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Assignment 6: Context-free languages

Solutions.

1. (20%) For each grammar below describe in words the language it generates.

(a) S → aSb | bSa | εS → aSb | bSa | εS → aSb | bSa | ε

Solution. The set of strings ww̃ww̃ww̃ where w̃̃w̃w is the flip of www , i.e. with aaa and bbb

interchanged.

(b) S → SS | aS → SS | aS → SS | a

Solution. L(a+)L(a+)L(a+), that is the non-empty strings over the letter aaa.

(c) S → aS | cTS → aS | cTS → aS | cT , T → aT | cRT → aT | cRT → aT | cR, R → aR | εR → aR | εR → aR | ε.

Solution. The strings of the form a
i
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j
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k
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i
ca

j
ca

k
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i
ca
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ca

k where i, j, k > 0i, j, k > 0i, j, k > 0 .

(d) S → aA | bBS → aA | bBS → aA | bB, A → aA | bA | aA → aA | bA | aA → aA | bA | a, B → aB | bB | bB → aB | bB | bB → aB | bB | b.

Solution. The strings that start and end with the same letter, i.e. the strings of

the form a · w · aa · w · aa · w · a and the strings of the form b · w · bb · w · bb · w · b .

2. (30%) For each of the following languages give a CFG that generates it.

(a) L = {ap
b

q
c

r | p + q = r}L = {ap
b

q
c

r | p + q = r}L = {ap
b

q
c

r | p + q = r}

Solution. S → aSc | TS → aSc | TS → aSc | T , T → bTc | ε.T → bTc | ε.T → bTc | ε.

(b) L = {an
b

k
c

n | k, n > 0}L = {an
b

k
c

n | k, n > 0}L = {an
b

k
c

n | k, n > 0}

Solution. S → aSc | TS → aSc | TS → aSc | T , T → bT | εT → bT | εT → bT | ε.

(c) L = {ap
b

q
c

r | p + q < r}L = {ap
b

q
c

r | p + q < r}L = {ap
b

q
c

r | p + q < r}

Solution. S → Sc | TcS → Sc | TcS → Sc | Tc, T → aTc | aTc | RT → aTc | aTc | RT → aTc | aTc | R, R → bRc | εR → bRc | εR → bRc | ε.

3. (30%) Consider the CFG GGG over the alphabet Σ = {a,b}Σ = {a,b}Σ = {a,b}, with initial nonterminal

SSS and with productions

SSS →→→ AB | BAAB | BAAB | BA

AAA →→→ SA | AS | aSA | AS | aSA | AS | a
BBB →→→ SB | BS | bSB | BS | bSB | BS | b



(a) Give a parse tree of GGG for the string abbabaabbabaabbaba.

Solution. SSS generates the non-empty strings with an equal number of aaa ’s and

bbb ’s, AAA the strings with an excess of one aaa , and BBB the strings with an excess

of one bbb . So a parse-tree for abbabaabbabaabbaba is
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ba b a b a

(b) Give the leftmost-derivation for your parse-tree, as well as another derivation for

it.

Solution. Leftmost derivation:

S ⇒ BA ⇒ SBA ⇒ ABBA ⇒ aBBA ⇒ abBA ⇒ abbA ⇒ abbASS ⇒ BA ⇒ SBA ⇒ ABBA ⇒ aBBA ⇒ abBA ⇒ abbA ⇒ abbASS ⇒ BA ⇒ SBA ⇒ ABBA ⇒ aBBA ⇒ abBA ⇒ abbA ⇒ abbAS

⇒ abbaS ⇒ abbaBA ⇒ abbabA ⇒ abbaba⇒ abbaS ⇒ abbaBA ⇒ abbabA ⇒ abbaba⇒ abbaS ⇒ abbaBA ⇒ abbabA ⇒ abbaba

Another derivation (rightmost chosen):

S ⇒ BA ⇒ BAS ⇒ BABA ⇒ BABa ⇒ BAba ⇒ BabaS ⇒ BA ⇒ BAS ⇒ BABA ⇒ BABa ⇒ BAba ⇒ BabaS ⇒ BA ⇒ BAS ⇒ BABA ⇒ BABa ⇒ BAba ⇒ Baba

⇒ SBaba ⇒ Sbaba ⇒ ABbaba ⇒ Abbaba ⇒ abbaba⇒ SBaba ⇒ Sbaba ⇒ ABbaba ⇒ Abbaba ⇒ abbaba⇒ SBaba ⇒ Sbaba ⇒ ABbaba ⇒ Abbaba ⇒ abbaba

(c) Show that GGG is an ambiguous grammar, by giving two different parse-trees for

the same string.

Solution. An alternative parse-tree for abbabaabbabaabbaba is:
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A. Let L = {ai
b

i+j
c

j | i, j > 0}L = {ai
b

i+j
c

j | i, j > 0}L = {ai
b

i+j
c

j | i, j > 0}

i. Give a CFG GGG that generates LLL .

Solution.

SSS →→→ LRLRLR

LLL →→→ aLbaLbaLb

LLL →→→ εεε

RRR →→→ bRcbRcbRc

RRR →→→ εεε

ii. Give a parse tree of GGG for the string aaabbbbcaaabbbbcaaabbbbc.

Solution.

L

a bL

a bL

a bL

ε

S

R

b c

ε

R

iii. Give the leftmost derivation for TTT .

Solution.

S ⇒ LR ⇒ aLbR ⇒ aaLbbRS ⇒ LR ⇒ aLbR ⇒ aaLbbRS ⇒ LR ⇒ aLbR ⇒ aaLbbR

⇒ aaaLbbbR ⇒ aaabbbR ⇒ aaabbbbRc ⇒ aaabbbbc⇒ aaaLbbbR ⇒ aaabbbR ⇒ aaabbbbRc ⇒ aaabbbbc⇒ aaaLbbbR ⇒ aaabbbR ⇒ aaabbbbRc ⇒ aaabbbbc

B. The following problem refers to the symbols ### and $$$ , to draw attention to their

being different.

i. Construct a CFG generating {ai #b
k $ai}{ai #b
k $ai}{ai #b
k $ai}.

Solution. S → aSa | # MS → aSa | # MS → aSa | # M , M → bM | $M → bM | $M → bM | $.

ii. Show that the language L = { u # w $ u′ | |u′| = |u| }L = { u # w $ u′ | |u′| = |u| }L = { u # w $ u′ | |u′| = |u| } is CF.

Solution. This is like (a), except that the a’s can be any letter.
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iii. Show that no string in LLL can be a palindrome.

Solution. Each w ∈ Lw ∈ Lw ∈ L has ### and $$$ are at symmetric positions. Since

these are different symbols www can’t be a palindrome.

iv. Show that the non-palindromes (over an alphabet ΣΣΣ ) constitute a CFL.

Solution. For each pair σ, τσ, τσ, τ of different letters, the set of strings with σσσ

and τττ in symmetric positions is a CFL: just take σσσ for ### above and τττ for $$$.

The set of non-palindromes is the union over all pairs of distinct letters of lan-

guages as above, and the union of CFL’s is a CFL.

4. (20%)

(a) Construct a CFG generating {ai#bi+j$aj}{ai#bi+j$aj}{ai#bi+j$aj}.

Solution. S → LRS → LRS → LR, L → aLb | #L → aLb | #L → aLb | #, R → bRa | $R → bRa | $R → bRa | $.

(b) Show that the language { u # v · u′ $v′ | |u′| = |u|, |v′| = |v| }{ u # v · u′ $v′ | |u′| = |u|, |v′| = |v| }{ u # v · u′ $v′ | |u′| = |u|, |v′| = |v| } is CF.

[Hint: The proof idea is (a).]

Solution. S → LRS → LRS → LR, LXLX | #LXLX | #LXLX | #, R → XRX | $R → XRX | $R → XRX | $, X → a | ttbX → a | ttbX → a | ttb

(c) Recall the Mahi-Mahi language M = { w · w | w ∈ {a, b}∗ }M = { w · w | w ∈ {a, b}∗ }M = { w · w | w ∈ {a, b}∗ }.

We showed that it is not CF.

Show that the complement of MMM is a CFL.

Solution. For each pair σ, τσ, τσ, τ of different letters, the set of strings with σσσ and

τττ in corresponding positions is a CFL: just take σσσ for ### above and τττ for $$$.

The set of strings not of the form w · ww · ww · w is the union over all pairs of distinct

letters of languages as above, and the set of strings of odd length. All these

languages are CF, so their union is a CF language.
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