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Quantum mechanics

Real Black Magic Calculus | Albert Einstein

If quantummechanicshasn't profoundly shocked you, you
haven't understood it yet | NielsBohr

I think I can safely say that nobody today understands
quantummechanics | RichardFeynman

I can't possiblyknowwhat I am talking about | Amr Sabry
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Modelsof (quantum) computation

Abstract (Compositional) | Valuesandfunctions

Circuits | Vectorsandmatrices

Physics | Particlespinsandelectromagnetic�elds
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Abstractmodelsof (quantum) computation

Semantic foundationfor functionalquantum programminglanguage:

� Categorytheory| categoricalmodelsof quantum computation
[Abramsky, Selinger,van Tonder]

� � -calculus| quantum � -calculus[Van Tonder]

� Domaintheory, logic,etc | [Birkho�, von Neumann]

� Haskell (not perfectbut rich executablelanguage)
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Plan

� Quantum computation(I): unitary operationson statevectors
� Embeddingin Haskell usingmonads
� What to do with measurement?

� Quantum computation(II): superoperatorson density matrices
� Arrows
� Embeddingin Haskell usingarrows

� QML [Altenkirch andGrattage]
� Openproblems;relatedwork; conclusions

Yale CS Colloquium Page5



Quantum Computing(I)
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Example:To�oli circuit
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� In this example,input is jTTF i

� After �rst step,statevectoris a superpositionjTTF i + jTTTi

� Result:Negatethe last bit
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Entanglement

� Thestatevectorof multiple qubitscansometimesbeteasedinto
the product of simplerstatevectors:

jF F i + jF Ti = jF i � (jF i + jTi )

� If the qubitsareentangled, this is impossible:

jF F i + jTTi 6= (jF i + jTi ) � (jF i + jTi )
(or any otherproduct we might try)

� Must basicallymanipulatethe globalstateat all times
evenif we want to apply an operation to only one qubit
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QCL [Knill ]

� A globalstatewith n qubits

� Registersarerealizedusingpointersto the globalstate

� Apply operationU to registerr using� y:(U � I (n� m)):�
where� y is the inverseof � andI is the identit y

0 1 2 3 4

0 1

Global
state

Reg r

P
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Flowchart notation[Selinger]

� A globalstatewith n variables
that canbe assignedonce

� To apply operation U to part
of the state,usethe sameidea
that is usedin QCL:

{ re-order the variables to
bring relevant variables to
the front

{ compose U with the iden-
tit y andapplyit to theentire
state

input q1,q2,q3 : qubit

qubit

permute f 1

q1, q2, q3 :

q3, q2, q1: qubit

q3, q2, q1*= 

q3, q2, q1: qubit

q2, q3, q1 : qubit

H x Id

cV x Idq2, q3, q1 *= 

permutef 2

.

..
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Lambda-calculusextension[ValironandSelinger]

Idea: the lambdatermgivesclassicalcontrol over thequantum data
which is accessedvia pointersto a globaldatastructure.

� The stateis a triple [Q; Qf ; M ]

� Q is the statevector

� M is a lambda term with freevariables

� Qf is a linking functionwhich mapsevery freevariableof M to
a qubit in Q
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Virtual valuesandadaptors[Sabry]

� Alsousesa globalstateandpointersmediatedusingadaptors

� Hidesthe management of pointersusingvirtual values

� Adaptorscanalmostbe derivedfrom the typesbut their actual
generationis tediousandugly

to�oli state =
let b = virt stateadaptor0

mb = virt stateadaptor1
tm = virt stateadaptor2
tb = virt stateadaptor3

in do apphadamard b
appcv mb
appcnot tm
appcvt mb
appcnot tm
appcv tb
apphadamard b
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Canwe do better than pointersto a globalstate?

Commonthemesofar:

� A globalstatevectoraccessedvia pointers

� Each operationtransformsthe globalstateto a newstate

� Monadsareoftenusedto structureandreasonabout computa-
tional e�ects.

class Monad m where
return : : 8 a: a ! m a
(� =) : : 8 a b: m a ! (a ! m b) ! m b

� Is therea nicemonadhere?
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Embeddingin Haskell usingmonads
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Finite sets

� Weonlyconsidercomputationsover �nite bases.For a typea to
be a type of observables,it needsto represent a �nite set:

class Eq a ) Basis a where basis : : [a]
instance Basis Bool where basis = [False; True]

� Canautomaticallyconstructmorecomplicatedsets(ondemand):

instance (Basisa; Basis b) ) Basis(a; b) where
basis = [(a; b) j a  basis; b  basis ]

� Programsat the endproduceclassicalobservablevalues:
False, (True; False), etc
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Statevectors

� A statevectorassociatesa complexprobability amplitudewith
each basiselement:

t yp e PA = ComplexDouble
t yp e Vec a = a ! PA

� Canadd,substract,andmultiply vectors:(de�nitions omitted)

vzero : : Vec a
(h+ i ) : : Vec a ! Vec a ! Vec a
(h�i ) : : Vec a ! Vec a ! Vec a
($� ) : : PA ! Vec a ! Vec a
(h�i ) : : Vec a ! Vec b ! Vec (a; b)
(h�i) : : Basis a ) Vec a ! Vec a ! PA
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Examplesof vectorsover Bool

� The simplestvectoris a unit representing a basiselement:

unit : : Basis a ) a ! Vec a
unit a = (n b ! if a == b then 1else 0)

� The two basicunit vectors:

qFalse = unit False | in Dirac notationj0i
qTrue = unit True | in Dirac notationj1i

� Vectorrepresenting superpositions:

qFT = (1 =sqrt 2) $� (qFalseh+ i qTrue) | 1p
2
(j0i + j1i )

qFmT = (1 =sqrt 2) $� (qFalseh�i qTrue) | 1p
2
(j0i � j1i )
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Examplesof vectorsover (Bool; Bool)

� Usingthe tensorproduct:

p1 = qFalseh�i qFT | in Dirac notationj0i � ( 1p
2
(j0i + j1i ))

� Usingthe classicalproduct over the basis:

qFF = unit (False; False) | in Dirac notationj00i
qTT = unit (True; True) | in Dirac notationj11i

� A vectorrepresenting the EPR pair 1p
2
(j00i + j11i ):

epr = (1 =sqrt 2) $� (qFF h+ i qTT )
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Linearoperators

� Givena functionf : : a ! Vec b, we canproducethe
linearoperatorof type Vec a ! Vec b

� Apply f to each basiselement andaccumulatethe results:

linop : : Basis a ) (a ! Vec b) ! (Vec a ! Vec b)
linop f va = (n b ! sum[ (va a) � (f a b) j a  basis])

� Sowe cande�ne:

t yp e Lin a b = a ! Vec b
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Examplesof linearoperators

� Constructa linearoperatorfrom any purefunction:

fun2lin : : (Basis a; Basis b) ) (a ! b) ! Lin a b
fun2lin f a = unit (f a)

� Commonlinearoperatorson booleans:

qnot = fun2lin not

hadamard False = qFT
hadamard True = qFmT
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Morelinearoperations

� Outer product:

(i � h) : : Basis a ) Vec a ! Vec a ! Lin a a
(v1 i � hv2) a1 a2 = v1 a1 � conjugate(v2 a2)

� Composition:

o : : (Basis a; Basis b; Basis c) )
Lin a b ! Lin b c ! Lin a c

o f g a = linop g (f a)

� Controlled-operations:

controlled : : Basis a )
Lin a a ! Lin (Bool; a) (Bool; a)

controlled f (b1; b2) = (unit b1) h�i (if b1 then f b2 else unit b2)
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Almosta monad!

� We cande�ne:

return : : Basis a ) a ! Vec a
return = unit

(� =) : : Basis a ) Vec a ! (a ! Vec b) ! Vec b
(va � = f ) = linop f va

� The right equationsaresatis�ed

� The typesarewrong: the extra constraints meanthat the con-
struction is not universal. In Haskell terms,we cannotusethe
do-notation

� Alreadyobserved[Mu andBird, 2001]but in a systemrestricted
to manipulatinglists of qubits
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To�oli circuit

to�oli : : Lin (Bool; Bool; Bool) (Bool; Bool; Bool)
to�oli (top; middle; bottom) =

let cnot = controlled qnot
cphase = controlled phase

in hadamard bottom � = n b1 !
cphase(middle; b1) � = n (m1; b2) !
cnot (top; m1) � = n (t1; m2) !
controlled (adjoint phase) (m2; b2) � = n (m3; b3) !
cnot (t1; m3) � = n (t2; m4) !
cphase(t2; b3) � = n (t3; b4) !
hadamard b4 � = n b5 !
return (t3; m4; b5)
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Sofar

� (Almost) monadscanbeusedto structurequantum parallelism:
no explicit globalstateandpointers

� Connectionsto categorytheory, etc

� That's the easypart . . .How do we dealwith measurement?
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Measurement
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Measurement & collapse

MeasuringqFT (= 1p
2
(j0i + j1i )):

� returns0 with probability 1/2

andas a side-e�ect collapsesqFT to j0i , or

� returns1 with probability 1/2

andas a side-e�ect collapsesqFT to j1i
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Measurement & spooky actionat a distance

Measuringthe left qubit of epr: (= 1p
2
(j00i + j11i )):

� returns0 with probability 1/2

andas a side-e�ect collapsesepr to j00i , or

� returns1 with probability 1/2

andas a side-e�ect collapsesepr to j11i

� The right qubit is a�ectedevenif physicallydistant!
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Ignoremeasurement?

� Measurements canalwaysbe delayedto the end;
many formalismsignorethem

� Mu andBird usethe IO monadto explainmeasurement;
cannotmix measurement with linearoperations

� Canwe dealwith measurements in the formalism?
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Teleportation

Not

H

{EPR

Not Z

q

q

Alice Bob

m2

m1

Communicationusesa classicalchannel,sendingclassicalbits.
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Quantum Computing(I I)
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Statevectorshave too much information

� Perhapsvectorsarenot expressive enough?

� Vectoris exactstateof the systembut much of the information
in the stateis not observable

� Take qFT andmeasureit. The result is either:

1
p

2
j0i or

1
p

2
j1i

� Apply Hadamardto the result:

1
p

2
(j0i + j1i ) or

1
p

2
(j0i � j1i )

� The two con�gurationsareindistinguishable
(observationallyequivalent)
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Density matrices

� Statisticalperspective of the statevector

� Technically, we usethe outerproduct:

t yp e Densa = Vec (a; a)

pureD : : Basis a ) Vec a ! Densa
pureD v = lin 2vec (v i � hv)

� Examples:

qFalse qTrue qFT

j0i j1i 1p
2
(j0i + j1i )

�
1 0
0 0

� �
0 0
0 1

� �
1/2 1/2
1/2 1/2

�
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Density matricesandmeasurement

� Whenwe measureqFT ( 1p
2
(j0i + j1i )) we get:

Falsewith probability 1/2, or True with probability 1/2:
�

1/2 0
0 0

�
+

�
0 0
0 1/2

�
=

�
1/2 0
0 1/2

�

� The density matrix canrepresent a mixedstate

� Operationsarelinear:

H
�

1/2 0
0 1/2

�
= H

�
1/2 0
0 0

�
+ H

�
0 0
0 1/2

�
=

�
1/2 0
0 1/2

�

� The two statesareindeedobservationallyequivalent.
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Superoperators

� Every linear operator can be lifted to an operator on density
matrices

� Such operatorsarecalledsuperoperators:

t yp e Super a b = (a; a) ! Densb

lin 2super : : (Basis a; Basis b) ) Lin a b ! Super a b
lin 2super f (a1; a2) = (f a1) h�i (dual (adjoint f ) a2)

where dual f a b = f b a
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Tracingandmeasurement

� trL measuresand\forgets" the resultof measurement
meas measuresandreturnsthe resultof measurement

trL : : (Basis a; Basis b) ) Super (a; b) b
trL ((a1; b1); (a2; b2)) = if a1 == a2 then return (b1; b2) else vzero

meas : : Basis a ) Super a (a; a)
meas (a1; a2) = if a1 == a2 then return ((a1; a1); (a1; a1)) else vzero

� MeasuringqFT andforgettingthe collapsedquantum state:

pureD qFT � = meas � = trL

evaluatesto:
�

1/2 0
0 1/2

�
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No longera monad

� At leastwe can't prove it is a monad

� Superoperatorsdo not form a basis

� We seemto have lost all our structure
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Arrows
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A generalizationof monads

class Arrow a where
arr : : (b ! c) ! a b c
(o ) : : a b c ! a c d ! a b d
�rst : : a b c ! a (b; d) (c; d)

f
b c b c d

f g fb

d d

c

>>> firstarr

(b)(a) (c)
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Moreabout arrows

Look up excellent work at Yale
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Embeddingin Haskell usingarrows
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Superoperatorsarearrows

Well . . . almost:the typeshave additionalconstraints

arr : : (Basis b; Basis c) ) (b ! c) ! Super b c
arr f = fun2lin (n (b1; b2) ! (f b1; f b2))

(o ) : : (Basis b; Basis c; Basis d) )
Super b c ! Super c d ! Super b d

(o ) = o

�rst : : (Basis b; Basis c; Basis d) ) Super b c ! Super (b; d) (c; d)
�rst f ((b1; d1); (b2; d2)) = permute ((f (b1; b2)) h�i (return (d1; d2)))

where permute v ((b1; b2); (d2; d2)) = v ((b1; d1); (b2; d2))
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Superoperatorsasa modelof quantum computing

� Thecategoryofsuperoperatorsisknownto beanadequatemodel
of quantum computation[Selinger]

� Thiswork suggeststhat this categorycorrespondsto a functional
languagewith arrows

� Canweaccuratelyexpressquantum computationin a functional
languagewith arrows?
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To�oli

to�oli : : Super (Bool; Bool; Bool) (Bool; Bool; Bool)
to�oli = let hadS = lin 2super hadamard

cnotS = lin 2super (controlled qnot)
cphaseS = lin 2super (controlled phase)
caphaseS = lin 2super (controlled (adjoint phase))

in pro c (a0; b0; c0) ! do
c1  hadS � c0
(b1; c2)  cphaseS� (b0; c1)
(a1; b2)  cnotS � (a0; b1)
(b3; c3)  caphaseS� (b2; c2)
(a2; b4)  cnotS � (a1; b3)
(a3; c4)  cphaseS� (a2; c3)
c5  hadS � c4
returnA � (a3; b4; c5)
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Teleportation (I)

� Canwrite, type, reasonabout each component separately.

� Canincorporatemeasurement in the computation

� Main:

teleport : : Super (Bool; Bool; Bool) Bool
teleport = pro c (eprL; eprR; q) ! do

(m1; m2)  alice � (eprL; q)
q0  bob � (eprR; m1; m2)
returnA � q0
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Teleportation (I I)

alice : : Super (Bool; Bool) (Bool; Bool)
alice = pro c (eprL; q) ! do

(q1; e1)  lin 2super (controlled qnot) � (q; eprL)
q2  lin 2super hadamard � q1
((q3; e2); (m1; m2))  meas � (q2; e1)
(m0

1; m0
2)  trL ((q3; e2); (m1; m2))

returnA � (m0
1; m0

2)

bob: : Super (Bool; Bool; Bool) Bool
bob = pro c (eprR; m1; m2) ! do

(m0
2; e1)  lin 2super (controlled qnot) � (m2; eprR)

(m0
1; e2)  lin 2super (controlled z) � (m1; e1)

q0  trL � ((m0
1; m0

2); e2)
returnA � q0
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QML
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Why Haskell is not adequate

� There is moreto quantum computationthan a functionallan-
guagewith arrows

� Cloning?

� : : Super Bool (Bool; Bool)
� = arr (n x ! (x; x))

� Weakening

weaken: : Super (Bool; Bool) Bool
weaken = arr (n (x; y) ! y)
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Cloning

� Well-known \non-cloning"property of quantum states!

� : : Super Bool (Bool; Bool)
� = arr (n x ! (x; x))

� � only clonesclassicalinformationencodedin quantum data

� Applying � to qFalse will give qFalseh�i qFalse

� But applying� to qFT doesnot produceqFT h�i qFT ;
rather it producesepr

� Onecanthink of it ascloninga pointer;
andsharingthe quantum data.
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Weakening

� The de�nition weaken allowsusto dropsomevalues

weaken: : Super (Bool; Bool) Bool
weaken = arr (n (x; y) ! y)

� Applyingweaken to epr givesqFT

� But droppingavalueamounts to measuringit, andif wemeasure
theleft qubit ofepr, weshouldbegettingeitherqFalseor qTrue
or the mixedstateof both measurements, but never qFT .

� Must prevent weakening
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QML [Altenkirch andGrattage]

� A functionallanguageto modelquantum computation

� Prevent weakeningusingstrict linearlogic

� Two semantics: translationto quantum circuitsand translation
to superoperators

� Sourcelanguagemodelsirreversiblecomputations;semantics(com-
piler) takescareof makingeverything reversible(by addinga
heapinput anda garbageoutput)
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QML type system

� Must keeptrack of usesof variables

� Variablesin the context that arenot usedmust be measured:

x: � ; y: � ` xf yg: �

� Variablesin the context canbe usedmorethan once
(by essentially applying� )
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Usingvariables

� Doesf usex?

f x = if x then qTrue else qTrue

� Dependson the semantics of if

� Classicalcontrol: measurethe qubit x to geta classicalboolean
valueandthenselectappropriatebranch

� Quantum control (if � ): return the superpositionof the branches

� Quantum control returnsqTrue without usingx

� The versionwith if � must not be allowedto typecheck
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Quantum control & orthogonality

� In an if � expression,the superpositionof e1 ande2 is calculated
usingthe probability amplitudesof the superpositionof x:

if � x then e1 else e2

� Basicallyif e1 ande2 areorthogonalthenit is safeto replacethe
superpositionin x with the superpositionof e1 ande2.

� This is ok:

f 0� x = if � x then qTrue else qFalse
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Conclusions

� Fairly elegant semantic analysis

� Quantum computing=
functionallanguage+
arrows(for parallelismandmeasurement) +
somekind of lineartype system(to control weakening)

� Formalizethe connectionsbetweenQML and a functionallan-
guageswith superoperatorsasarrows

� Still needto explaina fewopenissues

� Higher-orderprograms,in�nite datatypes,etc
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