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Abstract

In this paper, we present a method to construct
a loop transformation that simultaneously reshapes
the access patterns of several occurrences of multi-
dimensional arrays along certain desired access di-
rections. First, the method determines a direc-
tion through the original iteration space along which
these desired access directions are induced. Subse-
quently, a unimodular transformation is constructed
that changes the iteration space traversal accordingly.
Finally, data dependences are accounted for. In par-
ticular, this reshaping method can be used to improve
data locality in a program.

1 Introduction

It is well known that the performance of programs
heavily depends on the degree of locality exhibited
by the accesses in the program. If a program exhibits
good temporal and spatial locality, most memory ref-
erences will be to data present in the cache. Since
the speed of processors and main memory tend to
grow apart more and more, good locality is of ever
greater importance to performance. It is therefore
important to be able to restructure the program in
such a way that locality is improved. The traditional
way to improve locality is by blocking or tiling iter-

ation spaces. In this approach the iteration space is
cut up into pieces so that each piece only refers to a
subset of the array that �ts into the cache. Several
approaches try to estimate the amount of locality in
inner-loops, for example by means of windows [10],
to drive heuristic strategies for applying blocking,
permutation and fusion of loops [10, 8, 7, 11]. Re-
cently, sophisticated multilevel blocking algorithms
have been devised that take into account registers
and multilevel caches [15]. Other approaches try to
construct unimodular loop transformations. In the
context of NUMA architectures, Li and Pingali [14]
construct a transformation for access normalization
in order to to localize array references; (a�ne) in-
dex functions are mapped onto target loop indices in
such a way that inner target loops only refer to array
elements local to the processor. Wolf and Lam [19]
present an advanced method incorporating estimates
of locality that includes unimodular transformations
and tiling. Recently, algorithms that compute both
computation and data decomposition have been pro-
posed proposed [1, 2]. These algorithms, however,
focus on communication minimization rather than
cache behavior optimization, like the present paper.
More recently, approaches that try to rearrange the
layout of arrays for improving data locality have been
proposed [16]. Note that this last approach is di�er-
ent from the previously cited ones in that the loop
structures in the program remain una�ected.
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In this paper, we present a novel approach to im-
proving spatial locality, namely, we want to reshape
access patterns of arrays. The objective is to reshape
access patterns so that they become either column-
wise or row-wise, depending on whether column-
major (e.g., Fortran), or row-major storage of arrays
is used. In this approach, the iteration space of a loop
nest is transformed in such a way that the innermost
loop will access arrays along columns or rows, respec-
tively. In case of column-major storage, this means
that the �rst index expression in an array reference
should contain the loop index of the innermost loop,
and the other index expressions should not. If we are
able to reshape access patterns in this way, then obvi-
ously the locality of a program will be improved. We
present a general method to construct a valid loop
transformation that simultaneously reshapes the ac-
cess pattern of several occurrences of (possibly dif-
ferent) multi-dimensional arrays along certain desired
access directions. The method can be successively ap-
plied to each individual loop nest, thereby improving
the e�ciency of the program as a whole.

As far as the authors are aware, the present ap-
proach is new. In a number of cases, the proposed
construction yields a loop interchange, like the strate-
gies reported in [8]. The di�erence is that in our
case this interchange is computed, whereas in [8] is
selected by a heuristic. The construction in [14] con-
structs a transformation based on a�ne access func-
tions present in the loop, like our approach. How-
ever, in the latter work an entire index expression
is mapped onto one loop index in the target loop.
This means, in general, that all index expressions in
one array reference in the target loop may refer to
this loop index. This should be contrasted to our
approach in which only one index expression will re-
fer to the innermost loop index, namely, the leftmost
expression in case of column-major storage. This is
obviously preferable for locality purposes. An inter-
esting extension of the present work is to study how
the techniques of blocking and reshaping access pat-
terns can be combined. Reshaping access patterns
could be used as a preprocessing transformation for
the blocking algorithms cited above: the transformed
loop will have `compact' reference windows in inner
loops.

Improving data locality is only one application of
access pattern reshaping. We are able to present the
construction of the transformation in a general set-
ting: the transformation reshapes each access pattern
along an arbitrary preferred access direction. This
means that we are able to reshape access patterns so
that they become column-wise, row-wise, along a di-
agonal, or along an arbitrary other line through the
array. There are several reasons for taking this ap-
proach.

First, enforcing column-wise or row-wise access are
just special instances of the same technique. There-
fore, this technique can be incorporated in compilers
for arbitrary languages.

Second, in [16] a notion of data transformation
is discussed that changes the layout of an array
and propagates this change throughout the program.
Such a data transformation is given by a non-singular
matrix D. In that paper, it has been observed that
loop transformations and data transformation are, in
a certain sense, the dual of each other: given a data
transformation D and a loop transformation U , an
access matrix W is transformed to DWU�1. Since
we are able to transform a loop so that the accesses
to an array will be diagonal-wise, for instance, after
this transformation the layout of the array can be
skewed by means of a data transformation so that
the accesses become column-wise in the transformed
array. In this way, the access to an array can be made
column-wise, even if a single loop or data transforma-
tion cannot be found that does the job. The precise
connection between data and loop transformations as
well as how they can be used together for improving
locality will be the topic of future research.

Finally, the reshaping method has been used in
a completely di�erent context, namely, in the auto-
matic conversion of a dense program into semanti-
cally equivalent sparse code [5]. Because the entries
in a sparse storage scheme can usually only be gen-
erated e�ciently along one particular direction, here
it is important to be able to change the access direc-
tion along arbitrary preferred directions before sparse
storage schemes are selected by the compiler. In [6],
a preliminary version of the reshaping method of this
paper (restricted to two-dimensional arrays) has been
used for this purpose.
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The outline the paper is as follows. Preliminaries
are given �rst in section 2. The reshaping method is
presented in section 3. In section 4 we explore how
this reshaping method can be used to enhance data
locality in perfectly nested loop and we provide some
measurements. Finally, we state some conclusions in
section 5.

2 Preliminaries

In this section, we �rst give some de�nitions. There-
after, we discuss the e�ect of applying a unimodular
transformation to a perfectly nested loop on the order
in which the iterations of this loop are executed.

2.1 De�nitions

We will use the following de�nitions [3, 20, 21]. The
relation `�k' on Zd is de�ned as follows, where ~{;~| 2
Zd and 1 � k � d:

~{ �k ~| , i1 = j1; : : : ; ik�1 = jk�1; ik < jk

The lexicographical order `�' on Zd is de�ned
in terms of this relation:

~{ � ~| , 9 1 � k � d :~{ �k ~|

We have~{ � ~|, if either~{ � ~| or~{ = ~|. The relations
`�k', `�' and `�' are de�ned similarly.
In this paper, we will use the framework of uni-

modular transformations [3, 9, 13]. Given a per-
fectly nested loop with stride-1 DO-loops, index vec-
tor ~I = (I1; : : : ; Id), and iteration space IS � Zd,
any combination of loop interchanging, loop skewing
and loop reversal (see e.g. [17, 20, 21]) that trans-
forms this loop into another loop with index vector
~I0 = (I01; : : : ; I

0
d) and iteration space IS0 � Zd can

be modeled by a linear transformation U : IS ! IS0

that is de�ned by a d�d unimodular matrix U .1 This
means that an iteration ~{ 2 IS is mapped to an iter-
ation ~{ 2 IS0 as follows:

~{ 0 = U~{

1An integral matrix U that satis�es det(U) = �1 is called
a unimodular matrix.

We assume that all data dependences occurring in
the original loop are represented by a set of dis-
tance vectors D � Zd, where ~d 2 D implies that a
statement instance executed during iteration ~| 2 IS
depends on an instance executed during iteration
~{ 2 IS, where ~| = ~{ + ~d. Note that ~d � ~0 holds
for all ~d 2 D.
Application of a loop transformation de�ned by U

is valid if and only if U ~d � ~0 holds for all ~d 2 D.
Converting the original loop with index vector ~I into
the target loop with index vector ~I0 is implemented
by (i) rewriting the loop-body of the original loop ac-
cording to ~I = U�1~I0, and (ii) generating new loops
that induce a lexicographical traversal of the target
iteration space. If the original iteration space IS can
be represented by an integer system A~I � ~b, the sec-
ond step consists of generating loop bounds that in-
duce a lexicographical traversal of all discrete points
in AU�1~I0 � ~b. This generation is usually accom-
plished using Fourier-Motzkin elimination.
Fourier-Motzkin elimination [3, 20] can be used to

test the consistency of a reasonably small system of
linear inequalities A~x � ~b, or to convert this system
into a form in which the lower and upper bounds of
each variable xi are expressed in terms of the vari-
ables x1; : : : ; xi�1 only. Consistency indicates that
the system has at least one rational solution, and can
be used as a necessary (but not su�cient) condition
under which an integer solution exists. An extension
to Fourier-Motzkin elimination that can test for the
existence of integer solutions is given by the Omega-
test [18].

2.2 Iteration Space Traversal

Because iterations in both the original and target it-
eration space are traversed in lexicographical order,
a unimodular transformation e�ectively changes the
order in which iterations are executed. Since the in-
dex vectors of the original and target loop are related
as ~I0 = U~I, we can make the following observations:

(a) Let ~u 2 Zd denote the �rst row of U . Then, for
�xed I

0
1 = i01, the more inner DO-loops of the

target loop execute iterations in IS0 that corre-
spond to all iterations of IS in the hyperplane
f~I 2 Zdj~u � ~I = i01g.
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Figure 1: Application of a Unimodular Transformation

(b) Let ~u0 2 Zd denote the last column of the inverse
matrix U�1. Then, for �xed I

0
1 = i01; : : : ; I

0
d�1 =

i0d�1, the innermost DO-loop of the target loop
successively executes iterations in IS0 that corre-
spond to iterations of IS along a single straight
line with direction ~u0.

Inner loop concurrentization methods [4, 12, 20] ex-
ploit the �rst observation by enforcing a successive
traversal of hyperplanes in the original iteration space
in successive iterations of the outermost DO-loop of
the target loop such that all iterations in each indi-
vidual hyperplane are completely independent. The
second observation, on the other hand, forms the ba-
sis of the reshaping method presented in this paper.
EXAMPLE: Consider the following matrices:

U =

0
@ 1 1 1

1 0 0
0 1 0

1
A U�1 =

0
@ 0 1 0

0 0 1
1 �1 �1

1
A

These unimodular matrices de�ne the following loop
transformation:

DO I1 = 0, 50

DO I2 = 0, 50 - I1
DO I3 = 0, 50

B(I1,I2,I3)

ENDDO

ENDDO

ENDDO

!

DO I
0

1 = 0, 100

DO I
0

2 = 0, MIN(50,I
0

1)

DO I
0

3 = MAX(0,I
0

1-I
0

2-50),

+ MIN(50-I
0

2,I
0

1-I
0

2)

B(I
0

2,I
0

3,I
0

1-I
0

2-I
0

3)

ENDDO

ENDDO

ENDDO

1 2 3 1I + I + I = i’

1

I2

I3

I

2

Original

traversal

1I = i’

New
traversal

(lexicographical)

Figure 2: Traversal of the Original Iteration Space

The transformation of the original iteration space
IS into the target iteration space IS0 is illustrated in
�gure 1. In �gure 2, we illustrate how the original
iteration space IS is e�ectively traversed after the
transformation.

Observation (a) reveals that because the �rst row of
U is (1; 1; 1), for �xed I01 = i01 the target loop executes
all iterations corresponding to iterations of IS in the
plane I1 + I2 + I3 = i01.
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For �xed I
0
1 = i01 and I

0
2 = i02, the target loop ex-

ecutes all iterations that correspond to iterations in
the intersection of planes I1+I2+I3 = i01 and I1 = i02.
Observation (b) reveals that this intersection forms a
straight line with direction (0; 1;�1), i.e., the last col-
umn of U�1. For example, the iterations (0; 0; 1) and
(0; 1; 0) in IS are mapped to the successively executed
iterations (1; 0; 0) and (1; 0; 1) in IS0.

3 Reshaping Access Patterns

First, we state the objective of reshaping. Thereafter,
we present the reshaping method in detail.

3.1 Objective of Reshaping

Suppose that the subscripts of an occurrence of a n-
dimensional array in a perfectly nested loop with in-
dex vector ~I = (I1; : : : ; Id)

T are represented by the
following a�ne transformation F : Zd ! Zn:

F (~I) = ~v +W~I

The last column of W is called the access direc-

tion ~r 2 Zn of this occurrence: the array is tra-
versed along lines with direction ~r =W (0; : : : ; 0; 1)T .
Any loop transformation de�ned by a d� d unimod-
ular matrix U changes this access direction by re-
placing the original subscripts F (~I) = ~v +W~I with
F 0(I0) = ~v +WU�1~I0.
We say that a loop transformation reshapes the ac-

cess patterns of this occurrence along a preferred ac-
cess direction ~s 2 Zn, if this latter vector and the
resulting true access direction ~r 0 2 Zn are linearly
dependent. This implies that the following equation
holds for some �.

~r 0 =WU�1(0; : : : ; 0| {z }
d�1

; 1)T = � � ~s

We can use the following proposition, which says
that the collection of all vectors that are linearly de-
pendent on ~s are given by the kernel of S(~s ).

Proposition 3.1 Let ~r; ~s 2 Zn, where ~s 6= ~0. Let k
be the least index such that sk 6= 0. Then, 9�:~r = � �~s
i� S(~s )~r = ~0, where S(~s ) is the following (n� 1)�n
matrix:

S(~s ) =

0
BBBBB@

sk �s1

.

.

.

.

.

.

sk �sk�1
�sk+1 sk

.

.

.

.

.

.

�sn sk

1
CCCCCA

Proof `)' Suppose ~r = � �~s, or r1 = � �s1; : : : ; rn =
� � sn. Then necessarily � = rk=sk, since by assump-
tion sk 6= 0. Substituting rk=sk for � and rewriting
yields the second equation.
`(' Conversely, suppose S(~s )~r = ~0. This can be

rewritten to sk � ri � si � rk = 0 for all 1 � i � n.
Hence, for all i, ri = (rk=sk) � si. Hence, by setting
� = rk=sk, we infer that there exists a � such that for
all i, ri = � � si. []
Note that we allow reshaping that results in `scalar-

wise' access patterns (which will improve temporal lo-
cality), since the equation is trivially satis�ed for the
vector ~r = ~0.

3.2 Method of Reshaping

In this section, we present a general method to con-
struct a valid unimodular transformation that simul-
taneously reshapes the access patterns of m occur-
rences of, possibly di�erent, multi-dimensional arrays
in a single perfectly nested loop with index vector
~I = (I1; : : : ; Id)

T along certain preferred access di-
rections. We assume that the ith occurrence is a ni-
dimensional array with subscripts Fi(~I) = ~vi +Wi

~I
(Wi is a ni � d matrix) and that the preferred access
direction for this occurrence is given by ~si 2 Zni .
We also assume the data dependence structure of

this loop is represented by a set D � Zd of depen-
dence distance vectors.

3.2.1 Preferred Iteration Directions

According to proposition 3.1, a loop transformation
de�ned by a d � d unimodular matrix U reshapes
the access patterns of the ith occurrence in the loop
along the preferred access direction ~si 2 Zni , if the
last column ~� 2 Zd of the inverse matrix U�1 satis�es
the following objective:

S(~si) �Wi ~� = ~0
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After application of such a transformation, the
original iteration space is e�ectively traversed along
straight lines with the direction ~� 2 Zd (cf. observa-
tion (b) in section 2). Therefore, this vector is referred
to as the preferred iteration direction.
All access patterns are reshaped simultaneously if

~� 2 Zd satis�es S~� = ~0 for the following objective
matrix:

S =

0
B@
S(~s1)

. . .

S(~sm)

1
CA
0
B@

W1

...
Wm

1
CA

Since the elements in each row or column of a uni-
modular matrix must be relatively prime, any integer
solution of S~� = ~0 with gcd(�1; : : : ; �d) = 1 may be
used as preferred iteration direction, which gives rise
to the following set � � Zd:

� = f~� 2 Zd j S~� = 0 and gcd(�1; : : : ; �d) = 1g

Using the integer echelon reduction algorithm of [3,
p32-39] to compute the unimodular matrix R such
that RST is in echelon form (yielding r = rank(S) as
side-e�ect), all integer solutions of the homogeneous
integer system S~� = ~0 are given by the following
formula for arbitrary �i 2 Z [3, p59-66]:

~� = [ (0; : : : ; 0| {z }
r

; �r+1; : : : ; �d)R ]T (1)

This observation provides a simple condition for the
existence of a (possibly invalid) unimodular transfor-
mation that performs the preferred reshaping:

Proposition 3.2 There exists a d � d unimodular
matrix U for which the last column ~� 2 Zd of U�1

satis�es S~� = ~0 for some n� d matrix S if and only
if rank(S) < d.

If r = d, then the reshaping method fails. If, on
the other hand, r < d holds, then the last d� r rows
of R form a basis of the linear subspace consisting of
all solutions of the homogeneous system.
We now have to choose a vector ~� 2 � for con-

structing a unimodular matrix U�1 having ~� as its
last column.

It is not immediately obvious which ~� to choose:
there may be in�nitely many solutions with compo-
nents that are relatively prime, and we want to �nd
one such that eventually we can construct a corre-
sponding valid transformation. We have found that
for practical cases, it is su�cient to restrict our at-
tention to the set of basis vectors:

�0 = f~� = [(0; : : : ; 0| {z }
k�1

; 1; 0; : : : ; 0| {z }
d�k

)R ]T j r < k � dg

If none of these can be used to construct a valid
transformation (see the next section), the reshaping
method fails.

However, there remain cases in which this heuristic
fails because access patterns can only be reshaped
using an � 2 ���0.

3.2.2 Construction of Valid Transformation

For any ~� 2 �0, we can use a completion method [3][5,
p15-19] to construct a d� d unimodular matrix U for
which the last column of U�1 consists of this preferred
iteration direction.

Given these unimodular matrices, we can exploit
the fact that for any (d � 1) � (d � 1) unimodular
matrix Y and integer z 2 f�1;+1g, the following V
is still a unimodular matrix for which the last column
of the inverse is �~�:

V =

0
BBB@

0

Y
...
0

0 : : : 0 z

1
CCCA U

V �1 = U�1

0
BBB@

0

Y �1
...
0

0 : : : 0 z

1
CCCA

(2)

Consequently, if for a given ~� 2 �0 and correspond-
ing U we can construct a unimodular matrix Y and
integer z 2 f�1;+1g that de�ne a matrix V with

V ~d � ~0 for all ~d 2 D, then a valid transformation
performing the preferred reshaping has been found.
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Otherwise, another ~� 2 �0 is tried until either this
construction is successful, or the set �0 has been ex-
hausted. In the latter case, the reshaping method
fails.
For D = ;, the construction is trivial, since we can

use the loop transformation de�ned by V = U (viz.
Y = I and z = 1). Otherwise, we de�ne the following
set ~D � D:

~D = f~d 2 D j U ~d = (0; : : : ; 0| {z }
d�1

; �)T ; � 2 Zg

The set of dependence distance vectors D can be
partitioned into ~D and D � ~D. We will see that de-
pendence distance vectors in the former set determine
the selection of the integer z 2 f�1;+1g, whereas de-
pendence distance vectors in the latter set must be
dealt with during the construction of the matrix Y .

Lemma 3.1 Given a d�d unimodular matrix U and
a set ~D � Zd where each ~d 2 ~D satis�es ~d � ~0 and
U ~d = (0; : : : ; 0; �)T for some � 2 Z, then either:

1. for all ~d 2 ~D we have U ~d � ~0, or

2. for all ~d 2 ~D we have U ~d � ~0.

Proof Assume that there are ~d1; ~d2 2 ~D such that

� U ~d1 = (0; : : : ; 0; �1)
T for �1 > 0, and

� U ~d2 = (0; : : : ; 0; �2)
T for �2 < 0.

Obviously, ~di = U�1(0; : : : ; 0; �i)
T implies that

both ~d1 = �1 �~v and ~d2 = �2 �~v hold for a �xed ~v 6= ~0,
namely, for ~v equal to the last column of U�1. This
is in contradiction with the assumption that both ~d1
and ~d2 are lexicographically positive. Consequently,
either:

1. for all ~d 2 ~D, U ~d = (0; : : : ; 0; �)T for some � � 0,

i.e., U ~d � ~0, or

2. for all ~d 2 ~D, U ~d = (0; : : : ; 0; �)T for some � � 0,

i.e., U ~d � ~0.

[]
This lemma provides a convenient method to select

a suitable integer z 2 f�1;+1g.

Proposition 3.3 Given a d � d unimodular matrix
U and a set ~D � Zd where each ~d 2 ~D satis�es ~d � ~0
and U ~d = (0; : : : ; 0; �)T for some � 2 Z, then for
any (d� 1)� (d� 1) matrix Y there exists an integer
z 2 f�1;+1g such that (2) de�nes a matrix V with

V ~d � ~0 for all ~d 2 ~D,

Proof Since the �rst d � 1 components of V ~d are
zero for any ~d 2 ~D and any matrix Y , the proposition
follows directly from Lemma 3.1: We select z = �1 if
U ~d � ~0 for any ~d 2 ~D, and z = 1 otherwise. []
Using Proposition 3.3, we have found a method for

�nding the required z 2 f�1;+1g. In order to con-
struct the unimodular matrix Y , only the dependence
distance vectors in D� ~D need to be used. Let ~U con-
sist of the �rst d � 1 rows of the unimodular matrix
U :

~U =

0
B@

1 0
. . .

...
1 0

1
CAU

Because for any unimodular Y and ~d 2 D � ~D the
inequality Y ~U ~d 6= ~0 holds, we have to �nd a unimod-
ular matrix Y that satis�es the following constraint
for all ~d 2 D � ~D:

Y ~U ~d � ~0 (3)

Such a matrix Y does not always exist. For in-
stance, for ~U = (1;�1) and a set of remaining de-
pendence distance vectors D� ~D = f(1; 0)T ; (0; 1)T g,
neither Y = (+1) nor Y = (�1) satis�es the objec-
tive.
We use the following property [3]:

Proposition 3.4 Given a set DU � Zd�1 with ~d � ~0
for all ~d 2 DU , then there exists a (d � 1) � (d � 1)

unimodular matrix F such that F ~d �1 ~0 for all ~d 2
DU .

Consequently, if there exists a unimodular matrix
Y that satis�es equation (3) for all ~d 2 D � ~D, then
this proposition implies that another unimodular ma-
trix ~Y exists such that the constraint ~Y ~U ~d �1 ~0 holds
for all ~d 2 D� ~D. Hence, we can safely focus on �nd-
ing this latter matrix ~Y directly.
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First, we determine whether there is a vector ~y 2
Zd�1 with gcd(y1; : : : ; yd�1) = 1 such that the in-

equality ~y � ~U ~d > 0 holds for all ~d 2 D � ~D. This
problem is equivalent to �nding a suitable solution of
the following system of inequalities, where the rows
of the integer matrix M are formed of the vectors ~U ~d
for all ~d 2 D � ~D:

�M

0
B@

y1
...

yd�1

1
CA �

0
B@
�1
...
�1

1
CA

We use Fourier-Motzkin elimination to test the con-
sistency of this system. The construction of Y fails if
the system is inconsistent (e.g. we have 1 � y1 and
y1 � �1 for the example above). If the system is con-
sistent, however, any rational solution ~y r (which can
be obtained as side-e�ect of the elimination) can be
scaled to an integer solution of which the components
are relatively prime (viz. ~y = � �~y r for � equal to the
least common multiple of the denominators).
Eventually, a matrix completion method as de-

scribed in [3][5, p15-19] is used to construct a uni-
modular matrix ~Y with ~y 2 Zd�1 as its �rst row.
Obviously, ~Y ~U ~d �1 ~0 holds for all ~d 2 D � ~D.

3.3 Summary

Summarizing, the following steps are applied. First,
we construct the objective matrix S using the sub-
scripts and preferred access directions. If rank(S) =
d, then the reshaping method fails (proposition 3.2).
Otherwise, for each preferred iteration direction ~� 2
�0, a corresponding d � d unimodular matrix U of
which the last column of U�1 is equal to this direc-
tion is constructed and the following steps are applied
until either the method succeeds or this set has been
exhausted, in which case the reshaping method fails:

� Select z = �1 if U ~d � ~0 for any ~d 2 ~D or select
z = 1 otherwise (Proposition 3.3).

� Find a ~y 2 Zd�1 with gcd(y1; : : : ; yd�1) = 1 such

that ~y � ~U ~d > 0 for all ~d 2 D � ~D.

If this vector ~y 2 Zd�1 exists, then a completion
method [3][5, p15-19] is used to construct a unimod-
ular matrix Y with this vector as �rst row.

The resulting matrix Y together with Y �1 and in-
teger z 2 f�1;+1g de�ne matrices V and V �1 ac-

cording to (2) such that V ~d � ~0 holds for all ~d 2 D.
Hence, application of the loop transformation de�ned
by this matrix is valid and reshapes the access pat-
terns of each ith occurrence along the preferred direc-
tion ~si 2 Z2.
EXAMPLE: Consider the following triple loop:

DO I1 = 10, 15

DO I2 = 1, 3

DO I3 = 10, 15

A( I1 + 3*I2 + I3, I1 + I3) = : : :

B(2*I1 + I3, 2*I2 ) = : : :
C( I1 - 3*I2 , I3) = : : :

ENDDO

ENDDO

ENDDO

We assume that the data dependences of this loop
are represented by the following set:

D = f(1; 0; 0)T ; (0; 1; 0)T ; (0; 0; 1)T ; (3; 1;�6)Tg

Now, suppose that row-wise access patterns are de-
sired for these three occurrences, i.e. ~si = (0; 1)T for
1 � i � 3. Reshaping the access patterns accordingly
seems to be a non-trivial task at �rst sight. However,
the reshaping method proceeds as follows.
First, the objective matrix S is constructed:

S =

0
@ 1 0

1 0
1 0

1
A

0
BBBBBB@

1 3 1
1 0 1
2 0 1
0 2 0
1 �3 0
0 0 1

1
CCCCCCA

Echelon reduction of ST yields the following form
for E = RST :0
@ 1 1 0

0 1 1
0 0 0

1
A =

0
@ 0 0 1

1 0 �1
3 1 �6

1
A
0
@ 1 2 1

3 0 �3
1 1 0

1
A

Because rank(S) = 2, all integer solutions of the
homogeneous system S~� = ~0 are given by ~� =
[(0; 0; �3)R]

T for arbitrary �3 2 Z . Hence, we have
�0 = f(3; 1;�6)Tg. The following matrices are
constructed with a completion method as described
in [3][5, p15-19]:
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U =

0
@ �1 3 0

0 6 1
0 1 0

1
A U�1 =

0
@ �1 0 3

0 0 1
0 1 �6

1
A

Let ~U denote the matrix consisting of the �rst
2 rows of U . Then ~D = f~d 2 Dj ~U ~d = ~0g is equal
to f(3; 1;�6)Tg. Since U(3; 1;�6)T = (0; 0; 1)T , we
select z = 1.

Finding an integer vector ~y 2 Z2 such that ~y � ~U ~d >
0 for all ~d 2 D� ~D is equivalent to solving the follow-
ing system of linear inequalities:

0
@ �1 0

3 �6
0 �1

1
A�

y1
y2

�
�

0
@ �1�1
�1

1
A

Obviously, this system is consistent, and a solution
(1; 1)T can be used directly for ~y. The following ma-
trices results:

Y =

�
1 1
�1 0

�
Y �1 =

�
0 �1
1 1

�

These matrices and z = 1 give rise to the following
V and V �1:

V =

0
@ 1 3 1
�1 3 0
0 1 0

1
A V �1 =

0
@ 0 �1 3

0 0 1
1 1 �6

1
A

Application of the loop transformation de�ned by
V yields the following target loop in which row-wise
access patterns result for all occurrences:

DO I
0

1 = 23, 39

DO I
0

2 = MAX(-12,I
0

1-15,16-I
0

1), MIN(-1,I
0

1-30,33-I
0

1)

DO I
0

3 = MAX(d(I01+I
0

2-15)/6e,d(I
0

2+10)/3e),
+ MIN(b(I01+I

0

2-10)/6c,b(I
0

2+15)/3c)

A(I
0

1 , I
0

1 - 3*I
0

3) = : : :

B(I
0

1 - I
0

2, 2*I
0

3) = : : :

C( - I
0

2, I
0

1 + I
0

2 - 6*I
0

3) = : : :
ENDDO

ENDDO

ENDDO

4 Improving Data Locality

Because Fortran uses column-major storage of arrays,
accessing arrays along columns enhances the spatial
locality of a program. Hence, a straightforward ap-
proach to improve the performance of a program is to
apply the reshaping method to each perfectly nested
loop in a Fortran program, where we set the preferred
access direction of each multi-dimensional array to
(1; 0; : : : ; 0)T . If the reshaping method fails for a par-
ticular loop nest, either because the reshaping is im-
possible or because data dependences prohibit the re-
shaping, then we can simply continue with the next
perfectly nested loop in the program, or we can re-
apply the reshaping method to the same loop with a
smaller set of occurrences, for example, by discarding
an occurrence with unique subscripts before occur-
rences having identical subscripts. If the reshaping
method still fails, another occurrence is discarded un-
til reshaping is successful or all occurrences have been
discarded.

Below, we present some experiments that have been
conducted on an SGI Indy 4600. All fragments are
compiled by the native FORTRAN compiler using the
ag -O2. Although in the experiments the value of N
varies, the actual shape of each array is kept constant
(and this shape envelops the parts that may be ac-
cessed for all values).

EXAMPLE: Consider the following implementa-
tion of the operation C  C +AB.

DO I1 = 1, N

DO I2 = 1, N

DO I3 = 1, N

C(I1,I2) = C(I1,I2) + A(I1,I3) * B(I3,I2)

ENDDO

ENDDO

ENDDO

First, we construct the objective matrix S using
the preferred access direction ~s = (1; 0)T for all oc-
currences:

0
BB@

0 1
0 1

0 1
0 1

1
CCA
0
BB@

WC

WC

WA

WB

1
CCA

9



Hence, the objective matrix has the following form:

S =

0
BB@

0 1 0
0 1 0
0 0 1
0 1 0

1
CCA

Echelon reduction of ST yields the following form
for E = RST :0

@ 1 1 0 1
0 0 1 0
0 0 0 0

1
A =

0
@ 0 1 0

0 0 1
1 0 0

1
AST

Because rank(S) = 2, we obtain the set �0 =
f(1; 0; 0)Tg. Under the assumption that the data de-
pendences due to the accumulation of elements in ar-
ray C may be ignored, the following matrices can be
used directly to apply the appropriate reshaping:

U =

0
@ 0 1 0

0 0 1
1 0 0

1
A U�1 =

0
@ 0 0 1

1 0 0
0 1 0

1
A

This transformation gives rise to a simple loop per-
mutation where I1 becomes the index of the outer-
most DO-loop. In �gure 3, we show the execution
times of the original and reshaped version for varying
values of N.
EXAMPLE: Consider the following triple loop in

which some three-dimensional arrays and some two-
dimensional arrays are referenced:

DO I1 = 1, N

DO I2 = 1, N

DO I3 = 1, N

C(I1,I2,I3) = B(I1,I3,I2) - D(I3-I1,I3) * A(I1,I1)

ENDDO

ENDDO

ENDDO

The objective matrix S is constructed as illustrated
below:0
BBBBBB@

0 1 0
0 0 1

0 1 0
0 0 1

0 1
0 1

1
CCCCCCA

0
BB@

WC

WB

WD

WA

1
CCA
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Figure 3: Computation of C  C +AB

Hence, the resulting objective matrix has the follow-
ing form:

S =

0
BBBBBB@

0 1 0
0 0 1
0 0 1
0 1 0
0 0 1
1 0 0

1
CCCCCCA

Echelon reduction of ST , however, reveals that
rank(S) = 3, indicating that making all access pat-
terns column-wise is impossible. However, after we
discard the occurrence of A from consideration (which
is simply implemented by discarding the last row of
S), then the rank(S) becomes 2 and the reshaping
method can be applied successfully. In this case, the
same loop permutation as in the previous example
results, making all except the access patterns of A
column-wise. In �gure 4, we show the performance
improvement obtained by this transformation.
Finally, we briey sketch an extension to our ap-

proach that is given by iterating the construction.
First observe that, in case of column-wise reshap-
ing, all reshaped access matrices become of the form,
where w1d 6= 0:
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Figure 4: Performance of �rst Triple Loop

W =

0
BBB@

w11 : : : w1;d�1 w1d

w21 w2;d�1 0
...

. . .
...

wc1 wc;d�1 0

1
CCCA

or:

W =

0
BBB@

w11 : : : w1;d�1 0
w21 w2;d�1 0
...

. . .
...

wc1 wc;d�1 0

1
CCCA

Ideally, in the later case we would like to make
w2;d�1 = 0; : : : ; wc;d�1 = 0 as well. In order to ob-
tain this form we re-apply the reshaping method to
all occurrences for which W has a zero last column.
First, we construct a (d � 1) � (d � 1) unimodular
transformation V using the method from section 3
with as input the reduced access matrices of these oc-
currences, formed by dropping the last column from
the original access matrices. Subsequently, this loop
transformation is applied to the d�1 outermost loops.
Likewise, we construct a (d� 2)� (d� 2) unimodular
transformation V 0 for handling the next iterator, and
so on. It is easy to see that in this way we can obtain
an `ideal' access matrix, as described above.

EXAMPLE: Consider the following triple loop:

DO I1 = 1, N

DO I2 = 1, N

DO I3 = 1, N

A(I1+I2,I2,I1-I3) = B(I3,I2) * C(I1-I3,I2)

ENDDO

ENDDO

ENDDO

Making the access patterns of all these occurrences
column-wise gives rise to the following objective ma-
trix:

S =

0
BB@

0 1 0
1 0 �1
0 1 0
0 1 0

1
CCA

Echelon reduction of ST yields the following form
for E = RST :0

@ 1 0 1 1
0 �1 0 0
0 0 0 0

1
A =

0
@ 0 1 0

0 0 1
1 0 1

1
AST

Because rank(S) = 2, we obtain the set �0 =
f(1; 0; 1)Tg. Since there are no data dependences in
the loop, the following matrices can be used directly
to apply the reshaping:

U =

0
@ 1 0 �1

0 1 0
1 0 0

1
A U�1 =

0
@ 0 0 1

0 1 0
�1 0 1

1
A

Applying the loop transformation de�ned by these
matrices results in the fragment shown below:

DO I
0

1 = 1-N, N-1

DO I
0

2 = 1, N

DO I
0

3 = MAX(I
0

1+1,1), MIN(I
0

1+N,N)

A(I
0

2+I
0

3,I
0

2,I
0

1) = B(I
0

3-I
0

1,I
0

2) * C(I
0

1,I
0

2)

ENDDO

ENDDO

ENDDO

The resulting access matrices reveal that column-
wise access patterns have been obtained for both the
occurrences of A and B:

WA =

0
@ 0 1 1

0 1 0
1 0 0

1
A WB =

�
�1 0 1
0 1 0

�
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The access patterns of C, on the other hand, have
become scalar-wise. In fact, this occurrence is ac-
cessed along rows in the outermost two loops:

WC =

�
1 0 0
0 1 0

�

Applying the reshaping method to the reduced ac-
cess matrix gives rise to the following objective ma-
trix:

S =
�
0 1

�� 1 0
0 1

�
=
�
0 1

�

Hence, we obtain �0 = f(1; 0)Tg, which gives rise
to a simple loop interchanging of the outermost two
DO-loops:

U =

�
0 1
1 0

�
U�1 =

�
0 1
1 0

�

In �gure 5, we show the execution time of the orig-
inal, �rst reshaped, and �nal reshaped fragment for
varying values of N. This experiment clearly shows
how an extra iteration of reshaping can be used to
further improve the performance of a loop. More-
over, the experiment shows that the overhead asso-
ciated with evaluating MIN and MAX functions is out-
weighted by the improvements obtained with respect
to the memory hierarchy.

5 Conclusions

In this paper, we have presented the construction
of a valid transformation of a perfectly nested loop
that simultaneously reshapes the access patterns of
several occurrences of multi-dimensional arrays along
certain desired access directions. In particular, we
have shown how this reshaping method can be used
to improve data locality in programs. If for a particu-
lar loop nest the reshaping method fails, the compiler
re-tries the reshaping method with a smaller collec-
tion of occurrences. Moreover, we have shown that in
some cases, iterating the reshaping method can fur-
ther improve performance.
Note that in this paper we have focused on improv-

ing spatial locality by making loops refer to neighbor-
ing elements in successive iterations.
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Figure 5: Performance of second Triple Loop

Obviously, this method can be combined with
methods that are aimed at enhancing temporal local-
ity, like loop blocking. Moreover, future research will
be aimed at combining the reshaping method of this
paper with the framework of data structure transfor-
mations presented in [16].
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