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O
U

T
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E
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(55

m
in)Introduction

to
Q

uaternions:

W
hatare

they
good

for?

U
nderstanding

R
otation

S
equences!

IIa:
(15

m
in)

Q
uaternion

Tubing:

V
isualizing

Fram
ed

S
pace

C
urves
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...O
U

T
LIN

E
...

IIb:
(15

m
in)

Q
uaternion

P
rotein

M
aps:

A
m

ino
A

cid
Fram

e
S

equences
w

ith
Q

uaternions

IIc:
(20

m
in)

Intro
to

D
ualQ

uaternions:

A
pplications

to
S

ix-D
egrees-of-Freedom

3

P
artI

Introduction
to

Q
uaternions:

...Tw
isting

B
elts

and
R

olling
B

alls...

E
xplaining

R
otation

S
equences

w
ith

Q
uaternions
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W
here

D
id

Q
uaternions

C
om

e
F

rom
?

...from
the

discovery
ofC

om
plex

N
um

bers:

•
z

=
x

+
iy

C
om

plex
num

bers
=

realization

that
z
2
+

1
=

0
cannot

be
solved

unless
you

have
an

“im
aginary”

num
ber

w
ith
i 2

=
−
1

.

•
E

uler’s
form

ula
:
e
iθ

=
c
o
s
θ
+
i
sin

θ

allow
s

you
to

do
m

ostof2D
geom

etry.

5

H
am

ilton

T
he

first
to

ask
“If

you
can

do
2D

geom
etry

w
ith

com
plex

num
bers,

how
m

ightyou
do

3D
geom

etry?”
w

as
W

illiam
R

ow
an

H
am

ilton,circa
1840.

S
ir

W
illiam

R
ow

an
H

am
ilton

4
A

ugust1805
—

2
S

eptem
ber

1865
6



H
am

ilton’s
epiphany:

16
O

ctober
1843

“A
n

electric
circuitseem

ed
to

close;and
a

spark
flashed

forth
...N

or
could

Iresistthe
im

pulse
–

unphilosophi-

calas
itm

ay
have

been
–

to
cutw

ith
a

knife
on

a
stone

ofB
rougham

B
ridge,as

w
e

passed
it,the

fundam
en-

talform
ula

w
ith

the
sym

bols,
i,
j,
k

;nam
ely,

i 2
=

j
2

=
k
2

=
ijk

=
−
1

w
hich

contains
the

S
olution

ofthe
P

roblem
...”

7

...atthe
site

ofH
am

ilton’s
carving

T
he

plaque
on

B
room

e
B

ridge
in

D
ublin,Ireland,com

m
em

-
orating

the
legendary

location
w

here
H

am
ilton

conceived
of

the
idea

ofquaternions.
(P

hoto
taken

July
2012).

8

...the
author

on
B

room
e

B
ridge...

Yes,
I

have
actually
been

there!
9

T
he

B
eltTrick

Q
uaternion

G
eom

etry
in

our
daily

lives

•
Tw

o
people

hold
ends

ofa
belt.

•
Tw

ist
the

belt
either

360
degrees

or
720

de-

grees.

•
R

ule:
M

ove
belt

ends
any

w
ay

you
like

but
do

notchange
orientation

ofeither
end.

•
Try

to
straighten

outthe
belt.

10

360
D

egree
B

elt

360
tw

ist:
stays

tw
isted,can

change
D

IR
E

C
T

IO
N

!
11

720
D

egree
B

elt

720
tw

ist:
C

A
N

F
LAT

T
E

N
O

U
T

W
H

O
LE

B
E

LT
!

12



T
he

B
eltless

Trick
Q

uaternion
G

eom
etry

is
rightin

your
hand!

•
H

old
a

coffee
cup

(em
pty

is
a

good
idea)

in
the

palm
ofyour

hand.

•
K

eeping
the

cup
vertical,useryourhand

to
tw

ist

the
handle,firstby

360
degrees

(painful).

•
N

ow
C

O
N

T
IN

U
E

another
360

degrees,for
a

to-

talof720
degrees.

•
Your

arm
is

once
again

S
T

R
A

IG
H

T
!

13

R
olling

B
allP

uzzle

1.
P

uta
ballon

a
flattable.

2.
P

lace
hand

flaton
top

ofthe
ball

3.
M

ake
circular

rubbing
m

otion,as
though

polish-

ing
the

tabletop.
4.

W
atch

a
pointon

the
equator

ofthe
ball.

5.
sm

allclockw
ise

circles
→

equator
goes

counterclockw
ise

6.
sm

allcounterclockw
ise

circles
→

equator
goes

clockw
ise

14

R
olling

B
allS

cenario
P

oint of C
ontact

y axis rotation

x axis rotation

m
otion

in plane

15

G
im

balLock

G
im

balLock
occurs

w
hen

a
m

echanical
or

com
-

puter
system

experiences
an

anom
aly

due
to

an

(x
,y
,z

)-based
orientation

controlsequence.

•
M

echanicalsystem
s

cannotavoid
allpossible

gim
-

ballock
situations

.

•
C

om
puter

orientation
interpolation

system
s

can
avoid

gim
bal-lock-related

glitches
by

using
quater-

nion
interpolation.

16

M
echanicalG

im
balLock:

U
sing

x
,y
,z

axes
to

encode
orientation

gives
singular

situations.
17

G
im

balLock
—

A
pollo

S
ystem

s

R
ed-painted

area
=

D
anger

ofrealG
im

balLock

18



2D
R

otations

•
2D

rotations
↔

com
plex

num
bers.

•
W

hy?
e
iθ

( x
+
iy

)
=

(x
′
+
iy ′

)

x
′
=

x
c
o
s
θ
−
y
sin

θ

y ′
=

x
sin

θ
+
y
c
o
s
θ

•
C

om
plex

num
bers

are
a

subspace
of

quater-

nions
—

so
exploit2D

rotations
to

introduce
us

to
quaternions

and
their

geom
etric

m
eaning.19

F
ram

es
in

2D

T
he

tangentand
norm

alto
2D

curve
m

ove
continuously

along
the

curve:

θ T̂

N̂

20

F
ram

es
in

2D

T
he

tangentand
norm

alto
2D

curve
m

ove
continuously

along
the

curve:

θ

N̂
T̂

21

F
ram

es
in

2D

T
he

tangentand
norm

alto
2D

curve
m

ove
continuously

along
the

curve:

θ

N̂
T̂

22

F
ram

e
M

atrix
in

2D

T
his

m
otion

is
described

ateach
point(ortim

e)by
the

m
atrix:

R
2
(θ

)
=

[

T̂
N̂

]

=



c
o
s
θ

−
sin

θ
sin

θ
c
o
s
θ



.

23

T
he

B
eltTrick

S
ays:

T
here

is
a

P
roblem

...atleastin
3D

H
ow

do
you

get
c
o
s
θ

to
know

about720
degrees?

24



T
he

B
eltTrick

S
ays:

T
here

is
a

P
roblem

...atleastin
3D

H
ow

do
you

get
c
o
s
θ

to
know

about720
degrees?

H
m

m
m

m
m

.
c
o
s(θ

/
2
)

know
s

about720
degrees,right?

25

H
alf-A

ngle
Transform

:

A
F

ix
for

the
P

roblem
?

Let
a

=
c
o
s(θ

/
2
),
b
=

sin
(θ
/
2
),

(i.e.,
c
o
s
θ
=
a
2
−
b
2,

sin
θ
=

2
a
b),

and
param

eterize
2D

rotations
as:

R
2
(a
,b)

=



a
2
−
b
2

−
2
a
b

2
a
b

a
2
−
b
2



.

w
here

orthonorm
ality

im
plies

(a
2
+
b
2
)
2

=
1

w
hich

reduces
back

to
a
2
+
b
2

=
1

.
26

F
ram

e
E

volution
in

2D

E
xam

ine
the

tim
e-evolution

ofa
2D

fram
e

(on
ourw

ay
to

3D
).

F
irstuse

θ
(t)

coordinates:

[

T̂
N̂

]

=



c
o
s
θ

−
sin

θ
sin

θ
c
o
s
θ



.

D
ifferentiate

to
find

fram
e

equations:

˙̂T
(t)

=
+
κ
N̂

˙̂N
(t)

=
−
κ
T̂
,

w
here

κ
(t)

=
d
θ
/
d
t

is
the

curvature
.

27

F
ram

e
E

volution
in

(a
,b):

T
he

basis
(
T̂
,
N̂

)
is

nasty
—

F
our

equations
w

ith
T

hree

constraints
from

orthonorm
ality,butjustO

ne
true

degree
of

freedom
.

M
ajor

S
im

plification
occurs

in
(a
,b)

coordinates!!

˙̂T
=

2



a
ȧ
−
bḃ

a
ḃ
+
bȧ



=
2



a
−
b

b
a





ȧḃ



28

Fram
e

E
volution

in
(a
,b):

B
utthis

form
ula

for
˙̂T

is
just

κ
N̂

,w
here

κ
N̂

=
κ



−
2
a
b

a
2
−
b
2



=
κ



a
−
b

b
a





−
ba



or

κ
N̂

=
κ



a
−
b

b
a





0
−
1

1
0





ab



29

2D
Q

uaternion
F

ram
es!

R
earranging

term
s, both

˙̂T
and

˙̂N
eqns

reduce
to



ȧḃ



=
12



0
−
κ

+
κ

0



·


ab



T
his

is
the

square
rootoffram

e
equations.

30



2D
Q

uaternions
...

S
o

one
equation

in
the

tw
o

“quaternion”
variables

(a
,b)

w
ith

the
constraint

a
2
+
b
2

=
1

contains
both

the
fram

e
equations

˙̂T
=

+
κ
N̂

˙̂N
=

−
κ
T̂

⇒
this

is
m

uch
better

for
com

puter
im

plem
entation,etc.

31

R
otation

as
C

om
plex

M
ultiplication

Ifw
e

let
(a

+
ib)

=
e
x
p
(i
θ
/
2
)

w
e

see
that

rotation
is

com
plex

m
ultiplication!

“Q
uaternion

Fram
es”

in
2D

are
justcom

plex
num

bers,w
ith

E
volution

E
qns

=
derivative

of
e
x
p
(i
θ
/
2
)
!

32

R
otation

w
ith

no
m

atrices!

D
ue

to
an

extrem
ely

deep
reason

in
C

lifford
A

lgebras,

a
+
ib

=
e
iθ
/
2

represents
rotations

“m
ore

nicely”
than

the
m

atrices
R
(θ

).

(a ′
+
ib ′)(a

+
ib)

=
e
i(θ ′+

θ
)/

2
=
A

+
iB

w
here

ifw
e

w
ant

the
m

atrix,w
e

w
rite:

R
(θ ′)R

(θ
)
=
R
(θ ′

+
θ
)
=



A
2
−
B

2
−
2
A
B

2
A
B

A
2
−
B

2



33

T
he

A
lgebra

of2D
R

otations

T
he

algebra
corresponding

to
2D

rotations
is

easy:
justcom

-

plex
m

ultiplication!!

(a ′,b ′)
∗
(a
,b)

∼=
(a ′

+
ib ′)(a

+
ib)

=
a ′a

−
b ′b

+
i(a ′b

+
a
b ′)

∼=
(a ′a

−
b ′b,

a ′b
+
a
b ′)

=
(A
,
B

)

2D
R

otations
are

just com
plex

m
ultiplication

,and
take

you
around

the
unitcircle!

34

Q
uaternion

F
ram

es

In
3D

,repeatour
trick:

take
square

rootofthe
fram

e,butnow

use
quaternions:

•
W

rite
dow

n
the

3D
fram

e.

•
W

rite
as

double-valued
quadratic

form
.

•
R

ew
rite

fram
e

evolution
equations

linearly

in
the

new
variables.

35

T
he

G
eom

etry
of3D

R
otations

W
e

begin
w

ith
a

basic
fact:

E
ulertheorem

:
every

3D
fram

e
can

be
w

ritten
as

a
spinning

by
θ

abouta
fixed

axis
n̂

,the
eigenvector

ofthe
rotation

m
a-

trix:

n̂

θ

36



Q
uaternion

F
ram

es
...

T
he

M
atrix

R
3
(θ
,
n̂
)

giving
3D

rotation
by
θ

aboutaxis
n̂

is
:



c
+

(n
1
)
2
(1

−
c)

n
1
n
2
(1

−
c)

−
sn

3
n
3
n
1
(1

−
c)

+
sn

2

n
1
n
2
(1

−
c)

+
sn

3
c
+

(n
2
)
2
(1

−
c)

n
3
n
2
(1

−
c)

−
sn

1

n
1
n
3
(1

−
c)

−
sn

2
n
2
n
3
(1

−
c)

+
sn

1
c
+

(n
3
)
2
(1

−
c)



w
here

c
=

c
o
s
θ,
s
=

sin
θ,and

n̂
·
n̂

=
1

.

37

C
an

w
e

find
a

720-degree
form

?

R
em

em
ber

2D
:
a
2
+
b
2

=
1

then
substitute

1
−
c
=

(a
2
+
b
2
)
−

(a
2
−
b
2
)
=

2
b
2

to
find

the
rem

arkable
expression

for
R

(θ
,
n̂
):



a
2
−
b
2
+

(n
1
)
2
(2
b
2
)

2
b
2
n
1
n
2
−

2
a
bn

3
2
b
2
n
3
n
1
+

2
a
bn

2

2
b
2
n
1
n
2
+

2
a
bn

3
a
2
−
b
2
+

(n
2
)
2
(2
b
2
)

2
b
2
n
2
n
3
−

2
a
bn

1

2
b
2
n
3
n
1
−

2
a
bn

2
2
b
2
n
2
n
3
+

2
a
bn

1
a
2
−
b
2
+

(n
3
)
2
(2
b
2
)
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R
otations

and
Q

uadratic
P

olynom
ials

R
em

em
ber

(n
1
)
2
+

(n
2
)
2
+

(n
3
)
2

=
1

and
a
2
+
b
2

=
1

;

letting

q
0

=
a

=
c
o
s(θ

/
2
)

q
=
bn̂

=
n̂
sin

(θ
/
2
)

W
e

find
a

m
atrix

R
3
(q

)
 q

20
+
q
21
−
q
22
−
q
23

2
q
1
q
2
−

2
q
0
q
3

2
q
1
q
3
+

2
q
0
q
2

2
q
1
q
2
+

2
q
0
q
3

q
20
−
q
21
+
q
22
−
q
23

2
q
2
q
3
−

2
q
0
q
1

2
q
1
q
3
−

2
q
0
q
2

2
q
2
q
3
+

2
q
0
q
1

q
20
−
q
21
−
q
22
+
q
23
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Q
uaternions

and
R

otations
...

H
O

W
does

q
=

(q
0
,
q
)

representrotations?

LO
O

K
at

R
3
(θ
,
n̂
)

?=
R

3
(q

0
,q

1
,q

2
,q

3
)

T
H

E
N

w
e

can
verify

thatchoosing

q
(θ
,
n̂
)
=

(c
o
s
θ2
,

n̂
sin

θ2
)

m
akes

the
R

3
equation

an
ID

E
N

T
IT

Y
.

40

Q
uaternions

and
R

otations
...

W
H

AT
happens

ifyou
do

T
W

O
rotations?

E
X

A
M

IN
E

the
action

oftw
o

rotations

R
(q ′)R

(q
)
=
R
(Q

)

E
X

P
R

E
S

S
in

quadratic
form

s
in
q

and
LO

O
K

F
O

R
an

analog
ofcom

plex
m

ultiplication:

41

Q
uaternions

and
R

otations
...

R
E

S
U

LT
:the

follow
ing

m
ultiplication

rule

q ′∗
q
=
Q

yields
exactly

the
correct

3×
3

rotation

m
atrix

R
(Q

):


Q
0

=
[q ′∗

q
]0

Q
1

=
[q ′∗

q
]1

Q
2

=
[q ′∗

q
]2

Q
3

=
[q ′∗

q
]3



=



q ′0
q
0
−
q ′1
q
1
−
q ′2
q
2
−
q ′3
q
3

q ′0
q
1
+
q ′1
q
0
+
q ′2
q
3
−
q ′3
q
2

q ′0
q
2
+
q ′2
q
0
+
q ′3
q
1
−
q ′1
q
3

q ′0
q
3
+
q ′3
q
0
+
q ′1
q
2
−
q ′2
q
1



T
his

is
Q

uaternion
M

ultiplication.

42



A
lgebra

ofQ
uaternions

=
3D

R
otations!

2D
rotation

m
atrices

are
represented

by
com

plex
m

ultiplication

3D
rotation

m
atrices

are
represented

by
quaternion

m
ultiplication

43

A
lgebraic

2D
/3D

R
otations

T
herefore

in
3D

,the
2D

com
plex

m
ultiplication

(a ′,b ′)
∗
(a
,b)

=
(a ′a

−
b ′b,

a ′b
+
a
b ′)

is
replaced

by
4D

quaternion
m

ultiplication:

q ′∗
q

=
(q ′0

q
0
−
q ′1
q
1
−
q ′2
q
2
−
q ′3
q
3
,

q ′0
q
1
+
q ′1
q
0
+
q ′2
q
3
−
q ′3
q
2
,

q ′0
q
2
+
q ′2
q
0
+
q ′3
q
1
−
q ′1
q
3
,

q ′0
q
3
+
q ′3
q
0
+
q ′1
q
2
−
q ′2
q
1
)

44

A
lgebra

ofQ
uaternions

...

T
he

equation
is

easier
to

rem
em

ber
by

dividing
it

into
a

scalar
piece

q
0

and
a

vector
piece

~q:

q ′∗
q

=
(q ′0

q
0
−
~q ′·~q

,

q ′0
~q

+
q
0
~q ′

+
~q ′×

~q
)

45

N
ow

w
e

can
S

E
E

quaternions!

S
ince

(q
0
)
2
+

q
·
q
=

1
then

q
0

=
√

1
−

q
·
q

P
lotjustthe

3D
vector:

q
=

(q
x
,
q
y ,
q
z )

q
0

is
K

N
O

W
N

!W
e

can
also

use
any

other
triple:

the
fourth

com
ponentis

dependent.

D
E

M
O

46

W
e

can
now

m
ake

a
Q

uaternion
P

icture
of

each
of

our

favorite
tricks

•
3
6
0
◦

B
eltTrick

in
Q

uaternion
F

orm
.

D
E

M
O

:

•
7
2
0
◦

B
eltTrick

in
Q

uaternion
F

orm
.

•
R

olling
B

allin
Q

uaternion
F

orm
.

D
E

M
O

:

•
G

im
balLock

in
Q

uaternion
F

orm
.
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3
6
0
◦

B
eltTrick

in
Q

uaternion
F

orm

-
1 -
0
.
5

0 0
.
5

1

-
1

-
0
.
5

0

0
.
5

1

-
1
-
0
.
5

0

0
.
5

1

-
1

-
0
.
5

0

0
.
5

-
0
.
5

0

0
.
5

1
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7
2
0
◦

B
eltTrick

in
Q

uaternion
F

orm

-
1 -
0
.
5

0 0
.
5

1

-
1

-
0
.
5

0
0
.
5

1

-
1

-
0
.
5

0
0
.
5

1
-
1 -
0
.
5

0 0
.
5
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R
olling

B
allin

Q
uaternion

F
orm

-
1

-
0
.
5

0
0
.
5

1

q
x

-
1-0
.
5

00
.
5

1

q
y

-
1 -
0
.
5

0 0
.
5

1

q
z

-
1

-
0
.
5

0
0
.
5

1

q
x

-
1-0
.
5

00
.
5

1

q
y

-
1

-
0
.
5

0
0
.
5

1

q
0

-
1-
0
.
5

00
.
5

1

q
x

-
1

-
0
.
5 0

0
.
5 1

q
z

-
1

-
0
.
5

0
0
.
5

1

q
0

-
1-
0
.
5

00
.
5

1

q
x

q
vector-only

plot.
(q

0
,q
x
,q
z )

plot
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G
im

balLock
in

Q
uaternion

F
orm

Q
uaternion

P
lotofthe

rem
aining

orientation
degrees

offreedom
of

R
(θ
,
x̂
)
·
R

(φ
,
ŷ
)
·
R

(ψ
,
ẑ
)

at
φ

=
0

and
φ

=
π
/
6

51

G
im

balLock
in

Q
uaternion

F
orm

,contd

C
hoosing

φ
and

plotting
the

rem
aining

orientation
degrees

in
the

rotation
sequence

R
(θ
,
x̂
)
·
R

(φ
,
ŷ
)
·
R

(ψ
,
ẑ
),w

e
see

degrees
of

freedom
decrease

from
T

W
O

to
O

N
E

as
φ
→
π
/
2
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Q
uaternion

Interpolations

•
S

hoem
ake

(S
iggraph

’85)proposed
using

quaternions
in-

stead
of

E
uler

angles
to

get
sm

ooth
fram

e
interpolations

w
ithoutG

im
balLock

:

B
E

S
T

C
H

O
IC

E
:

A
nim

ate
objects

and
cam

eras
using

ro-

tations
represented

on
S

3
by

quaternions

53

Interpolating
on

S
pheres

G
eneralquaternion

sphericalinterpolation
em

ploys
the

“S
LE

R
P,”

a
constantangular

velocity
transition

betw
een

tw
o

directions,

q̂
1

and
q̂
2 :q̂
1
2
(t)

=
S

lerp
(
q̂
1
,
q̂
2
,t)

=
q̂
1
sin

((1
−
t)θ

)

sin
(θ

)
+

q̂
2
sin

(tθ
)

sin
(θ

)

w
here

c
o
s
θ
=

q̂
1
·
q̂
2 .
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P
lane

Interpolations

In
E

uclidean
space,

these
three

basic
cubic

splines
look

like
this:

-
1

-
0
.
5

0
.
5

1

-
1

-
0
.
5

0
.
5 1

1
.
5 2

-
1

-
0
.
5

0
.
5

1

-
1

-
0
.
5

0
.
5 1

1
.
5 2

-
1

-
0
.
5

0
.
5

1

-
1

-
0
.
5

0
.
5 1

1
.
5 2

B
ezier

C
atm

ull-R
om

U
niform

B

T
he

differences
are

in
the

derivatives:
B

ezier
has

to
start

m
atching

alloveratevery
fourth

point;C
atm

ull-R
om

m
atches

the
first

derivative;
and

B
-spline

is
the

cadillac,
m

atching
all

derivatives
butno

controlpoints.
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S
phericalInterpolations

-
1

-
0
.
5

0

0
.
5

1

-
1

-
0
.
5

0

0
.
5
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-
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-
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.
5 0

0
.
5

1

-
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-
0
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0

0
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5
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-
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-
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.
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0
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.
5
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-
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-
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0
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.
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-
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-
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-
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.
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0
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-
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-
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0
.
5

1

-
1

-
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5

0
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.
5

1

-
1

-
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0
0
.
5

1
-
1 -
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.
5

1

-
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-
0
.
5 0

0
.
5 1

-
1

-
0
.
5

0
0
.
5

1

B
ezier

C
atm

ull-R
om

U
niform

B
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Q
uaternion

Interpolations

-
1

-
0
.
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0

0
.
5

1

-
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-
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-
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-
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.
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-
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-
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0
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-
1

-
0
.
5

0

0
.
5

1

-
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-
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-
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-
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-
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-
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.
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-
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-
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-
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-
1

-
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-
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-
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-
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-
0
.
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0
0
.
5

1

B
ezier

C
atm

ull-R
om

U
niform

B
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E
xp

F
orm

ofQ
uaternion

R
otations

In
H

am
ilton’s

notation,w
e

can
generalize

the
2D

equation

a
+
ib

=
e
iθ
/
2

Justset

q
=

(q
0
,
q
1
,
q
2
,
q
3
)

=
q
0
+

iq
1
+

jq
2
+

k
q
3

=
e
(
I·n̂
θ
/
2
)

w
ith
q
0

=
c
o
s(θ

/
2
)

and
~q

=
n̂
sin

(θ
/
2
)

and
I
=

(
i,

j,
k
),

w
ith

i 2
=

j 2
=

k
2
=

−
1

,and
i∗

j
=

k
(cyclic),
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C
ute

Q
uaternion

Tricks!

S
quare

R
oots

are
cool..

A
quaternion

p
is

the
square

root
ofa

quaternion
q

if

p
∗
p
=
q
.

A
hint:

rem
em

ber
thatif

c
=

c
o
s
θ,and

γ
=

c
o
s(
θ2
),then

γ
=

√√√√

1
+
c

2
=

1
+
c

√

2
(1

+
c)
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C
ute

Q
uaternion

Tricks...

S
uppose

w
e

now
look

at
1

+
q
=

(1
+
q
0
,
q
).

T
hen

(1
+
q
)
∗
(1

+
q
)

=
((1

+
q
0
)
2
−

q
·
q
,
2
q
(1

+
q
0
)

)

=
2
(1

+
q
0
)
q

D
ividing

through
by

2
(1

+
q
0
),w

e
find

the
square

root:

p
=

√
q

=
1

+
q

√

2
(1

+
q
0
)
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Tricks,contd:
Lining

up
â

and
b̂

A
com

m
on

rotation
task

is
to

line
up

tw
o

directions,
â

and
b̂

.

T
here

is
a

sim
ple

quaternion
form

for
this

operation.
Let

â
·
b̂

=
c
o
s
θ
=
c
,

â
×

b̂
=

n̂
sin

θ

w
here

w
e

assum
e

sin
θ
>

0
.

T
hen

w
e

can
com

pute
the

rotation
from

â
to

b̂
using,again,the

half-angle
form

ula:

R
(
â
,
b̂
)

=
( c

o
s(θ

/
2
),

n̂
sin

(θ
/
2
))

=



√√√√

1
+
c

2
,
â
×

b̂

√√√√

1

2
(1

+
c)



w
here

w
e

also
used

sin
θ
=

2
c
o
s(θ

/
2
)
sin

(θ
/
2
).
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C
lifford

A
lgebras

•
A

llR
otations

in
any

dim
ension

are
represented

by
tw

o
reflections

using
C

lifford
A

lgebra:
A

and
B

define
the

perpendicular
directions

to
tw

o
re-

flection
planes,

A
·
A

=
B

·
B

=
1

.

•
C

reate
R

otation
M

atrix
R

and
solve

for
the

Q
uater-

nion,and
you

am
azingly

getT
H

IS
:

q
(
A
,
B
)

=
(
A

·
B
,
A

×
B
)
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C
lifford

A
lgebra

Q
uaternion

F
orm

...

W
hy

is
this

a
quaternion

form
?

q
·
q

=
(
A

·
B
)
2
+

(
A

×
B
)
·
(
A

×
B
)

=
(
A

·
A

)
(
B

·
B
)

≡
1

IfQ
uaternions

are
like

the
S

quare
R

oots
ofR

o-
tations,then

C
lifford

A
lgebras

are
like

the
S

quare
R

oots
ofQ

uaternions!
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K
ey

to
Q

uaternion
Intuition

F
undam

entalIntuition:
W

e
know

q
0

=
c
o
s(θ

/
2
),

~q
=

n̂
sin

(θ
/
2
)

W
e

also
know

that
any

coordinate
fram

e
M

can
be

w
ritten

as
M

=
R
(θ
,
n̂
).

T
herefore

~q
points

exactly
along

the
axis

w
e

have
to

rotate

around
to

go
from

identity
I

to
M

,
and

the
length

of

~q
tells

us
how

m
uch

to
rotate.
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S
um

m
arize

Q
uaternion

P
roperties

•
U

nitfour-vector.
Take

q
=

(q
0
,q

1
,q

2
,q

3
)
=

(q
0
, ~q

)
to

obey
constraint

q
·
q
=

1
.

•
M

ultiplication
rule.

T
he

quaternion
product

q
and

p
is

q
∗
p
=

(q
0
p
0
−
~q
·
~p
,
q
0
~p

+
p
0
~q

+
~q
×
~p
),

or,alternatively,


[ q
∗
p
]0

[ q
∗
p
]1

[ q
∗
p
]2

[ q
∗
p
]3



=



q
0
p
0
−
q
1
p
1
−
q
2
p
2
−
q
3
p
3

q
0
p
1
+
q
1
p
0
+
q
2
p
3
−
q
3
p
2

q
0
p
2
+
q
2
p
0
+
q
3
p
1
−
q
1
p
3

q
0
p
3
+
q
3
p
0
+
q
1
p
2
−
q
2
p
1
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Q
uaternion

S
um

m
ary

...

•
R

otation
C

orrespondence.
T

he
unit

quaternions
q

and

−
q

correspond
to

a
single

3D
rotation

R
3 :

 q
20
+
q
21
−
q
22
−
q
23

2
q
1
q
2
−

2
q
0
q
3

2
q
1
q
3
+

2
q
0
q
2

2
q
1
q
2
+

2
q
0
q
3

q
20
−
q
21
+
q
22
−
q
23

2
q
2
q
3
−

2
q
0
q
1

2
q
1
q
3
−

2
q
0
q
2

2
q
2
q
3
+

2
q
0
q
1

q
20
−
q
21
−
q
22
+
q
23



If

q
=

(c
o
s
θ2
,
n̂
sin

θ2
)
,

w
ith

n̂
a

unit
3-vector,

n̂
·
n̂

=
1

.
T

hen
R
(θ
,
n̂
)

is
usual3D

rotation
by
θ

in
the

plane
⊥

to
n̂

.
66



S
U

M
M

A
R

Y

•
Q

uaternions
represent

3D
fram

es

•
Q

uaternion
m

ultiplication
represents

3D
rotation

•
Q

uaternions
are

points
on

a
hypersphere

•
Q

uaternions
paths

can
be

visualized
w

ith
3D

display

•
B

elt
Trick,

R
olling

B
all,

and
G

im
balLock

can
be

un-

derstood
as

Q
uaternion

P
aths.
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