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Quartum medhanics

Real Black Magic Calculus| Albert Einstein

If qguantummechanicshasrt profoundy shaked you, you
havert understand it yet | NielsBohr

| think | can safely say that nolody today understands
guantummechanics| Richard Feynman

| cant possiblyknowwhat| am talking alout | Amr Sabry

Yale CS Colloquium Page?2



Modelsof (quartum) computation

Abstract (Compositional) | Valuesandfunctions

Circuits | Vectorsand matrices

Physics| Particlespinsandelectromagnetields
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Abstract madelsof (quartum) computation
Sematic foundatiorfor functionalguartum programmindanguage:

Categonytheory| categoricamodelsof quarium computation
[Abramsky Selingeryan Tonder]

-calculug quantum -calculugVan Tonder]
Domaintheory logic,etc| [Birkho, von Neumann]

Haslell (not perfectbut rich executabléanguage)
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Plan

Quartum computation(l): unitary operationson statevectors
Embeddingin Haslell usingmonads
What to do with measuremef

Quartum computation(l1): superoperatorson densiy matrices
Arrows
Embeddingin Haslell usingarrowns

QML [Altenkirdh and Grattage]
Open problemsrelatedwork; conclusions
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Quartum Computing(l)
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Example:To oli circuit

Ci i

H H
FFF 0 o o 0 0 0 0 0
FFT 0 0 0 0 0 0 0 0
FTF 0 o o o 0 0 0 0
FTT 0 o o o 0 0 0 0
TFF 0 0 o 1 1 0 0 0
TFT 0 o o i i 0 0 0
TTF 1 1 1 0 0 1 1 0
TTT 0 1 i o 0 i -1 1

In this examplejnput is|TTF |

]

After rst step,statevectoris a superpositionjTTFi + JTTTI
Result: Negatethe last bit
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Entanglemen

The statevectorof multiple qubitscansometimege teasednto
the product of simplerstatevectors:

JIFFI+ FTi=jF1 (FI+]TI)
If the qubitsareertangled this is impossible:
JFFIi+|TTi 6 (JFi+Ti) (Fi+|Ti)
(or any otherproduct we might try)

Must basicallymanipulatethe globalstateat all times
evenif we want to apply an operation to only one qubit
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QCL [Knill]

A globalstatewith n qubits
Registerarerealizeadusingpointersto the globalstate

Apply operationU to registerr using Y:(U | m)):
where Y istheinverseof andl| istheidertity
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Flowchart notation [Selingdlr

A globalstatewith n variables
that canbe assigneance

To apply operation U to part
of the state, usethe sameidea
that is usedin QCL.:

{ re-order the variables to
bring relevant variablesto
the front

{ compmseU with the iden-

tity andapplyit to theertire
state
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Lanmbda-calculugxtensiorfValiron and Selinggr

ldea:the lambdaterm givesclassicatorirol overthe quarium data
whid is accesseda pointersto a globaldata structure.

The stateis atriple [Q; Qs ; M |
Q iIs the statevector
M is a lambdaterm with freevariables

Q: Is alinking functionwhicdh mapse\ery freevariableof M to
aqubitin Q
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Virtual valuesand adaptorgSabry

Alsousesa globalstateand pointers mediatedusingadaptors
Hidesthe managemaédrof poirntersusingvirtual values

Adaptorscanalmostbe derived from the typesbut their actual
generations tediousand ugly

to oli state =
let b virt state adaptor
mb virt state adapton,
tm virt state adaptor,

tb virt state adaptor;
in do apphadamad b

appcv mb
appcnot tm
appcvt mb
appcnot tm
appcv tb
apphadamad b
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Canwe do better than pointersto a globalstate?

Commonthemesofar:

A globalstatevectoraccesseda pointers
Ead operationtransformshe globalstateto a newstate

Monadsare often usedto structureand reasombout computa-
tional e ects.

class Monad m where
return :: 8a: al! ma

(=) ::8abma! (a! mb)y! mb

Is therea nicemonadhere?
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Embeddingin Haslell usingmonads
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Finite sets

We only considecomputationsver nite basesForatypea to
be a type of obserables|t needdo represena nite set:

classEga ) Basisa where hasis:: [a]
instance BasisBool where basis = [False True]

Canautomaticallyconstructmorecomplicategetsondemand):

instance (Basisa; Basisb) ) Basis(a; b) where
basis = [(a; b)ja basis; b basis|]

Programsat the endproduceclassicabbserablevalues:
False (True; False), etc
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Statevectors

A state vectorassaiatesa complexprobability amplitudewith
eat basiselemen

typ e PA
typeVec a

ComplexDouble
al!l PA

Canadd, substractand multiply vectors:(de nitions omitted)

vzeo :: Veca

(i) ::Veca! Veca! Veca
(hi)::Veca! Veca! Veca

($) ::PA! Veca! Veca

(hi) ::Veca! Vecb! Vec(a;b)
(hi) :: Basisa) Veca! Veca! PA
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Exampleof vectorsover Bool

The simplestvectoris a unit represeting a basiselemen

unit :: Basisa) a! Veca
unita = (nb! if a = bthen lelse0)

The two basicunit vectors:

gFalse
dTrue

unit False | in DiracnotationjOi
unit True | in Diracnotationjli

Vectorrepreseting superpositions:

gFT = (1=sqrt2)$ (gFalseh+iqTrue) | #5(j0i + j1i)
gFmT = (1=sqrt2)$ (gFalsehi gTrue) | #4(O  jli)
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Examplesof vectorsover (Bool; Bool)

Usingthe tensorproduct:

pl = gRalsehi gFT | in DiracnotationjOi (pl—é(jOi + 1))

Usingthe classicaproduct over the basis:

gFF
qTT

unit (False False) | in DiracnotationjOd
unit (True; True) | in Diracnotationj1li

A vectorrepreseting the EPR pair #5(j00 + j11i):

epr = (1=sqrt2)$ (qFF h+i qTT)

Yale CS Colloquium Pagel8



Linearoperators

Givenafunctionf::a! Vec b, we canproducethe
linearoperatoroftypeVec a! Vec b

Apply f to ead basiselemehandaccunulate the results:

linop .. Basisa) (a! Vech)! (Veca! Vech)
linopfva = (nb! sum[(vaa) (fab)ja basis])

Sowe cande ne;:

typeLinab = a! Vecb

Yale CS Colloquium Pagel9



Examplef linearoperators

Constructa linearoperatorfrom any purefunction:

fun2in .. (Basisa; Basisb) ) (a! b)! Linab
fun2in f a = unit (f a)

Commonlinearoperatorson booleans:

gnot = fun2in not
hadamad False = qFT
hadamad True = qFmT
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Morelinearoperations

Outer product:
(i h .. Basisa) Veca! Veca! Linaa
(vii hwwasay, = via; conjugate(vs ay)
Comjposition:
0 .. (Basisa; Basisb; Basisc) )

Lin ab !

of ga = linopg(f a)

Lin bc ! Linac

Cortrolled-operations:

controlled

.. Basisa )
Linaa !

controlled f (by; ) = (unit by) hi (if bythen f by else unit by)

Lin (Bool;a) (Bool;a)
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Almosta monad!

We cande ne:

return .. Basisa) a! Veca

return = unit

( =) .. Basisa) Veca! (a! Vech)! Vecb
(va = f) = linopf va

Theright equationsaresatis ed

The typesarewrong: the extra constraibs meanthat the con-
structionis not universal. In Haslell terms, we cannotusethe
do-notation

Alreadyobsered[Mu andBird, 2001 ut in a systenrestricted
to manipulatinglists of qubits
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To oli circult

tooli :: Lin (Bool;Bool;Bool) (Bool; Bool; Bool)
to oli (top; middle; bottom) =
let cnot = controlled gnot

cphase = controlled phase

in hadamad bottom = nb !
cphase(middle; ) = n(myby) !
cnot (top; m,) = n(ty;ymy) !
controlled (adjoint phasg (my; b)) = n(mg;bg) !
cnot (ty; ma) = n(tz;my) !
cphase(ty; b) = n(ts by !
hadamad b, = nbs !

return (ts; my; bs)
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Sofar

(Almost) monadscanbe usedto structurequarium parallelism:
no explicit globalstateand pointers

Connection$o categorytheory etc

That's the easypart ... How do we dealwith measuremd®
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Measuremen
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Measuremdn& collapse

MeasuringyFT (= p5(jOi + j1i)):

returnsO with probability 1/2
andas a side-e ect collapsegFT to |Oi, or

returns1 with probability 1/2
andas a side-e ect collapsegFT to |1i
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Measuremdns spooky actionat a distance

Measuringhe left qubit of epr: (= #5(j00 + j11i)):

returnsO with probability 1/2
andas a side-e ect collapsegpr to |00, or

returns1 with probability 1/2
andas a side-e ect collapsegpr to |11

Theright qubit is a ected evenif physicallydistart!
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lgnoremeasureme®

Measuremen canalways be delgyedto the end,;
mary formalismsagnorethem

Mu and Bird usethe 10 monadto explainmeasuremen
cannotmix measuremerwith linearoperations

Canwe dealwith measuremés in the formalism?

Yale CS Colloquium Page?28



Teleprtation

Alice
| ||
+ + Not z q
1 1
| |
Lom2 .

a H RLE
i i
i i

Comnunicationusesa classicathannel,sendingclassicabits.
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Quartum Computing(l1)
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Statevectorshave too mud information

Perhapsvectorsarenot expresseenough?

Vectoris exactstate of the systembut muah of the information
In the stateis not obserable

Take gFT andmeasurat. Theresultis either:
1 1
—0i or —| 1i
i i
Apply Hadamardo the result:
pl—é(jOi + 1) or pl—é(jOi 110)

The two con gurationsareindistinguishable
(obserationally equinalert)
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Densiyy matrices

Statisticalperspective of the statevector
Tednically we usethe outer product

typeDensa = Vec (a;a)

pureD:: Basisa ) Veca ! Densa
pureDv = lin2vec (Vi hv)

Examples:
gFalse gTrue gFT
jOi j1i ps(j0i + 1)
10 00 1/2 1/2
00 01 1/2 1/2
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Densiyy matricesand measuremen

Whenwe measurelFT (pl—é(jOi + |1i)) we get:
False with probability 1/2, or True with probability 1/2:

1/2 0 N OO0 _ 12 0
00 012 0 12

The densiy matrix canrepresena mixedstate

Operationsarelinear:

72 0 .. 120 00 _ 12 0
H 9w “H 90 *H 0w T 0w

The two statesareindeedobserationallyequinalent.
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Superoperators

Every linear operator can be lifted to an operator on densiy
matrices

Sud operatorsarecalledsuperoperators

typeSuperab = (a;a) ! Densb

lin 2super :: (Basisa; Basisb) ) Linab ! Superab
lin2super f (a;;a) = (f &) hi (dual (adjoint f) ay)
where dualf ab = f ba
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Tracingand measuremeén

trL measureand\forgets" the resultof measuremen
meas measureandreturnsthe resultof measuremeén

trL ;. (Basisa; Basisb) ) Super (a;b)b
trL ((ag; b); (az; b)) = if ag = axthen return (by; by) else vzeo

meas:: Basisa ) Supera(a;a)
meas (a;; a) = if ag = aythen return ((ay; a1); (a1; a1)) elsevzeo

MeasuringgFT andforgettingthe collapsedjuartum state:

pureDgFT = meas = trL

ewaluatesto:

1/2 0
0 1/2
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No longera monad

At leastwe can't prove it isa monad

Superoperatorsdo not form a basis

We seento have lost all our structure
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Arrows
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A generalizatioof monads

class Arrow a where

arr :(b! ¢)! abc

(0 )::abc! acd! abd
rst ::abc ! a(b;d)(c;d)

arr >>> first
b oy e d ol |
O e ey e
e d d
(@) (b) ©
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More about arrons

Look up excellehwork at Yale
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Embeddingin Haslell usingarrows
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Superoperatorsare arronvs

Well . ..almost:the typeshave additionalconstraims

arr ;. (Basisb; Basisc) ) (b! c¢)! Sugrbc
arr f = fun2in (n(byby) ! (f by T b))

(o ):: (Basisb; Basisc; Basisd) )
Suerbc ! Supercd ! Superbd
(0 )=o0

rst :: (Basisb; Basisc; Basisd) ) Supgerbc ! Suger (b;d)(c;d)
rst f ((b;dy); (bz;d2)) = permute ((f (by; Bp)) hi (return (dy; dy)))
where permutev ((by; by); (db; db)) = v ((by; di): (by: db))
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Superoperatorsasa maodel of quartum computing
Thecategonfsuperoperatorasknowvnto beanadequatenodel
of quartum computation[Selinger]

Thiswork suggestthat this categorycorrespndsto afunctional
languagevith arrows

Canwe accuratelyexpresguarium computationn afunctional
languagewith arrowvs?
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To ol

to oli :: Super (Bool; Bool; Bool) (Bool; Bool; Bool)

tooli = let hadS = lin 2super hadamad
cnotS = lin 2super (controlled gnot)
cphaseS = lin2super (controlled phasg
caphaseS = lin2super (controlled (adjoint phase)

in proc (ag;bp;co) ! do
Cy hadS ¢
(by;c2)  cphaseS  (bp; cy)
(a;bp)  cnotS  (ao; by)
(bs;c)  caphaseS  (byp; cp)
(az; by) cnotS  (ay; by)
(as;ca)  cphaseS  (ay; Cs)
Cs hadS ¢4
returnA (az; by; Cs)
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Teleprtation (1)

Canwrite, type, reasorabout eaty comnern separately

Canincorpratemeasuremeénn the computation

Main:

teleport

teleport :: Super (Bool; Bool; Bool) Bool
pro c (eprL; eprR; q) !
(mq; my) alice
qQ° bob  (eprR;my;my)

returnA  q°

(eprL; q)
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Telepprtation (11)

alice ;. Super (Bool; Bool) (Bool; Bool)

alice = proc(eprL;q) ! do
(01; €) lin 2super (controlled gnot)
b lin 2super hadamad 1
(G €2);(M1;mg))  meas (g &)
(mym3)  trL ((gg; €2); (Mg; My))
returnA  (mYm)d)

bob:: Suger (Bool; Bool; Bool) Bool
bob = proc(eprR;m;;my) ! do

(m%; e lin 2super (controlled gnot)
(mg; &) lin 2super (controlled z)

® tL  (m}m));ey)

returnA  °

(g; eprL)

(my; eprR)
(My; er)
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QML
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Why Haslell is not adequate

Thereis moreto quarium computationthan a functionallan-
guagewith arrows

Cloning?

.. Super Bool (Bool; Bool)
= arr (nx ! (X;Xx))

Wealening

weaken:: Super (Bool; Bool) Bool
weaken = arr (n(x;y) ! vy)
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Cloning

Well-knavn \non-cloning"property of quartum states!

.. Super Bool (Bool; Bool)
= arr (nx ! (X;Xx))

only clonesclassicainformationencaledin quartum data
Applying to gFalsewill give gFalseh i gFalse

But applying to gFT doesnot produceqFT hi gFT;
ratherit producesepr

Onecanthink of it ascloninga poirter;
and sharingthe quarium data.
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Wealening

The de nition waaken allovsusto drop somevalues

weaken:: Super (Bool; Bool) Bool
weaken = arr (n(x;y) ! vy)

Applyingweaken to epr givesgFT

But droppingavalueamourts to measuringt, andif wemeasure
the left qubit of epr, we shouldbe gettingeitherqFalseor gTrue
or the mixedstate of both measuremes, but newer gFT .

Must prewert wealening
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QML [Altenkirah and Grattage]

A functionallanguageéo model quartum computation
Prewernt wealeningusingstrict linearlogic

Two sematics: translationto quartum circuitsand translation
to superoperators

Sourcdéanguagenaodelsirreversiblecomputationssematics(com-
piler) takes care of making ewerything rewersible(by addinga
heapinput and a garbageoutput)
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QML type system

Must keeptrack of usesof variables

Variabledan the coriext that arenot usedmust be measured

X: 1y, xte

Variablesn the cortext canbe usedmorethan once
(by essemally applying )
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Usingvariables

Doesf usex?

f x = if xthen gTrue else qTrue

Dependson the sematics of if

Classicatorirol: measurdhe qubit x to geta classicaboolean
valueandthen selectappropriatebrand

Quartum cortrol (if ): returnthe superpositionof the brantes
Quartum cortrol returnsqTrue without usingx

The versionwith if must not be allovedto typeted

Yale CS Colloquium Page52



Quartum cortrol & orthogonaliy

In anif expressiorthe superpositionof e; ande, is calculated
usingthe probability amplitudesof the superpositionof x:

If xthen e elsee

Basicallyif e; ande, areorthogonathenit is safeto replacdahe
superpositionin x with the superpositionof e; ande,.

This is ok:

fOx = if xthen qTrue else gFalse
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Conclusions

Fairly elegah semanc analysis

Quartum computing=

functionallanguager

arrows (for parallelismand measureme +

somekind of lineartype system(to cortrol wealening)

Formalizethe connectionbetweenQML and a functionallan-
guagesvith superoperatorsasarrons

Still needto explaina fewopenissues

Higher-ordeprogramsijn nite datatypes,etc
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