduction Rules

Instead of preseriing the semauriics of cortrol operatorsasarelation on
complete programs, it is possibleto give local reduction rules that are
applicable anywherein aterm andin arbitrary order. The call-by-value
and call-by-name reduction semartics of . are presered in Figure 8.
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18 Ariola, Herbelin, and Sabry

It is possibleto considermore rules, e.g. , but they are not needed
for expressingevaluation. The rules simulate the capture of the eval-
uation cortext using seweral small steps: rst the cortrol operation
is lifted acrossone context at a time until it reaces another cortrol
operator. At any point, it is possibleto useG, to start applying M to
part of the captured cortext and then continue lifting the outer C to
accunulate more of the context. The reduction rules are however not
expressie enoughto compute a value, which is obtainable by applying
the computation rule (i.e. only applicable at the top-level):

CM 7'M (x: A (xX):

Howewer, the reduction rules are powerful enoughto delay the applica-
tion of this rule until the end.

Remark 4. An important point to clarify is the presenceof the abort
operations in the right-hand sides of the reduction rules. As far as
evaluation is concerned,they are not necessaryThey are important in
order to obtain a satisfying corresppndencebetweenthe operational and
reduction semairtics. For example,the term 3+ C(k :2+ k1) ewvaluates
to 4 accordingto .. By reducing the sameterm with the reduction
rules without the abort operations we have:

3+ C(k:2+k1)! ¢ C(g:(k:2+k1)(x: q(3+ X))
I C(qg:2+q4

The absenceof the abort makesit impossibleto eliminate the cortrol
context 2+ 2, at least without using some context-sensitive infor-
mation about the binding of q. With the presenceof the abort, the
term includes speci ¢ information that qis not a normal function but
is an abortive cortinuation which newver returns to its caller. As we
explain in Section 5, these abort steps are dierent from the abort
usedin de ning Cin terms of K. The aborts in the reduction rules
correspond to throwing to a user de ned cortinuation (i.e. a Passivate
step), whereasthe abort in the de nition of C correspondsto throwing
to the prede ned top-level continuation (i.e. a ? ¢ step).

4.3. Griffin's  Type System

Grin noticed that the evaluation rule of C suggestshe following type:

M :(A! B)! B
“C(M):A
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M = xjxM MM jKg M

V = X|] xM

E :=2]JEMjVE

P @:=2jPMjMPj xP jKg P
: (xxM )N I MIN=X]
Kg, : (Kg M) N ' Kg (k:M (f :k (fN)) N)
Kep, : Kg (k:P[EkM]) ! Kg (k:PkM])
Ky, - K (k:kM) Y k 62FV (M)
: (xxM )V I M[V=x]
Keg, : (Ke M) N ' Kg (k:M (f :k (fN)) N)
Kgr : V(Kg M) ' Kg (k:V(M (xk (VX))
Key, : K (K:P[EkM])) ! Kg (k:Pk M])

Figure 9. Call-by-name and call-by-value k. reduction rules

which would lead to the following typing of A:
"M :B
TAM) A

By reading types as propositions, the above rule would lead to an in-
consisten system, sinceevery formula would be provable. To solve the
problem Grin introduceda new type ? represering the proposition
false and setB to ?:

CTM(Al ?2)1 2 M ?
CC(M):A TA (M)A

In conclusion, with the addition of cortrol operators we have a term
assignmen for intuitionistic and classicallogic. We let , denote the
-calculus extended with the constart A of type? ! A.

PROPOSITION 16. A formula A is provablein classial logic (resp.
intuitionistic logic) i there existsa closal . term (resp. . term) M
suchthat © M : A is provable.

De ning K in terms of C (as in Abbrev. 3) producesthe following

typing for K:
K::A! A)! A
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20 Ariola, Herbelin, and Sabry

To witness Peirce's law we needan alternative operator which we call
Kg de ned as follows:

KeM - C(c: c(M (x: A (cx)) (Abbrev. 4)

For examplewe write Kg(c: 1+ c 1), insteadof K (c: 1+ A (c 1)).
The reduction rulesfor Kg are givenin Figure 9. It would seemnatural
to alsoinclude a rule similar to G, suc as:

Ke(k:KgM)! Kg(k:M k)

Howewer, the above breaks subject reduction asthe following example
illustrates:

Kg (k:Kg(qg:if glthen 7 else k 99)) !
Kg (k:if k 1then 7 else k 99))

If welet ., bethe -calculusextendedwith the constart Kg with
type PL we arrive at the following result.

PROPOSITION 17. A formula A is provablein minimal classial logic
i there existsa closa&l , term M suchthat = M : A is provable.

Remark 5. Parigot (1992) criticized Grin's work becausethe pro-
posedC-typing did not t the operational semartics. Setting the type
of a continuation to be : A implies that the top-level hastype ?, but
there is no closedterm of type ?, since? correspnds to the empty
type. Therefore, the typing is useless.Said otherwise, with the current
typing for C we lose subject reduction. For example, in the following
reduction:

C(g:q5+27'(g:g5(x: A((Xx+2);

the left-hand side has type int, whereasthe right-hand side does not
typeched: the abort is invoked with anint typeinsteadofa ? type.To
solve this conict between? and the top-level type, Grin proposed
to consider programs of the shape C( k :k M), thus creating a term
of type ?. As detailed in the next section, the classical version of
Parigot's  requiresasimilar intervention; afreecontinuation constart
is needed.It is alsoimportant to underline that Grin's typing is pre-
sened by the reduction semairics of Figure 8, as was also emphasized
by de Groote (1994). The only rule that breakssubject reduction is the
top-level computation rule (i.,e. CM 7! M ( x: A (x))), which forcesa
corversion from ? to the top-level type.

4.4, Curr y-Ho ward Isomorphism

Summarizing the previous results we have:
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-calculus+ A correspondsto minimal logic + EFQ;
-calculus + C correspondsto minimal logic + DN;

-calculus + K correspondsto minimal logic + PL»;
-calculus+ Kpg correspondsto minimal logic + PL.

INTERMEZZO 18. The enadings presenta&l alove can be derived by
assigningterms to proofs.

1. For example, the enading of A in terms of C (see Abbrv. 2) is
derived by assigning a term to the proof of ? ! A in terms of
elimination of doublenegation:

KitAly:? " yr?
"C:DN y:? kiy::n A
< e
y:?  Ck:iy):A .
Ty dky)y:?!t A

2. We derive the enading of K in terms of C by assigninga term to
the proof of PL, in terms of DN(we simply write C instead of the
axiom ™ C:DN):

y::Al Ay:tAl A kit A kit A
k::A k::A yiiAl Akt AT ykiA e
y:: A Ak AT k(yk): ?
C y:: Al AT Kkik(yk) i A
y:: Al AT C(kk(yk) 1 A .

Ty C(kk(yk) A A A

e
! .

3. We derive the enading of C in terms of K by assigninga term to
the proof of DN in terms of PL, and EFQ:

z:o A zin A XA XA .
" A:EFQ z: AXIIAT ZX?
z:: AXIAT A (ZX):A | - °
" K:PL, z:: AT XA (zx):: Al A

e

z:m AT K(XCA (zx) A |
T ZK(xA(zx):: AL A
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22 Ariola, Herbelin, and Sabry

4. We derive the de nition of Kg in terms of K, by assigninga term
to the proof of PL in terms of PL,, where welet = fy::gA!
Agand 1= fx:A;z:: Ag. To avoid clutter in the proof, instead
of theaxioms™ A :EFQ and” K : PL,, wesimply write A and K.

z::A‘z::AAX x:A‘x:AiA‘Xe
A 1 ZX:?

1 A(zx):B ',e_
Sy :iigAl AN A X: A (zx) Al B;'

Z AT Y XA (zx) A

K Tz(y xxA(@zx)::Al A
TK(zi(y x: A(zx) A

TyiK(zi(y i A(zx) :(GsA! A)! A

e
1.
L
|

We can write the alove term in ML as follows:

- fun PLy =callcc (fn z =>(y (fn x =>throw z Xx)))
val PL=fn : ((a ->'b) ->'a) -> 'a

If we compare the ML term and the PL proof assignment,we notice
that one term contains an abort invocation whereas the other one
contains a throw construct. This disparity was already pointed out
before when we stresseé that the proof of Peirce's law should not
invoke EFQ or equivalently an atort statement. That disparity led
to the introduction of an alternative of Prawitz's logic which still
needs a term assignment. We turn to its de nition in the next
section, which justi es the distinction between ? and ?.

5. Computational Content of Classical Deduction
with  One Conclusion

Weintroduceare nement of . calledthe . ,-calculuswhich is better-
behaved as a reduction systemthan .. The setof . terms extends
the -calculusterms with terms of the form C(k : J) where J stands
for a jump, that is, a term of the form k M or tp M. The meta-
variable k rangesover cortinuation variables, which are distinct from
regular variables. The continuation tp is a special constart which de-
notesthe top-level. The translation from .to <, isgivenin Figure 11.
In the new calculus, it is possibleto distinguish between capturing a
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M = xjMM jxM jC(k:J)
J = kMjtpM
= ] i x:Aj kii9A

- M2

;x:A\x:AAX “tpM 2 €
“M:AL B " M%A, XA M:B

MM B * xM Al B
kiia2A M A kiia2AT 32
o ?; " RAA
k::2A kM :? ' TC(k:J):A ?

Figure 10. -, and classicallogic with one conclusion

(x) = X

(xM) = xM

(MN) = M N

(CM) = C(k:itp (M (x: throwk x)))
(KM) = C(k:k (M (x: throwk x)))

Figure 11. Embedding of ¢ into -

cortinuation and expressingwhere to go next. The enmbedding of C
explicitly expresseghe jump to the top-level, and the embedding of K
explicitly expresseghat control goesbadk to the current cortext. These
things are left implicit in ..

To summarize, aborting a computation (i.e. , throwing to the top-
level cortinuation) is written as:

A"M - C( tpM) (Abbrev. 5)
and throwing to a user-de ned cortinuation is written as:

throwk M = C( kM) (Abbrev. 6)

5.1. Type System

We adopt two typesof judgments: ~ M :Aand ° J:?. Sincethe
invocation of a cortinuation leaves the current context, it intuitiv ely
corresponds to a sequen with no conclusion. Instead of typing a con-
tinuation asA ! ? we usethe type A !? ?, thus distinguishing the
top-level type from the result type of a corntinuation. Howeer, we still
need a corversion from ? to any other type in order to write terms
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24 Ariola, Herbelin, and Sabry

such as1+ k 1 wherek is a continuation. This corversionis doneby the
Weakening rule. The invocation of a cortin uation simply correspondsto
a ? introduction. If the argument hastype ?, which is the top-level
type, the special cortinuation denoting the top-level is called. We have:

y:C(k:tp(y (x:throwk x)) ::: Al A
y:C(k:k(y(x:throwkx)) :(:gA! A)! A

As expected, only the term witnessing DN refersto the top-level con-
tinuation. We call .- the subsetof -, which doesnot allow terms of
the form C(k :tp M).

PROPOSITION 19. A formula A is provablein minimal classial logic
(resp. classi@l logic) with one conclusion i there exists a closal
term (resp. <, term) M suchthat = M : A is provable.

By Propositions 10, 17 and 19, . is equivalert to . Howewer,
it might not be at all obvious how in , to use a cortinuation in
di erent contexts, sincewe do not have wealkening available. Consider
for examplethe following - term:

C(k : k (if throwk 1then 7 else throw k 99))

We use the cortinuation in both boolean and integer contexts. How
canwe write the above expressionwithout making use of weakening or
throw? The proof of Proposition 7 givesthe answer:

Kg (k:Kg (q:if glthen 7 else k 99))

We call ,- the subsetof  which only allows jumps to the top-
level, that is, it correspondsto the -calculus extendedwith terms of
the form C( _tp M).

PROPOSITION 20. A formula A is provablein intuitionistic logic i
there existsa closal .- term M suchthat © M : A is provable.

5.2. Reduction Semantics

The call-by-name and call-by-value -, reduction rules are given in
Figure 12. The rule Gop, Whoseaction is to wrap an application of a
cortinuation with a throw operation, is not needed.The rule C_. is

a special caseof G, Wherethe cortinuation kCis tp. The rule Cien IS
similar to the rule proposedby Barbanera and Berardi (1993):

M (CN)! N (a (M a) ;
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Vi=XxjxM
nc and ey
: (x: M)N I M[N=x]
G: (Ck:J)N I C(k:Jk(PN)=kP])
" . C(k:K2(C (g:d) ! C(k:JIk=q)
G * C(k:tp (C (q:)) ! C(k:JI[tp=q)
Gmn: C(k:kM) ' M k6ZFV(M)
ve and yeyp
X (x:M )V ' MI[V=x]
G . C(k:kM) ' M k6ZFV(M)
G: (C(k:J)N I' C(k:Jk(PN)=kP])
G: V(C(k:J) I C(k:Jk(VP)=kP])

o C(K:KO(C (q:d)) ! C(k:J[K:d)
Goem + C(ktp (C (q:J))) ' C(k:JI[tp=q)

Figure 12. Call-by-name and call-by-value - and (-, reduction rules

whereM hastype: A. Felleisenand Hieb (1992) proposedthe following
additional rules for .:

G . E[CM]!I C(k:M (x: AKELXD)
(where E stands for a call-by-value evaluation context) and
Gim :C(k:kM)! M ;

where k is not freein M. The rst rule, which is a generalization of
G, &, and G,, adds expressie power to the calculus. The second
rule, which is also usedby Hofmann (1995), leadsto better simulation
of evaluation. Howewer, both rules destroy con uence of . as the
following exampleillustrates.

EXAMPLE 21. In the following diagram if M does not reduceto a
value then the two reduction sequencesn the extended ,. cannot be
brought together.

;I(k:k M)! C(g:(k:kM)x:A(x)! Cqg:(x A(gx)) M)
M

Felleisenet al. left unresolvedthe problem of nding an extendedtheory
that would include Gz or G, and still satisfy the classical properties
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of reduction theories. Since G,,, is already presert in our calculi and
Ce is derivable, one may considerour calculi as a solution.

PROPOSITION 22.
1. vy and peyp are con uent and strongly normalizing.

2. Subject reduction: Given ey ( ney) terms M;N, if - © M DA
andM! N then ~ N :A.

Proof. As shown in the next section,the ¢, calculuscorresponds
to Parigot's call-by-name  calculus, which is con uent and strongly
normalizable (Py, 1998; Parigot, 1993b; Parigot, 1997). The ¢, cal-
culus correspondsto a subsetof the , calculus of Ong and Stewart
(1997) which is strongly normalizing. Con uence follows from the fact
that all critical pairs corverge.

Soundnessand completenessproperties for ., with respect to
vc are stated in terms of observationalequivalen®@. Given a reduction
relation X, and two terms M and N, possibly corntaining free variables,
wesay M ' x N if for every cortext P which binds all the free variables
of M and N, PIM]!' xVi1i P[NJ! xV, for somevaluesV; and V.
For example, any two terms that are corvertible using the reduction
relation are obsenationally equivalert. Two non-corvertible terms may
still be equivalent if no sequenceof reductions in any context can in-
validate their equivalence.An example of this kind is the equivalence
(xx)(y2z' . (yz. The embedding of ¢, into . essetally
removes occurrencesof the top-level cortinuation, which is implicit
in e

(C(k:J) =C(k:J) (tpM) =M
PROPOSITION 23. Let M be a closed . term:

IfM!I  _VthenM

VCtp

V.

vC

If M 1 .V thenM '
vCtp

The above proposition replacesProposition 11 from the conference
version (Ariola and Herbelin, 2003) which claimed a stronger (but in-
correct) result. The proof of the rst clausereducesto cheding that
embedding both sides of every c-reduction produces sematrtically-
equivalert terms in .. For someof the cases,embeddedterms are
related by a corresponding reduction in ¢, and henceare obviously
semartically-equivalent. For the G, casethe embeddedleft-hand side
doesnot reduceto the embeddedright-hand side, but both can reduce
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to a commonterm, and henceare again semartically-equivalent. The
left-hand side and right-hand side of the G, rule map into convertible
terms. The lifting rules G. are Gr introduce a complication: proving
the equivalence of the embedded terms requires using the following
equivalence:

(x: throwk x) M ' throwk M

C
even when M is not a value. This happens becausein cortrast to
the regular substitution operation, structural substitutions can replace
arbitrary jumps (k M) by (k (V M)) evenwhen M is not a value.
The proof of the secondclausereducesto proving:

1. For all .-terms M, we have M ' M

vC

2. For every c,-reductionM ! N,wehaveM ' _N .

The proof of the rst statemert is almost straightforward: proving that
CM isequivalert to (CM) requiresusing G, which is not a reduction
rule but otherwise a valid obsenational equivalence.

When attempting to prove the secondstatemert, we encourter a
problem related to free cortinuation variables. Even though programs
are closed terms, reductions can happen anywhere including under
binders and henceit is possiblefor a ¢ -reduction to manipulate
an openterm. In particular, considerC,,,, wherethe cortinuation vari-
able k®is free. The right-hand sidemapsto the .-term C(k : J[k%=q )
but for the left-hand side we have:

k:KOC(q:d)) !
Ak:Qr:(g:3)(x A(r(k°x))) !
Clk:Q(r:J [x: A(r (K9x)=q)) !
C(k:J [x A((x: A x)(k°x)=d)

which is equivalert to the c-term C(k :J [x: A (k°x)=d). Sincethe
variable k® is not special in c it could, as far asthe c-theory is
concerned,be substituted with an arbitrary procedureand henceit is
de nitely not the casethat one can assumethat k®and (x: A (k®x))
are obsenationally equivalent. This assumptionwould be correct if we
could somehav guarartee that k®is substituted by a cortinuation. In
a complete program, this is clearly the caseas the left-hand side must
occur in a context :::C(k %:::2 :::)::: which binds k°to a cortin-
uation variable. We just needto make this information explicit in the
statemert of the Proposition (Sabry and Felleisen,1993,Lemma 19):

2. Llet M ! N bea cy-reduction, and let kq;:::;Kkn be the free
continuation variablesin M, then we have the equivalence

C(ky1:i:C(knM )" C(kzg:::C(kn:N))
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The proof of the modi ed clauseproceedshy casesFor the reduction
G We usethe fact that even though G, is not a reduction of , it
is a valid equivalence.The reductions G and G; require the following
equivalencesin . wherek is a continuation variable and M may not
be a value:

(xk (VX)M*' _K(VM) (xk XN)M' _k(MN)

These again allow one to jump with a non-value. All the required
equivalencesare known to be valid (Kameyama and Hasegava, 2003;
Sabry and Felleisen,1993).

Remark 6. Reducing the term corresponding to C(k : k | x) 1 we

have:
(C(k:tp ((g:g!l xX)(f :throwkf)))) 1!

(C(k:tp (((f :throwk f) 1) x))) 1 !
(C(k:tp ((throwk 1) x))) 1 !
(C(k:tp (throwk 1)) 1 !
C(k:tp (throwk (I 1)) !
C(k:k( 1) !
C(k:k1) !
1

This reduction sequenceis better than the correspnding sequence
in yc. Howevwer, the rules are still not complete with respect to eval-
uation. In particular, it is not possibleto simulate the computation
rules:

C(k:kM) ! MItp=K]

C(_ tpM)! M

For example,the reduction rules cannot reducethe following program:
C(c: c(x: throwc(y:N))

to x: A°(y: N). To do that the calculus must be extended with a
cortrol delimiter (Ariola et al., 2004).

6. Computational Content of Classical Natural Deduction
with Multiple Conclusions

Figure 13 describesthe calculus of Parigot (1992) which is a term
assignmen for classicalnatural deduction. The Passivate rule readsas
follows: given a term producing a value of type A, if  is a continuation
variable waiting for somethingof type A (i.e. A cont), then by invoking
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t;x = xj xt jtsj
c == [ Jtjfplt
= J X
= ]
Ax N
7’)‘3
JAX T XA [tp]t : ;
CAX Tt B t:Al B; T st A;
!i Ie
xt :A! B; Tts:B;
TtIAA G _ c: A .
[t A Passivate e A Activate

Figure 13. 1 and classical natural deduction with multiple conclusions

the cortinuation variable we leave the current cortext. Terms of the
form [ ]t are called commands The Activate rule readsasfollows: given
a command (i.e. no formula is focused)we can selectwhich result to
get by capturing the assiated cortinuation. If A is not presert in
the precondition then the rule correspondsto weakening. The rule ? ¢
di ers from Parigot's versionasfollows. In the original formulation, the
elimination rule for ? is interpreted by a namedterm [ ]t, where s
any cortin uation variable (not always the samefor every instance of the
rule). In cortrast, the rule is here systematically assaiated to the same
primitiv e cortinuation variable, calledtp, consideredasa constart. This
was also obsened by Streicher and Reus(1998). In Parigot's style, DN
is represened with the term:

y:: LIy (x [ 1x)

whereasour represettation is:

y: iy (xo L X)) -

We use  to denote the whole calculus with ? o and to denote
the calculus without ? .. The needfor an extra cortinuation constart
to interpret the elimination of ? can be emphasizedby the following
statemert.

PROPOSITION 24. A formula A is provablein minimal classial logic
(resp.classial logic) i there existsa closal  term (resp. term)t
suchthat * t: A is provable.
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vi=Xxj Xt
nand o
Logical rule: (xt)s I t[s=X]
Structural rule: (:t)s oot [ J(ws)=[ Jw))
Renaming rule: ] wu! u [ =]
Renaming rule’: D [tp] u ! U [tp=
Simpli cation rule: : [ Ju I u 62V (u)
v and vip
Logical rule: (x:t)v I tv=x]
Left structural rule: ( :t )s oot [ Jws)= Jw))
Right structural rule: v( :t ) oot [ Jvw) w])
Renamingrule: S I u [ =]
Renaming rule': D tp] u ! U [tp=]
Simpli cation rule: [ Ju I u 62V (u)

Figure 14. Call-by-name and call-by-value and  reduction rules

We write nand  (resp. npand u) for the calculus
(resp. w calculus) equipped with call-by-name and call-by-value re-
duction rules, respectively. The reduction rules are given in Figure 14
(substitutions [[ J(ws)9 Jw] and [[ ](sw)= ]w] are de ned asin the
original formulation of the calculus (Parigot, 1992)). The rules are
the samefor the and o calculi. The calculus | is Parigot's
original calculus, while our presenation of  is similar to the pre-
sertation of Ong and Stewart (1997). Both setsof reduction rules are
well-typed and satisfy subject reduction.

6.1. Rela tion between the » and the ., calculi

The 4 calculi and the -, calculi are in one-to-onecorrespondence:

xt=xt 1=t C(: t)= [

This correspondenceextendsto the reduction rules (Figure 12 matches
Figure 14), as expressedby the following statemert.

LEMMA 25. Lett;sbe w-terms, then:

t! si t! 5
ntp nctp

t! si t! )
vip VC tp
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The above proposition implies that Parigot's is a correct imple-
merntation of . Correctnessof Parigot's  with respectto a modi ed
reduction theory for C was already showvn by de Groote (1994). How-
ever, the reduction rules did not contain the abort steps. A way to
accourt for these abort stepsis preseried in the paper's conclusion.
The solution requiresan extensionof . The relation between and
amodi ed reduction theory for Cwas also studied by Ong and Stewart
(1997).

COROLLARY 26. Parigot's calculus is sound and complete with
respct to . in the sensethat the reductions of one calculus can be
simulated by the other.

7. Related Work

The relation between Parigot's and . has been investigated by
de Groote (1994) who mainly considersthe structural rule but not
renaming and simpli cation. In the paper's conclusion, renaming is
related to a rule proposedby Barbaneraand Berardi (1993). As for .,
he only considersG. and G,. Howeer, theserules are not the original
rules of Felleisen,sincethey do not cortain A. For example,C, isCM !
C(k :M (f :k f)) which is in fact a reduction rule for . (Felleisen,
1988). This work fails in relating to . in an untyped framework,
since it does not expresscortinuations as abortive functions. It says
in fact that F behavesas C in the simply-typed case.A proposal for
modeling the abort stepsis preseried in the paper's conclusion.

Ong and Stewart (1997) also do not consider the abort step in
Felleisen's rules. This could be justied becausein a simply-typed
setting these steps are of type ? ! ?. Therefore, it seemswe have
a mismatch. While the aborts are essetial in the reduction seman-
tics, they are irrelevant in the corresponding proof. We are the rst
to provide a proof theoretic justi cation for those abort steps, they
correspond to the step? 1?2 ?.

Our presenation of classicalnatural deduction with one conclusion
is similar to de Groote's presentation of  usingintuitionistic sequelts
(de Groote, 1998). Instead of distinguishing between ? and ?, de
Groote introduces a new kind of negation written as A”. As in our
case,there are two kinds of hypothesis: the regular hypothesis which
correspond to the -bound variablesand the hypothesisof the form A?
which correspond to the contin uation variables. The di erence with our
systemis that the invocation of a cortinuation variable doesnot force
oneto perform a weakening step.
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In addition to Ong and Stewart, Py (1998), de Groote (1998) and
Bierman (1998) pointed out the peculiarity of having an open  term
corresponding to a tautology. Their solution is to abolish the distinction
betweencommandsand terms. A commandis a term returning ? . The
body of a -abstraction is not restricted to a command, but can be of
the form :t , wheret isoftype?. Thus,wehave y: : (y x: [ ]X):

A! A. We would then represent the term C(k :(kl)x) (where |
is x;x ) as : ([ ]I)x. WhereasC( k :kl x) would reduceto C( k :kl)
accordingto candto |l in  ,yp, it would bein normal form in their
calculus. Thus, their work in relating to . only appliesto typed

¢, Whereasour work also appliesto the untyped case.

Crolard (1999) studied the relation betweenParigot's and a cal-
culus with a catch and throw mecanism. He showved that contraction
corresponds to the catch operator ( : [ Jt = catch t) and weaken-
ing corresponds to the throw operator ( ;[ Jt = throw t for not
free in t). He only considersterms of the form : [ Jt and [ ]t,
where doesnot occur freein t. This property is not presened by the
renaming rule, therefore reduction is restricted. We do not require suc
restrictions on reduction. We can simulate Ong and Stewart's and
Crolard's calculus via this simple translation: :t becomes : [tp]t
and[ ]t becomes [ ]t, where is not freein t.

A categorical semariics of the call-by-name and call-by-value ver-
sions of Parigot's  -calculus extended with disjunction have been
provided by Selinger(2001).

8. Conclusions

SR Tm PeiRma 7ty
|

& 3
tp P | c
,,,,,,,,,,,,,,,,,,,,, RAA 5 ;2
c & M o 2T M
i &°
, @_\Q
M MC

Our analysis of the logical strengths of EFQ, PL (or EM), and DN
has led naturally to a restricted form of classicallogic called minimal
classi@al logic. Depending on whether EFQ, PL, or both are assumed
in minimal logic, we get intuitionistic, minimal classical, or classical
logic. Depending on whether we admit RAA, and ? ¢ in full classical
natural deduction (on top of minimal natural deduction), we get the
correspondenceswith the -calculi consideredin this paper, assumma-
rized above. The calculus , is the subsetof  in which expressions
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of the form :[ ]t are only allowed when is not freeint and s tp.
The symbol EFQ:;f_, standsfor ? ¢ and Weakening Among thesesystems,
cp IS @ con uent extension of Felleisen'stheory of cortrol.
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