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A simple model for representing the hierarchical structure of information is proposed. This model, called 
the grammatical model, is based on trees that are generated by grammars; the grammars describe the 
hierarchy of the information represented by the trees. Two transformation languages, an algebra and a 
calculus, are presented and shown to be equally expressive. 

1. Introduction 

Until the mid-eighties a lot of attention was paid to 
the relational database model (see e.g. [19,20,24]). We 
were intrigued by its simplicity,,both to model and ma- 
nipulate data. Recently, however, we became aware of 
its drawbacks when trying to model non-traditional 
data applications, such as CAD-CAM, office automa- 
tion, text-oriented and multimedia databases. There- 
fore, several alternatives have been proposed. 

Semantic data models, such as ER [6], FDM [22], SDM 
[13], Format [14] and IF0 [2] provide a rich set of de- 
sign tools for representing complex interrelationships 
of data not present in the relational model, such as 
aggregation, generalization and set constructs. Logic 
based models, such as Datslog [24], LDM [18] and 
LDL [4] zero in on the limited expressiveness of data 
manipulation languages of the relational model, i.e. 
they generalize the relational calculus to express re- 
cursively specified queries. Finally, relational exten- 
sions of the standard relational model, such as RT/M 
[7] and the nested model [9,15,23], try to strike a bal- 
ance between generalizing the data modeling and the 
data manipulation parts of the relational model. 

All these models share the property that they recog- 
nize the most fundamental characteristic of data to 
be its hierarchical structure. On the other hand, how- 
ever, it is not quite clear whether they can effectively 
model all data applications which exhibit an hierar- 
chical nature. A good example are textbases [ll], 
which in addition to having an hierarchical structure, 
are constructed out of rules that follow a grammatical 
structure. Grammatical structures are also implicitly 
present in e.g. Verso [1,5], a variation of the nested 
relational model, where at some level, data are struc- 
tured as regular expressions. 

Recently, several authors (e.g.[11,17,21]) used the well- 
understood concept of grammars for formal languages 
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[lo] to model data. In this paper, we present the gram- 
matical model as a unifying skeleton to describe the 
hierarchy in an information base as well as the struc- 
ture of texts. This model has been presented infor- 
mally in [ll]. It represents the hierarchical structure 
of information az a tree which can be generated by 
a grammar. In this way, the information about two 
employees (one manager and one worker) will be rep- 
resented by the tree: 

I 
MO 

I 
<Level> 

Wl 

This tree is generated by a grammar with productions: 

Pl : (Emps) + (Emp)(Emps) 
P2 : (Bmp) + (Nume)(SaI)( Type) 
P3 : (Qpe) * (Man) 
P4 : (ape) + ( Work) 
P5 : (Man) + (Dep) 
P6 : (Work) + (Level) 
P7: (LX) + $(Am) 

Notice that production Pl specifies information as a 
set. Production P2 specifies an employee as the aggre- 
gation of his/her name, salary and type. P3 and P4 
define the type of an employee as either manager or 
worker, which is an example of generalization. Hence 
the grammatical model allows for the three basic con- 
structs of most data models in a uniform way [8,21]. 
Finally notice production P7. The grammatical model 
allows, in a convenient way, for additional syntactic 
features, e.g. the terminal symbol “9 indicates that 
the salary is expressed in dollar amounts. 

There are two obvious ways to express queries by trans- 
forming the trees. A first method consists in defin- 
ing operators that locally transform the trees and the 
grammars. A second way consists in describing this 
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transformation in a less procedural way, indicating the 
relationship between the given trees and the result 
trees. For reasons that are evident these methods are 
called the algebra and the calculus, respectively. They 
are shown to be equivalent. Before describing these 
two query languages, however, we first give the basic 
definitions of the grammatical model. 

2. The Grammatical Model 

Throughout this paper, we assume the reader is famil- 
iar with the basic terminology concerning trees (e.g. 
[3]) and formal languages (e.g. [lo]). As announced 
above, we represent an information base as a tree the 
structure of which is controlled by a formal grammar. 
We borrow the terms “scheme” and “instance” from 
the relational model and use the former to indicate 
the grammar and the latter to indicate the tree. 

Definition 2.1 
An information base scheme is a formal grammar fI = 
(V, T, S, P) with V a fi t ni e set of attributes, T a finite 
set of constants, S a set of azioms, S c V, and P 
a finite set of productions of the form A * s where 
A E V, s E (VU)+, and each attribute appears at 
most once in 9. I 

Actual data will be represented in a tree the internal 
nodes of which are labeled by attributes. Note that we 
do not require the leaves to be labeled by constants; 
if a leaf is labeled by an attribute, this simply means 
there are no data known for that attribute. 

Definition 2.2 
Let g = (V, T, S, P) be an information base scheme. 
A data-tree (D-tree) over &J is a non-empty tree the 
nodes of which are labeled with elements of V U T in 
such a way that each internal node is labeled by an 
attribute. I 

If D is a D-tree over some scheme F, then rt(D) will 
denote its root. If n is a node of D, then prt(n) will 
denote its parent (if existent), chd(n) the sequence 
of all its children, and chtr(n) the sequence of the 
subtrees of D the roots of which are the children of n. 
Finally, lbl(n) will denote the label of n and chd(n) 
the sequence of the labels of all children of n. 

A D-tree over an information base scheme which is also 
a derivation tree over that grammar, will be called an 
information base instance. 

Definition 2.3 
Let g = (V, T, S, P) be an information base scheme. A 
D-tree D over 47 is called an information base instance 
over 0 if lbl(rt(D)) E S and for each internal node n 
there ecists a production Ibl(n) + chd(n) in P. 1 

Example 2.1 
Consider the information base scheme 0 = (V, T, S, P) 
with: 

l V = (Families, Family, Father, 
Mother, Children, Child, String, Char); 

l T={A ,..., Z,a ,..., z}; 
l S = (Families}; 
l P = {(Families) --) (Family) (Families) 

(Family) * (Father)(Mother)(ChiZdren) 
(Children) -+ (Child) ( Children) 
(Father) --) (String) 
(Mother) + (String) 
(Child) -+ (String) 
(String) -t (Char) (String) 
(Char) + A,. . . , (Char) + z I 

representing the structure on information base con- 
cerning families with their children. Note that this 
information base scheme also includes an “implemen- 
tation” of strings. In the sequel, however, we will not 
bother with this low-level representation, and omit the 
corresponding productions, since this is not our main 
concern. With this in mind, the following D-tree rep 
resents an information base instance over 8: 

.cFamilies> 

Wendy 

I 

Grammar-based models turn out to be highly appro- 
priate for representing text-dominated databases, as 
was observed by Gonnet and Tompa. The following 
example is inspired by Ill]. 

Example 2.2 

Consider an information base scheme with the follow- 
ing productions: 

(Refs) -, Wf Wef4 
(Ref) + (Auths)(Tit)(Source)(Year) 
(Auths) --t (Auth)(Auths) 
(Source) -+ (Joum)(Issue) 
(Source) + (Book) 
(Issue) + (Vol) : (Nr) 

Part of an information base instance is shown below: 
&efss 
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In the grammatical model, the emphasis is obviously 
on the structure of a D-tree and its contents, rather 
than the actual nodes of which it consists. Therefore 
we define two D-trees D1 and Dz over some scheme 
B to be isomorphic, denoted D1 Y D2, if there exists 
a mapping between the nodes of D1 and D2 which is 
one to one and onto, preserving both labels and the 
tree-structure. I 

3. An algebra on information bases 

In this section we propose an algebraic language for 
the manipulation of grammatically defined informa- 
tion bases, not only allowing to formulate queries but 
also to apply more general transformations. Each 
operator is defined both on scheme and on instance 
level. In the sequel, we implicitly assume that only 
one information base instance D over some scheme 
B = (v, T, S, P) is considered at a time. 

First, we define three types of substitutions, which do 
not alter the structure of an information base instance, 
but only change (attribute) labels. 

The parent substitution %[A -+ s,B] substitutes by 
B all attributes A from which s is derived. 

Definition 3.1 

Let A -+ s E P. Let B be an attribute (B does not 
have to be in V) and suppose that A and B do never 
occur simultaneously in the right-hand side of a pro- 

duction of P. The parent substitution is defined as 
follows: 

l &[A + s, B](G) = 8’ = (V’, T, S’, P’) where: 
- V’=Vu(B}; 
- ifAES, thenS’=SU{B}, elseS’=S; 
- Let P” = (P - {A + s}) U (B -+ s}. Then: 

P’ = P” u {C + slBsz ( C + slAsz E P”}. 
l &[A -+ s, B](D) is obtained by relabeling each 

node n in D with lbl(n) = A and chd(n) = s by 
B. I 

Note that the condition on A and B prevents B from 
appearing more than once in a production of 9’. 

Now let B E V and let A + slBsz E P. Let C be an 
attribute (C does not have to be in V) and suppose 
that C does not occur in 5192. The child substitution 
&[A + slBs2, B, C] substitutes by C all attributes 
B in a string slBs2 which is derived from A. Because 
of the analogy with parent substitution, we omit a 
formal definition. 

Finally, we define equality substitution. The equality 
substitution &[A -+ slBs2, B + $3, C, D] substitutes 
by D all attributes B in a string slBs2 which is de- 
rived from A and from which s3 is derived, provided 
B has both a sibling and a child labeled C that define 
isomorphic subtrees. 

Definition 3.2 
Let A + s1Bs2, B -+ s3 E P. Let C E V and suppose 
thal C OCCUTS both in ~152 and $3. Let D be an at- 
tribute (D does noi have to be in V) and suppose that 
D does not OCCUT in ~92. The equality subsMution is 
defined as follows: 

Ce[A 4 slBs2, B --) ~3, C, D](G) = 8’ wheTe: 
8’ = (V’, T, S, P’) with: 

- V’=Vu{D}; 
- if A = B, ihen: 

P’ = P u (A -+ s1Ds2, D + s3, D + SIDSZ}, 
else P’ = P u {A + s1Ds2, D + s3}. 

Let n be a intenzal node in D with lbl(n) = B, 
lbl(prt(n)) = A, chd(prt(n)) = S~BSZ, chd(n) = 
~3. Let ml and m2 be the sibling respectively the 
child of n with label C and let D1 and D2 be the 
subtrees of D with rt(D1) = ml and rt(D2) = 
m2. Ce[A ---) slB.92, B + $3, C, D](D) is obtained 
by Telabeling by D each such node n for which 
D1 Z D2. I 

Example 3.1 
Consider an information base scheme p = (V, T, S, P) 
with V = {A, B, C, D}, T = {a, b}, S = {A} and 

P={A+BA,A+B,B+CD, 
C-+a,C-+b,D+a,D+b) 

and let D be the following information base instance: 

b b 

Then the parent substitution %[A + BA, E] yields 
the information base scheme G’ = (V’, T, S’, P’) with 
V’ = (A, B, C, D, E}, S’ = {A, E} and 

P’=(E--+BA,A--+B,B+CD, 
C-+a,C+b,D+a,D+b,E+BE} 

and the information base instance D’: 

b b 
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The child substitution Cx[E + BA,A, E] applied to 
the information base thus obtained, yields the infor- 
mation base scheme 6” = (V’, T, S’, P”) with 

P”={A-+B,B-+CD,C+a, 
C--,b,D+a,D+b,E+BE,E+B} 

and the information base instance D”: 

b b 

Finally, the equality substitution Ce[E + BE, E + 
BE, B, D] applied to the last result yields the infor- 
mation base scheme 0”’ = (V’, T, S’, P”‘) with 

P”‘=(A+B,BdCD,C+a, 
C+b,D+a,D+b,E-+BE, 

E-+B,E--+BD,D+BE,D-,BD} 

and the information base instance D”’ = D”, since no 
node of D” labeled E satisfies all conditions required 
for relabeling by the given equality substitution. s 

Next, we define two operators that allow the introduc- 
tion of new nodes and the removal of existing ones. 

The node insertion NL[A + ~1~2s3,slBs3] inserts in 
each derivation of ~1~2~3 from A a node B as a child 
of A and the father of $2. 

Definition 3.3 
Let A + ~1~2~3 E P with $2 not empty. Let B be an 
attribute not in V. The node insertion is defined as 
follows: 

NL[A + sls2s3, .qBsg](G) = 8’ = (V’,T, S, P’) 
where: 

- V’= Vu(B); 
- P’ = P - (A + ~1~2~3) 

u{A ---) s1Bs3, B --) s2}. 
Let n be a node of D with lbl(n) = A and chd(n) = 
sls283. NL[A -+ s~s~s~,s~Bs~](D) is obtained 
by inserting for each such node n a node n’ fOT 

which lbl(n’) = B, prt(n’) = n and chd(n’) is 
the subinterval of chd(n) corresponding to ~2. w 

The node deletion N6[A] deletes each subtree the root 
of which is labeled by A. 
Definition 3.4 
Let A E V. The node deletion is defined as follows: 

l N6[A](B) = 9’ = (V’, T, S’, P”) where: 
- V’=V-{A}; 
- S’ = S - {A); 
- LetP’={B+sIB+sEP,B#Aand 

A does not occur in s}. 

Then P” = P’ u {B + s1s2 ( 
B + slAs2 E P and B # A). 

l NC[A](D) is obtained by deleting each subiTee D’ 
from D with lbl(rt(D’)) = A. I 

Example 3.2 
Consider an information base scheme 0 = (V, T, S, P) 
with V = (A, B, C, D, E), T = {a, b, c,d,ej, S = (A) 
and 

P={A-+BCD,B +abEd,C+c,D+Bd,E+e} 

and let D be the following information base instance: 

Then the node insertion NL[B ---) abEd,aFd] yields 
the information base scheme G’ = (V’, T, S, P’) with 
V’ = {A, B, C, D, E, F} and 

P’=(A+ BCD,B+aFd,C+c, 
D+Bd,E+e,F-rbE) 

and the information base instance D’: 

e 

The node deletion N6[F] applied to the information 
base thus obtained, yields the information base scheme 
g” = (V”, T, S, P”) with V” = {A, B, C, D, E} and 

P” = (A ---) BCD, B -tad,C+c,D+Bd,E+e) 

and the information base instance D”: 

a d 

Note that Nb[A] applied to any of the above informa- 
tion bases would yield the empty information base. s 

We also need two operators that copy information 
from one place in an information base to another. 
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Definition 3.5 
Let G = (V,T,S,P) b e an information base scheme 
and let D be an information base instance over G. Let 
A ---* slBs2, B + $3 E P. Let C E V and suppose that 
C occurs in ~71272. Let D be an attribute (D does not 
have to be in V) and suppose that D does not OCCUT in 

The downward duplication is defined as follows: 
A6[A -+ slBs2, B + $3, C, D](G) = 9’ where: 
B = (V’, T, S, P’) with: 

- V’=Vu{D}; 
- P’=Pu{B+s~D}u(D--+s~C-+S~P}. 

Let n be a internal node in D with lbl(n) = B, 
lbl(prt(n)) = A, chd(prt(n)) = slBs2, chd(n) = 
$3. Suppose there is a node m in chd(prt (n)) with 
lbl(m) = C. A6[A + slB.92, B 4 ~3, C, D](D) is 
obtained by adding to chd(n) for each such node 
n a rightmost sibling n’ with lbl(n’) = D. The 
subtree D’ of A6[A + ~1Bs2,B + ss,GDl(D) 

defined by rt(D’) = n’ is isomorphic to A6[A -+ 
slB.92, B --) ~3, C, D](D”), where the D-tree D” is 
defined by lbl(rt(D”)) = D and chtr(rt(D”)) = 
chtr(m). I 

Suppose, for the sake of argument that C is in e.g. s2 
For applying this recursive definition sequentially, one 
has to proceed right-to-left. First, one searches for the 
leftmost nodes labeled A from which slBs2 is derived, 
such that sa is derived from B. Then add a rightmost 
sibling D to $3. The subtree with root D is obtained 
by relabeling by D the root of an isomorphic copy of 
the subtree with root C in sr. If this is done, the same 
procedure is repeated for the next node labeled A sat- 
isfying the same conditions as above. Repeating this 
until no further action is possible yields the desired 
result. 

Example 3.3 
Consider an information base scheme B = (V,T, S, P) 
with V = {A, B, C}, T = {a, b, c,d}, S = {A} and 

P=(A-,BaC,B+bd,C-,cA,C+c} 

and let D be the following information base instance 
over 8: 

b 

b d C 

Then the downward duplication A6[A + BaC, B + 
bd, C, D] yields the information base scheme 8’ = 
(V’, T, S, P’) with V’ = {A, B, C, D) and 

P’={A+BaC,B+bdD,C-+cA, 
C+c,D-+cA,D+c) 

and the information base instance D’: 

b d 
lc c 
C 

I 

The downward duplication copies information down- 
wards into the tree; its upward counterpart is called 
upward duplication. Let A + slB.92, B --) s3 E P. 
Let C E V and suppose that C occurs in ss. Let D be 
an attribute (D does not have to be in V) and suppose 
that D does not occur in ~1.92. The upward duplica- 
tion Av[A + slBs2, B -+ $3, C, D] adds a rightmost 
sibling D to slBs2 and transfers information under C 
in srs2 to D. Since upward duplication is analogous 
to downward duplication, we omit both the formal 
definition and an example. 

Finally, we introduce a permutation. Basically, a per- 
mutation rearranges the children derived by some pro- 
duction A + s. 

Definition 3.6 

Let A + $1 E P and let s2 E (V U T)+ contain the 
same attributes as $1. The permutation is defined as 
follows: 

l II[A + .q,s2](8) = G’ = (V, T, S, P’) where: 

P’ = (P - {A + sl}) u (A + s2} 

l Let n be a node in D with lbl(n) = A and chd(n) = 
~1. $4 ---) +,sz](D) is obtained by substituting 
new nodes for chd(n) such that chd(n) becomes 
~2. Let B be an attribute in s2 and let m be the 
node in II[A + sr,sz](D) with lbl(m) = B and 
prt(m) = n. Then the subtree D’ of II[A + 
sr,ss](D) defined by rt(D’) = m is isomorphic 
to II[A --) s1,s2](D”), where the D-tree D” is 
the subtTee of D defined by lbl(rt(D)) = B and 
prt(rt(D)) = n. I 

Our notion of permutation is somewhat wider than 
what is usually understood by this term. A permu- 
tation does indeed permute attributes, but can also 
insert, delete, and rearrange constants. 

Example 3.4 

Consider an information base scheme (3 = (V, T, S, P) 
with V = {A, B}, T = {a, b,c}, S = (A} and P = 
{A -+ aB, B -+ bBc} and let D be the information 
base instance over B represented by the tree below to 
the left: 
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b B C a b B 

Then the permutation II[B -+ bBc,abB] yields the 
information base scheme g’ = (V,T, S, P’) with P = 
{A + aB, B -+ abB} and the information base in- 
stance D’ represented by the tree above to the right. 

I 
The eight operators presented above define the gram- 
matical algebra. Many other conceivable operators 
can be expressed in terms of these eight. By “ex- 
pressed” we mean there is a sequence of instance- 
independent algebra operations that returns the same 
result at the instance level. In general, it is unavoid- 
able that the scheme returned by the algebra sequence 
defines a larger language than the scheme returned by 
the original operator. 

As an example, we consider the node merging, an 
operator often needed in practical applications. The 
node merging Np[A -+ slBs2, B -+ $31 is obtained by 
pruning out each attribute B in a string slBs2 which 
is derived from A and from which $3 is derived. In this 
way, ~1~3~2 will be derived from A instead. Clearly, a 
node insertion NL[A 4 $1~2~3, slBsg] can be undone 
by the node merging Nc([A -+ slBs3, B ---) 94. We 
now show: 

Theorem 3.1 
Node merging can be expressed in the grammatical al- 
gebra. 
Proof: Bather than giving a notationally cumbersome 
proof, we illustrate the general techniques that are 
needed on an example. Let V = {A, B,C}, T = 
{a,b,c},S={A}andP={A+aBc,B-+bC,C-t 
c}. Np[A * aBc, B + bC] can be expressed by con- 
secutively performing the following operations: 
1. the upward duplication 

Av[A + aBc, B + bC, C, C]; 
2. the equality substitution 

%[A ---t aBcC, B + bC, C, B’]; 
3. the node deletion N6[B’]; 
4. the permutation IIIA ---, acC, abCc]. 

We invite the reader to check our claim on a concrete 
instance. I 
We now return to the bibliographical Example 2.2 to 
illustrate how the grammatical algebra can be used to 
solve queries or to perform transformations on a more 
realistic information base. 

Example 3.5 
Reconsider the information base of Example 2.2. Sup- 
pose we want to extract only the information on jour- 
nal titles (between double quotes) with the name of 
the journal and the volume. The instance of Example 
2.2 would then be transformed into: 

The Format JACM 
Mcdel 

The transformation can be accomplished by consecu- 
tively performing the following operations: 
1. Nb[(Auths)]; 
2. N6[( Year)]; 
3. Au[(Source) + (Joum) (Issue), 

(Issue) -+ ( Vol) : (NT), ( VoZ), ( Volume)]; 
4. NiS[(Issue)]; 
5. Np[(Ref) + (Tit)(SouTce), 

(Source) + (Joum) ( VoZume)]; 
6. II[(Ref) t (Tit)(Joum)(VoZume), 

“(Tit)“(Journ)(VoZume)]. s 

Observe that the instance obtained in the above ex- 
ample can be considered as a representation of a flat 
relational database model relation in the grammatical 
model. Below, we show how unary relational algebra 
operators can be performed. Note that, in order to 
simulate union, difference and join, we need binary 
operators on information bases. This, however, is be- 
yond the scope of the present paper. 

Example 3.6 
Consider the following relational database relation R: 

A B C 

al 
a2 

h Cl 

b2 c2 

This relation can be represented as an information 
base with scheme G = (V, T, S, P) where V = {S, R, A, 
B, C), T = (al,. . . , bl, . . . , cl,. . .}, S = {R} and: 

P = {S ---) RS, R -+ ABC, A + al,. . . , 
B + bl, . . . , C --+ cl,. . .} 

and the information base instance D: 

a2 b2 12 

l The renaming of A to A’ can be expressed as the 
child substitution Cx[R -+ ABC, A, A’]. 

l The projection of R onto AB can be expressed as 
the node deletion Na[C]. 
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l The selection A = C can be expressed by consec- 
utively performing: 
1. the node insertion NL[R -+ ABC, ABC’]; 
2. the child substitution Cx[C’ --$ C, C, A]; 
3. the equality substitution 

Ce[R + ABC’, C’ ---) A, A, C”]; 
4. the parent substitution C?r[R + ABC’, R’]; 
5. the node deletion Na[R’]; 
6. the child substitution Ex[C” + A, A, C]. 
7. the node merging Np[R + ABC”R, C” -+ c]; 

If desired, redundant S-nodes can be removed by re- 
peatedly applying the node mergings Np[S + S, S + 
RS] and Np[S + RS, S + S]. I 

4. A calculus on information bases 

In this section, we present a more logic-oriented trans- 
formation language, inspired by the relational calcu- 
lus. An expression in the grammatical calculus we 
propose, consists of a set of conditions and a transfor- 
mation clause, both build from some variables. Infor- 
mally, applying a calculus expression to an informa- 
tion base means performing the required transforma- 
tions for each “occurrence” of the variables satisfying 
the set of conditions. Since the variables in a calculus 
expression represent so-called rootless data trees, we 
first explain this notion. 

Definition 4.1 
Let G = (V, T, S, P) be an information base scheme. 
A rootless data tTee.(R-tree) is a finite sequence of D- 
trees such that each attribute is the label of the TOOT 

of ai most one D-tree in the sequence. The set of all 
R-trees over 0 is denoted ‘K(g). I 
Note that the notion of isomorphic D-trees can be ex- 
tended in a natural way to Rtrees. We have to intro- 
duce the following notations concerning R-trees: 

Definition 4.2 
Let 0 = (V,?‘, S, P) be an information base scheme 
and let R be an R-tree oveT 0, then: 

l R= (Dr,..., D,) denotes the sequence of D-trees 
of which R consists; 

l top(R) = (rt(Dr), . . . ,rt(Dn)) denotes the se- 
quence of the rools of the D-tTee8 of which R con- 
sists, and top(R) = lbl(rt(D1)). . .lbl(rt(D,,)) de- 
notes the corresponding sequence of labels; 

l the empty R-tree is denoted E. I 

R-trees can be contained in D-trees: 

Definition 4.3 
Let 0 = (V, T, S, P) be an information base scheme. 
Let D be ‘a D-i!Tee and R be hn R-tree oveT 8. R is 
called a Tootle88 8ubtTee of D if R = (Dr,. . . ,D,,), 
DI,. . . , D, aTe subtree of D and top(R) is a se- 
quence of consecutive siblings of D. The set of all 
rootless subtrees of D is denoted rst(D). I 

Finally, we need two simple operations on R-trees: 

Definition 4.4 

Let G = (V, T, S, P) be an information base scheme. 
LetRr = (Or,... , Dm) and R2 = (%+I,. . . , Da) 
be R-he8 oveT B such that top(Rr) and top(Rs) 
have no attribute8 in common. Then the concate- 
nation RrR2 is the R-tree defined by RrRs = 
(D I,...,&). 
Le2 R be an R-tree over B and Zet n be an aTbitraTy 
node. If either R is empty OT lbl(n) i8 an attribute, 
then the completion nR is a D-tree, defined by 
rt(nR) = n and chtr(nR) = R. I 

As mentioned, variables in a calculus expression repre- 
sent rootless subtrees of the information base instance 
under consideration. From these variables, terms are 
build using concatenation and completion, represent- 
ing in turn R-trees. The set of conditions in a calcu- 
lus expression is a set of declarations of variables by 
terms, possibly augmented with some equations be- 
tween variables. The substitution clause also consists 
of a variable and a term, by which the variable has 
to substituted. Of course, the variables in the substi- 
tution clause have to occur in the set of conditions. 
Before formalizing the syntax of a grammatical calcu- 
lus expression, we clarify the concept by an example. 

Example 4.1 

Reconsider the information base of Example 2.2 and 
the query of Example 3.5, described in the grammat- 
ical algebra. This query can also be solved by the 
following grammatical calculus expression: 

[Pz 4-I’ ((Ti~)p4)“((Joum)p7)(( Volume)ps) 1 

(PI := ((Ref)pz) 
Pa := ((Autha)ps)(( Tit)pd) 
((SouTce)Ps)(( YeaT)p8) 

/35 := ((~ouT’+W)((~88U+~) 

6% := ((fi%‘d : ((NT)PIo) }] 

I 

We now formally define the syntax of the grammatical 
calculus. Throughout this exposition, we assume that 
V = (pi ) i = 1,2,3,. . .} is an infinitely enumerable 
set of variabZe8. 

Definition 4.5 

LetG = (V,T,S,P) b e an information base scheme. 
l A basic term over B has one of the following three 

types: 
- type 1: a (aET); 
- type 2: pi (Pi E V); 
- type 3: (Api) (A E V, pi E V). 

l A term oveT B is a jkite sequence of basic terms 
over B that contains at most one basic term of type 
2 and in which each variable and each attribute 
appears at most once. The empty term is denoted 
E. The set of all vam’abZe8 occurring in a term t is 
denoted var(t). I 

269 



Definition 4.6 
Let C? = (V, T, S, P) be an information base scheme. 

l A declamtion over B has ihe form pi := t with 
pi E V and t a term oveT B in which pi doe8 not 
OCCUT. 

l An equation oveT B has ihe form pi = pj with 
Pi,Pj EV. I 

Definition 4.7 
Let B = (V, T, S, P) be an infor-mation base acheme. 
LetD = {pi := t 1 i E I}, I a set of indices, be a finite 
set of declaTations oveT cj in which no vaTiabZe appears 
in the Tight-hand side of moTe than one equation. Let 
var(2)) denote the set of all variables occurring in D. 
Consider the associated directed graph g(D) with set 
of nodes v=(V) and set of edges (pj 4 pk I j E I A 
pk E var($)}. ?) i8 called hierarchical if p(D) is a 
tree, and, furthermore, ihe TOOT pToot has a declaration 
of the form ploot := (Apl) for 8ome A E V and pl E VI 

Note that, by definition, a hierarchical set of declara- 
tions has at most one declaration for each variable. 

In order to ensure the definition of an expression to be 
semantically meaningful, we need to define an order 
on the variables in a hierarchical set of declarations: 

Definition 4.8 
Let G = (V, T, S, P) be an infoTmaiion base scheme 
and let D be a hieTarchica1 set of declarations over 8. 
Let P(D) be the associated tree. Let pi and pj be two 
node8 in this tree. pj is said to be lo the left (right) 
of pi if pi precedes (follows) pi in the post-order (pTe- 
order). I 
Clearly, the descendants of a node in G(ZJ) can be 
characterized as the only nodes that are both to the 
left and to the right of that node. 

Examnle 4.2 
Reconsider the set of declarations in the right-hand 
side of the expression in Example 4.1: 

{PI := ((Ref)pz) 
P2 := ((Auths)Ps)(( Tii)p4)((SouTce)p5)(( YeaT)ps) 
P5 := ((JouTn)p7)((.hSUe)ps) 

P8 := ((fil)Pg) : ((NT)PIo) 1 

Obviously, this is a hierarchical set of declarations 
with associated tree: 

The nodes to the left of ps are marked with “0”; the 
nodes to the right of ps are marked with “l-J”. I 

We can now define an expression: 

Definition 4.9 
Let (7 = (V, T, S, P) be an information base scheme. 
An exprekon. o;eT’G has thk fomn [pi + u I 2) u E] 
with pj E V, u a term oveT 8, 2) a hierarchical set of 
decZaration8 over p and E a se-l of equations over 8, 
satisfying: 

l all vaTiabZes in the expression occur in 2); 

l the variable8 in u are either all fo the left OT ali to 

the right Of pi in g(D); 
l if, in addition, pj is the TOOt of O(D), then u = 

(Ap,) forsomeAEV andp,EV OTU=E. 1 

We invite the reader to check that the expression (with- 
out equations) in Example 4.1 satisfies Definition 4.9. 

Before formally defining the semantics of a grammati- 
cal calculus expression, we show how the grammatical 
algebra operators can be expressed in the calculus. 

Examnle 4.3 
Reconsider the Examples 3.1 to 3.4. 

The parent substitution &[A + BA, E] can be 
expressed by 
[PI + 69~2) 1 {PI := (Apa), ~2 := (Bp3)(Apr)}]. 
The child substitution Ce[E --) BA, A, E] can be 
expressed by [~2 + (BP~)(EP~) I 

The equality sujgi;uyiP2)I p2 := (BP3)(AP4)11* 

De[E + BE, E + BE, B, D] can be expressed by 
[~2 + (BP~)(DP~) I {PI := (Epz), 

p2 := (B~s)(Ep4), ~4 := (BPs)(EPs), p3 = p5}]. 
The node insertion NL[B -t abEd,&‘d] can be 

expressed by [p2 c (Fp3)d I 
(PI := (BP~), ~2 := apsd, ~3 := b(Ep4)}]. 

The node deletion N6[F] can be expressed by 
[PI + E I PI := (FP~)}]. 

The downward duplication 
Ah6[A -+ BaC, B + bd, C, D] 

can be expressed by [pa := bd(Dp4) I 
(PI := (APT), pa := (Bps)a(Cpd), p3 := bd}]. 

The permutation IIIB + bBc,abB] can be ex- 
pressed by 

[PZ + ab(Bp3) I {PI := (Bp2),p2 := b(Bp3)c}], 
Describing the semantics of the grammatical calculus 
should consist of two parts: explaining what happens 
with schemes and explaining what happens with in- 
stances. Since, as observed earlier in this paper, it is 
unrealistic to compare information base operations at 
the scheme level, we shall not elaborate on how calcu- 
lus expressions work on information base schemes. It 
is nevertheless possible to apply calculus expressions 
to the schemes as well [12]. 

We now formally define the semantics of a grammat- 
ical calculus expression at the instance level. Though 
conceptually simple, the formalism itself is rather in- 
volved. This stems mainly from the fact that when re- 
arranging subtrees in applying a calculus expression, 
one must be able to describe how this rearrangement 
is “propagated” downwards into these subtrees. 
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Evaluating a calculus expression on an information 
base instance is done in two stages: 
1. First, the variables in an expression are “valu- 

ated” as rootless subtrees of the considered infor- 
mation base instance, satisfying the declarations 
and equations in that expression; 

2. Then, the D-tree representing the information base 
instance is transformed according to these valua- 
tion and the transformation rule in the left-hand 
side of the expression. 

The first stage is described in Definition 4.10; the sec- 
ond one in Definition 4.11. 

Definition 4.10 

Let g = (V, T, S, P) be an information base scheme 
and let D be a information base instance over 8. Let 
?) be a hierarchical set of declarations and E a set of 
equations oveT 8. Let f: WI(Z)) --+ r&(D) be a total 
mapping from variables in ?) to rootless subtrees of D. 
f is called a valuation of D and & in D if: 

l for each decZaTation pi := E in CD, f(pi) = E; 
l for each declaration pi := t = tl . . . tk in 2), tl, . . . , 

tk being basic temts, f (pi) = RI.. . Rk with for 
eachj = l,...,h: 

- if tj = a for some a E T, then Rj is a one 
node rootless subtree labeled a, 

- if tj = pk fOT SOme pk E v, then Rj = f(pk), 
- if tj = (A/&) for some A E V and pk E v, 

then theTe is a node n in D with lbl(n) = A 
such that Rj = (nf(pk)), 

l foT each equation pi = pj in E, f (pi) Y f (pi)- 
The set of all valuations of 2, and E in D is denoted 
F(D u E, D). I 

As said before, it is our intention to define the result. of 
a calculus expression by performing a transformation 
on the information base instance under consideration 
for each valuation of its hierarchical set of declarations 
and set of equations. This strategy works, because of: 

Lemma 4.1 

Let B = (V, T, S, P) be an information base scheme, 
let D be a hierarchical set of equations over 8, let E be 
a set of equations over B and let D be a information 
base instance over $2. Let pi be an arbitrary variable 
in 2) and let R be a rootless subkee of D. There exists 
at most one valuation f of 2) and E in D such that 
f(pi) is an interval of R. I 

We now define a transformation of an information base 
by an expression: 

Definition 4.11 

Let B = (V, T, S, P) be an information base scheme 
and let D be an information base instance ovef B. Let 
E E [pj c u 1 2) U E] be an e;cpTession over (3. A 
total mapping g: rst(D) + R(G)/, from the rootless 
subkees of D to classes of isomorphic rootless trees is 

a transformation of D by E if it satisfies the following 
conditions:l 

l g(E) = E; 
l Let R E d(D) be a one-node rootless tree such 

that foT no valuation f E F(DlJ E, D), f(pj) = R. 
Then g(R) Y R; 

l Let (nR) E r&(D) be a rootless subtree such that 
for no valuation f E F(D U E, D), f(pj) = (nR). 
Then g(nR) C+ (ng(R)); 

l Let R E rst(D) be a Tootless subtree such that for 
no valuation f E F(Du E, D), f (pi) is an interval 
of R. Then if R = RlR2, g(R) FL! g(Rl)g(Rz); 

l Let R E r&(D) be a Tootless subt?ee such that for 
some valuation f E F(‘D u E, D), f (pi) = R. Let 
u = t&l... u,, with ul,.. .,u, basic terms. Then 
g(R) Y RI.. . R,, with, for k = 1,. . . ,n: 

- If ‘Ilk = a for some a E T, then Rk is a one- 
node Tootless tree labeled a, 

- if uk = pl fOv some pr E v, then Rk E g(f (Pz)), 
- if uk = (Apr) for some A E V and pr E V, then 

Rk E nR’ with lbl(n) = A and R’ Z g( f (pl)); 
l Let R = RlRsR3 E r&(D) be a rootless subtree 

such that for some valuation f E F(2) U E, D), 
f (Pi) = R2. Then g(R) Y g(Rl)g(&)g(R3). I 

A transformation of an information base instance de- 
fines a new D-tree as is shown by: 

Theorem 4.1 
Let B = (V, T, S, P) be an information base scheme 
and let D ‘be an info.rmation base instance oveT 0. Let 
E be an expression over F and let g be a transforma- 
tion of D by E. Then theTe exists a D-tree D’ E P(G) 
such that g((D)) eY (D’). I 

Now suppose an expression E E [pj + u 1 2) U E] 
over some scheme B is given. If D is an informa- 
tion base over 8, then the conditions of Definition 4.9 
guarantee there exists a unique transformation g of 
D by E that can be constructed “deterministically”, 
depending on the case, either left-to-right or right- 
to-left. Obviously, this transformation defines a new 
D-tree D’ satisfying g((D)) Y D’. The result E(D) of 
the calculus expression E applied to D is now defined 
as (the class of) D’, if D’ is in turn an information 
base instance over 8, and undefined otherwise. 

We now presented two languages for transforming in- 
formation bases. Inspired by the classical result in the 
relational model, we were able to show: 

Theorem 4.2 [12] 
The grammatical algebra and grammatical calculus are 
equivalent with regard to expressive power. I 

The equivalence between grammatical algebra and cal- 
culus obviously gives some “naturalness” to both lan- 
guages, although some language independent criterion 
should still be looked for. 

’ For reasons of convenience, the conditions are formu- 
lated as if g(R) were an arbitrary representation of the 
class under consideration. 
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5. Conclusions and future work 

In this paper a simple model for representing the hi- 
erarchical structure in information is proposed. Two 
equivalent methods for querying in this data model are 
given. The expressive power of these languages, how- 
ever, is not yet clear. In particular, it is not known 
how they are related to querying facilities in other 
data models, that can be simulated by the grammat- 
ical model. Furthermore we are looking for a well- 
adapted interface that is integrated in a more general 
environment. It is remarkable that there seems to 
be no fundamental distinction between updates and 
querying in this model. Other aspects such as trans- 
forming several given trees into one result tree, con- 
straint checking and implementation strategies are un- 
der investigation. 

Though it can be considered as an extension of the 
relational model, the grammatical model, being hi- 
erarchical in nature, is of course not suited for all 
database applications. In particular, the notion of 
“shared component” is difficult to express in a tree. 
It is therefore interesting to look as well for a charac- 
terization of the semantic expressiveness of the gram- 
matical model. On the other hand, one could also look 
for “network-like” extensions of this model, using the 
theory of graph-grammars (e.g. [16]). 
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