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Abstract. The algebras and query languages for nested relations defined thus far do not allow us to 
“flatten” a relation scheme by disregarding the internal representation of data. In real life, however, the 
degree in which the structure of certain information, such as addresses, phone numbers, etc., is taken 
into account depends on the particular application and may even vary in time. Therefore, an algebra is 
proposed that does allow us to simplify relations by disregarding the internal structure of a certain class 
of information. This algebra is based on a careful manipulation of attribute names. Furthermore, the 
key operator in this algebra, called “copying,” allows us to deal with various other common queries in 
a very uniform manner, provided these queries are interpreted as operations on classes of semantically 
equivalent relations rather than individual relations. Finally, it is shown that the proposed algebra is 
complete in the sense of Bancilhon and Paredaens. 
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1. Introduction 

When Codd introduced the relational model in 1970-7 1 [S, 61, he also defined a 
number of normal forms to avoid redundancy and update anomalies. The first 
normal form required a relation to consist of only “atomic” (i.e., nonstructured) 
values, whereas the other ones involved the presence of certain constraints. Al- 
though these other normal forms have been the subject of a broad discussion about 
their desirability, it had been taken for granted for a long time that a relation must 
always be in first normal form. 
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During the last years however, much attention has been paid to nonfirst normal 
form relations, also called nested relations [ 12, 16, 24, 26-J. It is nowadays indeed 
agreed upon that the traditional “flat” relational model of Codd, although very 
tractable and hence attractive from a theoretical viewpoint, lacks the capacity to 
structure data sufficiently as to match reality. Therefore many models have been 
designed to deal with structured data. For these models, query languages in the 
form of algebras [ 1, 2,9, 12, 14, 17, 25, 261, calculi [ 1, 14,17, 20, 241, and extended 
SQL [21, 221 have been proposed. They usually consist of the obvious generaliza- 
tions of the classical relational algebra, calculus, and SQL, augmented with con- 
structs to explicitly restructure data. 

Recently, generalizations of results concerning the expressiveness of flat relational 
query languages [3, 4, 7, 181 have been obtained [ 1, 10, 11, 17, 20, 24, 281. For 
example, in [28], it is shown that a particular algebra which manipulates nested 
relations is complete in the sense Bancilhon and Paredaens [3, 181. This notion, 
called BP-completeness [4], is concerned with the decision problem whether for a 
given query language some relation instance (be it flat or nested) can be obtained 
from another using an expression in that query language. 

As mentioned before, the original motivation for considering nested relations 
was abandoning Codd’s condition of “first normal form.” It should however be 
readily seen that first normal form is not a purely mathematical condition upon a 
relation, but rather a philosophical one. Data that are considered as structured by 
some people might be atomic for others. Good examples of such data types are 
addresses and phone numbers. Therefore, it is our opinion that an algebra for 
nested relations must necessarily have an operator that allows one to disregard the 
structure of certain data and consider them as atomic. We propose a theoretical 
model for such an algebra and extend the completeness result of [28]. Along the 
way, we also include in our model the possibility for structured attributes to have 
the empty set as a value (cf., also [2, 22, 23, 251). This possibility allows us to 
model various real-life situations (such as a parent having no children) without 
being forced to introduce null values [8, 291. We feel that by adding these features, 
for example, to the algebra of [26], a more unified formalism for manipulating 
nested relations is obtained. Furthermore, we show that each nested relation can 
be encoded in a natural way by a flat relation, within the framework of the algebra 
we propose. Finally, we use this last result to show completeness of our algebra in 
the sense of Bancilhon and Paredaens. 

This article is organized as follows. In Section 2, we review some terminology 
and results (in particular, concerning BP-completeness) for the flat relational 
algebra, needed in the sequel. In Section 3, we propose a formal model to represent 
nested relations and in Section 4, we define our algebra. From the discussions in 
Section 4, it follows that algebraic operations should be defined on classes of 
relations, rather than individual relations. This idea is developed in Section 5. 
Finally, in Section 6, we examine the expressiveness of our algebra with respect to 
BP-completeness. 

2. The Flat Relational Model 
The flat relational model was introduced by Codd [5, 61. In this section, we only 
review the notations and definitions that are used in the sequel; a global discussion 
of the relational model can be found in [ 151, [ 191, [26], and [27]. Essentially, a flat 
relational database consists of a collection of flat relations, each of which can be 
represented as a flat table. 
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Exumple 2.1. Table I represents a relation from a social security database 
indicating parents (with their first and last name) together with their age, their jobs, 
their children and the age of their children. 

Notice that this relation is neither in second nor in third normal form [6]. 
Furthermore, persons with a job, but without children cannot be represented in 
this relation without using null values [8, 291. 

Definition 2.1. Consider an infinitely enumerable set U, called the set of all 
attributes, and an infinitely enumerable set of values V, called the set of all values. 
Aflat relation scheme s2 is a finite subset of U. A tuple over Q is a mapping from 62 
into V; YO = V” denotes’ the set of all tuples over 9. An instance over R is a finite 
set of tuples over D ; YO = 2W*) denotes2 the set of all instances over a. A Jrat 
relation is a pair (Q, w) where Q c U is a flat relation scheme and w E S, an 
instance over R. Aflat database is a finite set of flat relations. 

A number of well-known unary and binary operations are defined on flat 
relations. They form the so-called flat relational algebra. 

Definition 2.2. Theflat relational algebra consists of the union, the difference, 
the Cartesian product, the projection, the renaming, and the selection. 

-Given two flat relations (a, wI) and (Q, w2), defined over the same scheme Q. 
The union and difference are defined by 

(f4 WI) u (Q, w2) = (0, WI u w2), 

(a, WI> - (f4 w2) = (fi, WI - 4. 

-Given two flat relations (Q2,, wI) and (Q, w2) with Q, fl Q2 = 0. The Cartesian 
product (Q,, w,) x (Q2, w2 ) is defined as (Q, U f&, w ’ ) where 

W ’ = (t EYn,“n,Itln, E WI & tln,E 021. 

-Given a flat relation (Q, w ) and Q ’ C R. The projection rn, (Q, w ) equals 
(0 ‘3 w ’ ) where 

w’= (tJn,ltE WI. 

-Given a flat relation (Q, w ), B E R and A E I/ - 3. The renaming P~+B(Q, w) 
equals (Q - {B) U (A ), w ‘) where 

w ’ = (t ’ E Y*-(Bl”,A, ( 3 t E 0: t ’ 1 n--(B] = t 1 R--(B, c!JL t ‘(A) = t(B)]. 

-Given a flat relation (0, w) and A, B E a. The selection a,=,(Q, w) equals 
(Cl, w ’ ) where 

w’ = (t E w 1 t(A) = t(B)). 

Expressions of the flat algebra are then defined in the usual manner. To avoid 
extensive use of brackets, we adopt the following convention about the precedence 
among the operators 

(1) unary operators 
(2) Cartesian product 
(3) set-operators 

I For arbitrary sets S and r, we denote by .S’ the set of all total mappings from T into S. 
2 For an arbitrary set S. we denote by 2’s) the set of all finite subsets of S. 



Uniform Handling of Information in Nested Relational Database Model 

TABLE I 
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P-FNAME P-LNAME P-AGE JOB CHILD C-AGE 

Willows 
Willows 
Willows 
Willows 
Willows 
Willows 
H&ins 
Higgins 
Higgins 

54 
54 
54 
54 
54 
54 
49 
49 
49 

professor 
professor 
professor 
manager 
manager 
manager 
secretary 
secretary 
secretary 

Example 2.2. Let us denote Q = (P-FNAME, P-LNAME, P-AGE, JOB, 
CHILD, C-AGE) and let o be the instance represented by Table I in Example 1.1. 
We could ask for the relation of all pairs of children with the same age. Let 
(Cl, C2) be the scheme of this relation. Then the following flat relational algebra 
expression can be used to compute it: 

Note that we did not include intersection, since it can be defined in terms of the 
difference. For the same reason, we did not mention selection on inequality. 
Neither did we consider other types of selection, since they require additional 
information (e.g., an order relation on I’). In the same spirit, we do not introduce 
constants; if they are really needed, they can be represented by relations, each 
containing precisely one constant. 

In [ 181, a notion called BP-completeness [4], was introduced to measure the 
expressiveness of the flat relational algebra. We recall here the main definitions 
and results of that paper, adapted to our formalism. (A similar notion has been 
introduced in [3] for the relational calculus.) 

Definition 2.3. Let r = (Q, w) be a flat relation. The set of values of r is defined 
as 

val(r) = (t(A)] t E w & A E Q). 

Letd={r,,..., r,,) be a flat database. The set of values of d is defined as 

val(d) = 6 val(r,). 
i=l 

The basic information of r, denoted BI(r), is the set consisting of all flat relations 
s for which there exists an expression E(x) in the flat relational algebra such that 
E(r) = s. The basic information of d, denoted BI(d), is the set consisting of all flat 
relations s for which there exists an expression E(x,, . . . , x,,) in the flat relational 
algebra such that E(r, , . . . , r,,) = s. 

The notion of BP-completeness as a measure for expressiveness was concerned 
with the decision problem whether some given flat relation can be expressed by 
the flat relational algebra from another given flat relation. In order to define BP- 
completeness in a satisfactory way, we need the notion of cogroup. 
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Definition 2.4. Let Y = (Q, w) be a flat relation. The cogroup of r, denoted 
CG(r), is defined by 

CG(r) = (# ] # is a permutation of val(r) and q(r) = YJ. 

Letd= (r,, . . . , rn ) be a flat database. The cogroup of d, denoted CG(d), is defined 
by 

CG(d) = ($ ( $ is a permutation of val(d) and t/i = 1, . . . , n: $(Yi) = YiJ. 

(II/ is extended to tuples, instances, and relations in the natural way.) 

Example 2.3. The set of values of the relation represented in Example 2.1 
consists of 14 elements: Jefj Mary, Willows, Higgins, 54, 49, professor, manager, 
secretary, Glenda, Mark, Rita, 23, and 21. 

It can be easily seen that the permutation interchanging the values professor and 
manager and leaving the other values fixed, belongs to the cogroup of the relation 
in Example 2.1. We invite the reader to verify that the entire cogroup of that 
relation consists of four permutations. 

It is our aim to decide membership of the basic information of a flat relation of 
some other flat relation by comparing their cogroups. In [ 181 it has been shown 
that 

THEOREM 2.1. Let r and s befrat relations. s E BZ(r) ifand only ifval(s) c v(r) 
und CC(r) I vrrl(s) C CC(s), where CC(r) I Van standsfor W I Van I J/ E CG(r)l. 

It goes without saying that the notion of basic information can be generalized to 
query languages other than the flat relational algebra. If Theorem 2.1 holds for 
such a query language, we say that it is BP-complete. In particular, the flat relational 
algebra is BP-complete. 

3. The Nested Relational Model 
Unfortunately, the flat relational model is often inadequate for a natural represen- 
tation of data, as was observed by several researchers (e.g., [ 12, 16, 261). They 
suggested to drop the first normal form condition of Codd [6]. Indeed, if we have 
a look at, for example, the relation represented in Example 2.1, it should be readily 
seen that this relation is not the most ideal way to represent the data under 
consideration; for example, it is not in second normal form. Rather than to go for 
a decomposition of this relation, we should group together data that are closely 
related. 

Example 3.1. A relation relating parents with their first and last name, age, 
and professions to their children with their respective names and ages could also 
be represented as shown in Table II. 

A relation, such as the one represented in Table II, is called a nested relation. At 
the highest level, the nested relation considered above should be interpreted as a 
two-tuple relation over a two-attribute scheme. Note that the data of the relation 
in Example 2.1 are all represented in the first tuple of this relation. Furthermore, 
the data in the second tuple of this relation could not possibly be represented in 
the relation of Example 2.1, unless null values are permitted. 

As is explained in the introduction, it is the main purpose of this section to 
present a theoretical model for nested relations that is suited to extend the nested 
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TABLE II 

(({P-FNAME P-LNAME) P-AGE (JOB 1) (CHILD C-AGEJ) 

relational algebra (e.g., [28]) in such a way that 

-it is possible to disregard the internal representation of nested data; 
-higher level attributes can be emptyset-valued. 

Basically, as in the flat relational model, we assume that there is an infinitely 
enumerable set U of atomic attributes and an infinitely enumerable set I/ of atomic 
values. From these atomic attributes and values, we construct nested attributes and 
values as well as nested relation schemes, instances, and relations. First, we explain 
how nested attributes are constructed. 

Nested attributes can either be atomic or nonatomic. Atomic attributes are 
simply the elements of U. Nonatomic attributes are finite sets of nested attributes, 
which in turn can be either atomic or nonatomic. However, in order to avoid 
ambiguity, we impose one restriction: No atomic attribute may appear twice in a 
nested attribute. For example, if A, B, C E U, then (A, (B, C) ) is a nested attribute, 
but (A, (A, B]] is not. 

Example 3.2. Reconsider the nested relation represented in Example 3.1. We 
already mentioned that this relation has two attributes at the highest level. These 
nested attributes are ({P-FNAME, .P-LNAME), P-AGE, (JOB11, and (CHILD, 
C-AGE]. Both attributes are nonatomic; the former consists of the nonatomic 
attribute {P-FNAME, P-LNAMEJ, the atomic attribute P-AGE, and the nonatomic 
attribute ( JOB), whereas the latter only consists of atomic attributes. 

We now formally define the set ?Y of nested attributes. At the same time, we 
introduce the function ato: YY + 2(u) returning for each element of Z! the set of all 
atomic attributes that appear in it. 

Definition 3. I. The set qfnested attributes Y and the function ato: Z + 2(“) 
are recursively defined as follows: 

(1) 0 E % and ato(0) = 0; 
(2) UC~andVAEU:ato(A)=IAJ; 
(3) IfXl, . . .) X,,EYandt/i,j= I,..., n with i #j, ato O ato = 0, then 

WI,..., X,1 E Y. Furthermore, ato( (X,, . . . , X,)) = U :=, ato( 
(4) No other elements are in Z. 
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A nested attribute of U is called an atomic attribute; a nested attribute of Z - U is 
called a nonatomic attribute. 

Note that according to Definition 3.1, the empty set can be considered as a 
nonatomic attribute. Although admittedly it has little practical relevancy to con- 
sider relations in which the empty set appears as an attribute, we do not want to 
exclude this possibility formally. The reason is twofold: first, because we want to 
build a model with as few restrictions as possible and second, because we use this 
possibility to construct empty relations over arbitrary schemes, as will be seen later. 

The definition of a nested relation scheme is now very straightforward. 

Definition 3.2. A nested relation scheme 0 is a nonatomic nested attribute, that 
is, an element of ??/ - U. In particular, if D C U, then U is called aflat scheme. 

Note that any finite set of atomic attributes is a nonatomic attribute; hence, 
Definition 3.2 is indeed a generalization of Definition 2.1. 

Example 3.3. The scheme of the nested relation in Example 3.1 is the non- 
atomic attribute 

{ ({P-FNAME, P-LNAMEJ, P-AGE, { JOB]), (CHILD, C-AGE)). 

Notice that elements of Z! - U can be alternatively seen as 

(1) nonatomic nested attributes; 
(2) nested relation schemes. 

We often use this dualism in the sequel. 
Of course, we would like to define nested relation instances in such a way that 

flat relation instances are a special case of it. Hence we define a nested relation 
instance over a relation scheme Q as a finite set of tuples over R. If t is such a tuple, 
and X E s2 is a nonatomic attribute, then we require t(X) to be a nested relation 
instance over X, the latter being interpreted as a nested relation scheme. 

Example 3.4. Reconsider the relation of Example 3.1. The first component in 
each of both tuples must be regarded as a nested relation instance over the scheme 
((P-FNAME, P-LNAME), P-AGE, (JOB]]. The first and the last component of 
each tuple in these instances are in turn (flat) relation instances over the schemes 
(P-FNAME, P-LNAMEJ and ( JOB}, respectively. Similarly, the second component 
in each of both tuples of the nested relation instance of Example 3.1 is a (flat) 
relation instance over the scheme {CHILD, C-AGE). 

Formally, a tuple is a mapping from a set of attributes to a set of values. From 
our discussion above, the set of nested values M must contain, apart from the 
atomic values, all nested relation instances. We now define 

Definition 3.3. The set Zr of nested values, the set <Px of all nested relation 
instances over X E z - U, the set yX of all tuples over X E %! - U and the set .P 
of all nested relation instances are the smallest sets satisfying: 

(1) y = VU .Y (V being the set of all atomic values); 
(2) .P = lJx,,-, 2-x; 
(3) .PX consists of all finite subsets of yX; 
(4) & consists of all mappings t from X into y satisfying t(Y) E ,/nr for all 

nonatomic attributes YE X - U. 

Note that the set of nested values 7 is closed in the sense that if the set V in 
Definition 3.3 is replaced by V, no larger set will be found (as should be the case). 
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Consequently Definition 3.3 suggests the introduction of the following operator on 
sets of values, that will be used often in the sequel: 

Definition 3.4. Let WC Y” be a set of nested values. If we apply Definition 3.3 
with V replaced by W, we obtain a set SV. V is said to be the set ofnested values 
generated by Wand denoted as gen( W). 

From Definitions 3.3 and 3.4, we immediately deduce that 

--If W C W’ C 7, then gen( W) C gen( W’ ); 
-For all WC T, gen(gen( W)) = gen( W); 
-gen( V) = 7 = gen(Y). 

We now have all the necessary ingredients to formally define a nested relation. 

Definition 3.5. A nested relation, or briefly a relation, is a pair (Q, w) where 
Q E SY - U is a nested relation scheme and w E Zn a nested relation instance over 
R. (a, w) is called jlaf if fi is a flat scheme, that is, if Q C U. A nested database, or 
briefly a database, is a finite set of nested relations. It is called flat if all of its 
relations are flat. 

Clearly, Definition 3.5 can be considered as a generalization of Definition 2.2. 
Note that, according to Definition 3.3, values corresponding to atomic attributes 

need not be atomic; they can also be relation instances. In the latter case, however, 
we assume that the internal structure of that instance is inaccessible. This is a 
reasonable assumption, since, whenever we want to access the internal represen- 
tation of a value in a database, we have to do that through the corre- 
sponding attribute, which serves as an identifier for that value in the tuple under 
consideration. 

Why do we allow these inaccessible relations as values corresponding to atomic 
attributes? As explained earlier, we wish to introduce an operator in the following 
section that allows us to disregard the internal representation of a nonatomic value 
(which is a relation instance). This can be accomplished by “renaming” the 
nonatomic attribute to which this instance corresponds into an atomic one. Indeed, 
as explained above, the internal structure of the instance will then have become 
inaccessible. We illustrate this idea with an example. 

Example 3.5. Reconsider the nested relation in Example 3.1. One might wish 
to disregard the fact that a person’s name consists of a first and a last name and 
rather regard the entire name of a person as an unstructured datum. To achieve 
this goal, we “rename” the nonatomic attribute (P-FNAME, P-LNAME] in the 
scheme of the relation in Example 3.1 to the atomic attribute PARENT. The 
resulting relation could be represented as shown in Table III. 

As explained earlier, the first component of each of both tuples in the above 
nested relation instance, is a nested relation instance over the scheme (PARENT, 
P-AGE, { JOB} 1. In each tuple of each of both instances, the first component is in 
turn a (flat) relation instance over the scheme (P-FNAME, P-LNAMEJ,3 although 
the corresponding attribute PARENT is atomic. 

In summary, the values in a given relation of which the internal structure is 
either disregarded or does not exist, are precisely those values that correspond to 
atomic attributes. These values will be called quite fittingly the prime values of that 

3 Since this scheme is not any longer subsumed by the nested relation scheme of the global instance, we 
had to mention it explicitly in the above table, each time an instance over that scheme occurred. 
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TABLE III 

1 {PARENT P-AGE IJOn II [CHILD C-AGE/J 

I I 

IP-FNAME I’-LNAMEJ 54 professor Glenda 23 
manager Mark 21 

JCn‘ Willows Rita 21 

IP-FNAME P-LNAMEI 49 

Mary Higgins 
I II I 

I I 

[I’-FNAME P-LNAMEJ 32 shopkeeper 

Tom Jenkins 
I I 

r 1 
{ P-FNAME P-LNAMEJ 3 I 

Brenda Jones 
/ 

relation. Note in particular that the designation “prime value” makes only sense 
in the context of a relation. Formally, we define 

Definition 3.6. Let r = (Cl, w) be a nested relation. The set vu/(r) of all prime 
values ofr is recursively defined by 

VW) = 2 (iAEynu i(a)) U (+z-, vaWW)). 

Let d = {r,, . . . , r,,) be a nested database. The set v&(d) of all prime values of d is 
defined as 

val(d) = 6 val(r,). 
i=l 

Observe that, when Definition 3.6 is applied to the flat relational model of 
Section 2, we obtain the function val(r) (respectively, val(d)) of Definition 2.3. 
This justifies the use of the same name for both functions. 

Example 3.6. In the relation of Example 3.1, the prime values are the atomic 
values Jefj Mary, Tom, Brenda, Willows, Higgins, Jenkins, Jones, 54, 49, 32, 31, 
professor, manager, secretary, shopkeeper, Glenda, Mark, Rita, 23, and 21. There 
are no other prime values in that relation, since no other value corresponds to an 
atomic attribute. 

In the relation of Example 3.5, the prime values are the atomic values 54, 49, 
32, 31, professor, manager, secretary, shopkeeper, Glenda, Mark, Rita, 23, and 21, 
as well as the four nested relation instances representing first and last names of 
parents. In this relation, first and last names are no longer accessible separately. 
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4. The Extended Nested Relational Algebru 

In this section, we introduce the basic operators of the extended nested relational 
algebra and discuss why we made this choice. Some of them are defined in the 
same way as their flat counterparts; among the others will be an operator that will 
allow us to disregard the internal structure of values. For a good comprehension it 
is necessary for us to define all the basic operators in a rigorous manner. In 
particular, we do not leave any ambiguity as to the names of the attributes in the 
scheme of the resulting relations. 

We start with the binary operators; their definitions are straightforward general- 
izations of the corresponding flat relational algebra operators: 

Definition 4.1. Set-Operators and Cartesian Product 

-Given two nested relations (Q, wI) and (Q, w2). The union and the difference are 
defined by 

(a, WI> u (Q, 02) = (Q2, 01 u Wz), 

(fi, WI) - (Q, 02) = (Q, WI - wz). 

-Given two nested relations (Q,, wr) and (R2, w2) with ato rl ato = 0. 
The Cartesian product (D, , w I ) X (Q 2, w2) is defined as (Q, U 02, w’) where 

w ’ = It E Yo,ua, I t In, E WI & t I a, E W21. 

As for the flat relational algebra, the intersection is not defined as a basic operator, 
since it can be expressed in terms of the difference. Note that, as in the flat case, 
we do not allow the Cartesian product of two nested relations the schemes of which 
share some atomic attributes. However, one has an intuitive notion about Cartesian 
products of relations that says that such operations can always be performed, no 
matter what the relations look like. What is obviously needed is a renaming 
operator as well as a notion of “isomorphic” nested relations and relation schemes. 
We shall come back to this issue later. 

All the other operators that we introduce in this section are unary. For the 
precedence of operators, we adopt the same convention as for the flat relational 
algebra. The first unary operator that we introduce is also straightforwardly bor- 
rowed from the flat relational algebra: 

Definition 4.2. Projection. Given a relation (Q, W) and D ’ G 0. The projection 
ITS I (Q, w ) equals (a ‘, o ’ ) where: 

W ‘=(tln,ltEw). 

Next, we introduce as in [26] the nested relational algebra operators that are 
indispensable for any algebra dealing with nested relations: nesting and unnesting. 

Definition 4.3. Nesting and Unnesting 

-Given a relation (a, w) and X G s2. The nesting ~~(0, w ) equals (R ‘, w ’ ) where 

Q’=(R-X)U{X) 

and, if 0 # X, then 

w’= ltE~~‘I3t’Ew:tl~-x=t’la-x 

&t(X)=(t”lxltNEW&tIn-x=t”I~~-x)) 
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else, if Q = X, then 
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w ’ = (w) 

-Given a relation (Q, o ) and X E Q - U. The tlnnesting pX( Q, w ) equals (Q ’ , w ’ ) 
where 

Q’=(Q- {X])UX 

w’= (tE~c1,(3t’Ew:tlQ-,X)= t’In-,x,&tlxEt’(X)) 

Example 4.1. Reconsider the relation in Example 2.1. If this relation is subse- 
quently nested over the sets {CHILD, C-AGE], (JOB], {P-FNAME, P-LNAMEj 
and ((P-FNAME, P-LNAME], P-AGE, { JOBJJ, then the result corresponds to the 
first tuple of the relation in Example 3.1. By unnesting the latter relation in the 
opposite order, we get back the relation of Example 2.1. 

Note that in the classical definition (e.g., [26]), nesting is always defined as in 
the first case of our definition, also if Q = X. In this classical definition, nesting a 
relation (a, w ) over the entire scheme fi always yields a singleton relation that from 
now on we denote as ({a], {w )), except for when w = 0. Indeed, according to the 
definition of [26], the result of nesting (a, 0) over its entire scheme is (IQ), 0), 
which is an empty instance over a singleton scheme. In our definition, we wanted 
to avoid this “exception” by assuring that vn( 9,0) = ((Q 1, (0)). This modification 
with respect to the classical definition will turn out very useful in the sequel. 

We now define the copying operator that will, among other things, make it 
possible to disregard the internal structure of data. 

Definition 4.4. Copying. Given a relation (a, w), X E R and A E U - ato(0). 
The copying K,+~( Q, w ) equals (s2 U (A ), w ’ ) where 

So, the copying operator actually “copies” a column of the relation under consid- 
eration and uses a “new” atomic attribute as header of the copied column. We 
illustrate the use of this operator by an example. 

Example 4.2. Let A, B, C, D, E E U and let (Q, w) be the following (abstract) 
relation: 
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The result of K&L.K~+(~.~J(& w) is 

801 

Cl 

From now on, we call the operators defined in Definitions 4.1, 4.2, 4.3, and 4.4 
the basic operators of the extended nested relational algebra. An algebraic expres- 
sion is now formally defined as follows: 

Definition 4.5 
(1) For all i > 0, x, is an algebraic expression; 
(2) (0, 0) is an algebraic expression; 
(3) For all algebraic expressions, the basic operators applied to these expressions, 

are also algebraic expressions. 

The Xi in the above definition are called the variables of the algebraic expression 
(ae). If E(x,, . . . , x,) is an ae with variables xl, . . . , x,, and rI, . . . , r, are relations, 
then E(r,, . . . , r,,) is supposed to have the usual meaning (in particular, it is 
supposed to be undefined if this substitution would entail illegal operations). Two 
expressions E,(x,, . . . , x,) and E2(xI, . . . , x,) are said to be equivalent if for all 
relations rl, . . . , r,, El(rl,. . . , r,) and E&I,. . . , r,,) are either both undefined or 
equal. 

From Definition 4.5, it follows that we consider (0,0), the empty instance over 
the empty scheme, as a “given” relation, which is a reasonable assumption. Indeed, 
as soon as we are given an arbitrary “input” relation, it is possible to construct 
(0, 0) as the projection of this relation onto the empty set of attributes. 

All other operations on relations we encounter in the sequel are expressible as 
aes. If we compare our extended nested algebra with, for example, the one of [26], 
we see that the main difference between these two formalisms is in the presence of 
the copying operator in the former. In the remainder of this section, we show how 
the copying operator enables us to express various queries as aes. In this way we 
want to establish the strength of the copying operator as a basic operator, and 
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demonstrate that its introduction leads to a very uniform framework to query- 
nested relations. 

A first possible application of the copying operator is its use in connection with 
the projection. Indeed, if we project out the column that was copied, then the net 
result is a renaming. For reasons of convenience, we explicitly define renaming as 
a derived operator. 

Definition 4.6. Given a relation (Q, w), X E s2 and A E U - ato( The 
renaming pAtX(Q, w) is defined by: 

PA-X(Q, w> = ~n-,x,c4-X(Q2, 0). 

Hence, the renaming is equivalent with an ae. Notice that Definition 4.6 
encapsulates two notions of renaming attributes. In the first case, if X is an atomic 
attribute (i.e., X E U), then pAcX merely changes the name of X into A. We call 
this a trivial renaming; it is a straightforward generalization of the flat renaming 
operator in Definition 2.2. In the other case, where X is a nonatomic attribute, 
pAcX is far from trivial; indeed, as a consequence of such a renaming, all the values 
originally corresponding to X by Definition 3.6 become prime; they become 
inaccessible, because A is an atomic attribute. Hence nontrivial renaming is the 
operator announced earlier that allows to disregard the internal representation of 
data. 

Example 4.3. Reconsider the relations in Examples 3.1 and 3.5, respectively. 
The latter can be obtained from the former by the nontrivial renaming: 

PPARENT+(P-FNAME,~-LNAME}. 

:Other good examples of data to which nontrivial renamings might be applied are 
addresses and phone numbers. 

Of course, once the database manager has decided to disregard the internal 
structure of certain data by a nontrivial renaming, there is no way back! 

Nontrivial renaming can also be used to create empty relations over arbitrary 
schemes. 

PROPOSITION 4.1. Let R ,be an arbitrary set of attributes. Then there exists an 
ae that expresses the relation (9, 0). 

Rather than giving a formal proof of this proposition, we illustrate the ideas 
behind the proof by an example. 

Example 4.4. Let Q = ((A, BJ, Cl with A, B, C E U. From Definition 4.5, it 
follows that (0, 0) is an ae. By the remarks following Definition 4.3, it follows 
that ~(0, 0) = ((Ca), 101). The difference of this latter relation and itself then 
yields ({0), 0). By performing nontrivial renamings, we can then obtain the 
relations ((A), 0), ({B), 0), and ((Cl, 0). By making a Cartesian product between 
the former two of these, we obtain ((A, B}, 0), nesting this relation over (A, B) 
yields (({A, B]], (0)). The Cartesian product of this relation with ((Cl, 0) finally 
gives us the desired relation (Q, 0). 

Another important application of the copying operator is its use in connection 
with nesting and unnesting. From the literature (e.g., [28]), we recall the following 
result, already suggested by Example 4.1. 

PROPOSITION 4.2. Let (Q, W) be an arbitrary relation and let X C Cl. Then 
Px(YY(fi, WI> = (Q, WI. 
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So, any nesting can always be undone by the corresponding unnesting. The 
opposite, however, is generally not true, as is illustrated by the following example. 

Example 4.5. Reconsider the relation (Q, W) of Example 4.2. The result of 
w.81 PM,BI(~& w) is 

IM ut C’l 

The fact that, in general, an unnest cannot be undone by a nest is very 
unfortunate for the following reason. All the basic operators only involve the 
attributes at the highest level of the scheme under consideration. The only way to 
perform operators at a lower level is by first doing the appropriate unnestings, until 
we can “reach” the attributes we need to apply the above-defined operations, and 
after this, do some nestings to “restore” the structure of the original nested relation. 
Since unnestings in general cannot be undone by nestings, we need to introduce 
some additional information during the unnesting phase that will be used to 
restructure the original nested relation correctly. We introduce two operators that 
will help us to do this. The first one is defined in Definition 4.7. The existence of 
equivalent aes for these operators depends heavily on the use of the copying 
operator. 

De3nition 4.7. Let (Q, w) be a nested relation, let X E Q - U and let A E 
CT - ato( Then the tagged zrnnesting OAcX(Q2, o) is defined by 

~A-x(% u> = /-WA-X(~~, 0). 

This operator satisfies the following property [28]: 

PROPOSITION 4.3. Let (Cl, w) be a nested relation, let X E Q - U and let A E 
U - ato( Let w ’ = (t E o 1 t(X) # 0). Then 

(Q, 0’) = 7ravxBn-x(Q, w). 

As an immediate corollary, we have 

COROLLARY 4. I. Let (9, w) be a relation, let X E Q. - I/ and let A E 
U - ato( 3). Suppose that V t E o : t(X) # 0. Then 

(Q, a> = ~a~x~A-x(Q, 0). 

So, intuitively, the tagged unnesting operator associates a “tag” with each tuple 
that enables us to reconstruct the tuple after unnesting, through nesting followed 
by projection.4 In the case that in no tuple of the relation an empty value occurs 
for the nonatomic attribute that will be unnested, no information is lost. In the 

4 This technique has been used in several proofs in the literature (e.g.. [28]). 
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following example, we show how this technique can be used to perform operations 
on a lower level. 

Exumple 4.6. Reconsider the nested relation of Example 3.1. We recall the 
scheme of this relation (0, w) 

D = 1 ((P-FNAME, P-LNAMEJ, P-AGE, 1 JOB) 1, (CHILD, C-AGE]]. 

Suppose that for some reason, we are no longer interested in the children’s ages. 
We cannot “project out” this attribute directly, since C-AGE is not an attribute of 
the scheme of the relation. Now let C-DATA be an atomic attribute and consider 

k-DATA-(CHILD/Z-AGE). 

The result of this operation is a nested relation (D ‘, w ‘) with as scheme: 

Q = (( {P-FNAME, P-LNAME), P-AGE, (JOB] 1, CHILD, C-AGE, C-DATA]. 

The instance w ’ of this nested relation could be represented as shown in 
Table IV. 

We can now project out C-AGE (which is now an attribute of the scheme 52 ‘) 
and nest over (CHILD). The “tag” C-DATA will make sure that everything is 
grouped together in the same way as in the original relation.5 After projecting out 
C-DATA, we obtain a nested relation (Q “, w “) with as scheme: 

Q” = ({(P-FNAME, P-LNAMEJ, P-AGE, (JOB]], (CHILDJ}. 

The instance w N of this nested relation could be represented as shown in 
Table V. 

Obviously, this is not quite yet the desired result. The second tuple of the original 
nested relation (Q, w) got “lost” when the &operator was applied to it. The reason 
for this is that the second tuple represents a couple without children, that is, has 
the empty relation as a value for the nonatomic attribute (CHILD, C-AGE] that 
was involved in the “tagging.” 

We now discuss a technique for not losing this information. Clearly, if tuples do 
occur that contain the empty set as a value for the attribute on which the tagged 
unnesting is performed, we need a second operator to keep track of them. 

Definition 4.8. Let (9, W) be a relation and let X E &? - U. Let w N = 
(t E w 1 t(X) = 0). Then the incomplete projection $X( Q, w ) is defined by 

4x(% w> = ~*-lxl(Q2, 0”). 

PROPOSITION 4.4. The incomplete projection is equivalent to an ae. 

PROOF. Using Proposition 4.3 one can verify that for an arbitrary A E 
U - ato( 

’ Note that in this particular example, we did not need to “tag” in order to be able to “recover” the 
“structure” of the original relation. This is so, because of the functional relationship between couples of 
parents and their set of children. Without this functional dependency present, “tagging” would have 
been unavoidable. We invite the reader to convince himself or herself of this by using the same technique 
for projecting out the attribute B in the relation (Q, w) of Example 4.2. 
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TABLE IV 

[[{P-FNAME I’-LNAME) P-AGE (JOB 1) CHILD C-AGE C-DATA I 

ICHILD C-AGE] 
Glenda 23 

(CHILD C-AGE] 
Mark 21 

{{(P-FNAME P-LNAMEJ 

TABLE V 

P-AGE IJOB II ICHILD )I 

By combining Proposition 4.3 and Definition 4.8, we get 

PROPOSITION 4.5. Let (Q, o) be a relation, let X E R - U and let A E 
U - ato( Then 

By Proposition 4.2 and 4.4, the expression above is an ae. Note also that in 
this expression, we take full advantage of our modified definition of nesting 
(Definition 4.3). 

Example 4.7. Reconsider Example 4.6. In this example, we wanted to “project 
out” the attribute C-AGE out of the relation (9, w ) of Example 3.1. Unfortunately, 
in trying to do so, we lost the second tuple, because it had the empty relation as a 
value for the nonatomic attribute {CHILD, C-AGE). A correct answer to the query 
we asked, is 
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Using a similar technique, it is also possible to perform other operations on 
lower levels with tagged unnesting and incomplete projection, even if in some 
tuples some nonatomic attributes are empty-valued for the attributes under consid- 
eration. In particular, one can perform trivial renamings on a lower level. 

Definition 4.9. Let (Q, 0) be a relation scheme. Let Cp be a permutation on CT. 
Extend Cp to Z, 9, and .P in the following way: 

(1) IfX= (X,, . . . ,x,)E~,then(P(X)=(‘P(X,),...,(b(X,)); 
(2) If X E % - U and t E yX, then P(t) E gVcXJ and 

k+y E X:W)(P(Y)) = 
'I 

t(Y) if YE U; 
(q(Y)) if Y$U. 

(3) If X E % - U and w E yX, then P(o) E 4V(X) and P(w) = (P(t) 1 t E w). 

Then the global renaming ,~“(a, o) is defined by 

PVP(Q> w) = (VQ), Vu)). 

PROPOSITION 4.6. Any global renaming is equivalent to some ae. 

Global renaming makes it possible to “simulate” the intuitive notion of a 
Cartesian product between two arbitrary relations by altering the schemes in such 
a way that they have no longer any atomic attributes in common. We come back 
to this in the following section. 

Finally one might feel that there is still one operator missing: the selection. 
Surprisingly enough, the selection can also be simulated by an ae, using the copying 
operator! As mentioned in the beginning of this article, the only properties of 
atomic values we consider are their equality or inequality. Here, we only consider 
equality selection; inequality selection can be defined in terms of equality selection 
and difference. 

Definition 4.10. Given a relation (Q, w ) and A, B E Q fl U. Then the equality 
selection (or, selection, for short) (TA=~( 9, w) equals (0, w ’ ) where: 

w ’ = (t E w 1 t(A) = t(B)). 

PROPOSITION 4.7. The selection is equivalent to an ae. 

PROOF. It is easily seen that, given a relation (Q, w): 

u,4=,(n, w) = (Q, 0) f-l KBcAnl-(BJ(% a). q 

Notice that the selection in Definition 4.10 is only defined between atomic 
attributes. Although at first glance this may seem an unreasonable restriction, it 
has no sense to define selection between nonatomic attributes. Indeed, we invite 
the reader to check that, by our definitions, nested values corresponding to different 
nonatomic attributes (i.e., nested relation instances with different schemes) are 
necessarily distinct. Nevertheless, it is possible to define the following “generalized” 
selection operator: 

DeJnition 4.1 1. Let (Q, O) be a relation scheme. Let Cp be a permutation on U 
(which is extended to Z!, y, and .P as in Definition 4.9) such that P(R) = Q. Then 
the global selection u”( Q, w) equals (Q, w ’ ) where 

w ’ = {t E wlP(t) = t). 

PROPOSITION 4.8. Any global selection is equivalent to some ae. 
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PROOF. First, observe that any global selection can be written as a chain of 
“primitive” selections that compare only one pair of attributes at a time. A primitive 
selection that compares a pair of atomic attributes is obviously an equality selection 
(Definition 4.10). Hence it suffices to show that primitive selections comparing 
nonatomic attributes can be written as aes. 

Therefore, let (Q, W) be a relation scheme, let X, Y E R - U and let Cp be 
a permutation on U (extended to g and 3) such that V(Q) = Q, Y = ‘P(X), 
X = ‘P(Y), and Cp is the identity on Q - (X, Y ). Clearly, all primitive selections can 
be written as global selections of this type. 

Now let Cp ’ be another permutation on U (extended to %I and <P) whose 
restriction to ato(Q - (Xl) is the identity and let Cp ‘(X) = 2. We furthermore 
assume that Cp ‘(2) = X and ato n ato = 0. Such a permutation Cp’ can 
always be constructed. Let us now explain why we need Z. Obviously, we will have 
to make “copies” of X and Y, rename them to some atomic attributes A and B, 
respectively, not in ato( and then compare them. However, the nested values 
associated with A would then be relation instances over the scheme X, whereas the 
values associated with B would be relation instances over the scheme Y and hence 
the former values would be incomparable to the latter ones. In order to avoid this 
problem, we rename X globally into some set Z, then copy Z in A, rename Z 
globally back into X, and repeat the same procedure for Y and B. Now, the nested 
values associated to A and B will both be relation instances over Z and hence be 
comparable. Then we can select for A = B and project out these auxiliary attributes 
to obtain the desired result. For short, 

aP(Q, 0) = n*aa=Bp(O~~‘KB,zp~‘~‘(Oplp’KAtZP~’(~, cd). 0 

One might propose to write the primitive selection considered in the proof of 
Proposition 4.8 as crXzy. Unfortunately, this notation is ambiguous, since it does 
not specify how the atomic attributes in X and Y, respectively, should be matched. 
(A similar argument holds for “primitive” global renamings.) However, whenever 
in a practical application there is no ambiguity as to how the matching should be 
done, we use this less rigorous but intuitively more appealing notation. 

The remainder of this article will be devoted to two main issues. The first one 
might already have been hinted at by some constructions made in this section. On 
several occasions, we needed to consider permutations on U to express intuitive 
notions formally. This idea leads to the introduction of isomorphic relations and 
is developed in the following section. The other issue is concerned with the 
expressiveness of the extended nested relational algebra. This will be discussed 
in Section 6. 

5. Isomorphic Relations and Databases 

In the previous section, we observed that, in general, computing the Cartesian 
product of two arbitrary relation schemes, required some renamings. The validity 
of this strategy, that is, the result of it being meaningful, depends heavily on our 
philosophy of not attaching any meaning to attribute names. In other words, 
attribute names are merely used to distinguish the various entries of a tuple. In 
order to be consistent with this philosophy, we should work with classes of rela- 
tions (or databases) that have the same “meaning,” rather than with individual 
relations (or databases). In this section, this idea will be developed mainly for 
single relations. This is not really a restriction, since we show in the next section 
that any database can be represented by a single relation. 



808 M. GYSSENS ET AL. 

First though, we have to define classes of relations in such a way that a class 
contains relations with the same meaning. Therefore, we need to formally define 
the concept of “same meaning.” In view of the remarks made earlier, it seems 
natural to use the following definition for that purpose: 

Definition 5.1. Let ( Q[, w1 ) and ( Q2, 02) be two nested relations. These relations 
are said to be isomorphic if there exists a permutation Cp on U such that 
V’(Q,) = Q2 and a(~,) = w2 (where Cp is extended to V and Y). 

The isomorphism defined above is clearly an equivalence relation on the set of 
all nested relations. We call an element of the partition induced by this equivalence 
relation a relation class. The relation class defined by the nested relation r will be 
denoted by iso( Relations in the same relation class-and only those-are 
interpreted in our philosophy to have exactly the same meaning. Note that, apart 
from trivial variations on the attributes not belonging to the schemes under 
consideration, there might be several permutations establishing an isomorphism 
between two relations, as is illustrated below. 

Example 5.1. Consider the following two relations: 

1.4 B Cl (A B Dl 

Obviously, these relations are isomorphic. Any permutation on U for which A 
and B are Iixpoints that maps C to D will do the job. Note however that all the 
permutations mapping A to B, B to A, and C to D are equally suited! 

Of course, in order to justify the name “isomorphism,” we need to show that the 
basic operators defined on relations in the previous section, can be extended to 
relation classes in a natural way. First, we consider the set operators, that is, union 
and difference. In the previous section, set operators were only defined on relations 
with the same scheme. The various ways one could think of to extend this 
requirement for relation classes turn out to be equivalent: 

PROPOSITION 5.1. Let 9, and B2 be two relation classes. The following state- 
ments are equivalent: 

(1) There exists a relation r1 = (Cl,, ol) in 9,, a relation r2 = (02, w2) in s%‘~, and 
a permutation P on U such that f12 = (o(Cl,); 

(2) There exists a relation rl E 9, and a relation r2 E S2 that have the same 
scheme; 

(3) For each relation r1 E Z2 there exists a relation r2 E S2 that has the same 
scheme as rI ; 

(4) Foreach relation r, = (Q,, w,) in9, andeach relation r2 = (Cl,, w2) ins2 there 
exists a permutation P on U such that O2 = P(Q,). 

The proof of Proposition 5.1 is straightforward and, therefore, left to the reader. 
Two relation classes satisfying either one of (and hence all) the criteria of Proposi- 
tion 5.1 are called compatible. Clearly, it makes only sense to define the set 
operators on compatible relation classes. As a first naive attempt, we might think 
that we can define the result of a set operator on two compatible relation classes 
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as the class of the relation obtained by applying the same set operator on two 
representing relations with the same scheme. This however does not work, not 
even for flat relations, as is shown in the following example: 

Example 5.2. Consider two abstract relation classes, represented by the two 
relations below, respectively, 

Both relation classes are represented by relations with the same scheme. rl U r2 
obviously equals 

r, U r2 = a b q C d 

d c 

Now consider the relation 

r3 = b a 

I 

c d 

r2 and r3 are equivalent (the attributes A and B are merely interchanged). If we take 
the union of rI and r3, we get 

IA Bl 

r, U r3 = 
a b l-l b a 

1’ d 

Clearly rI U r2 is not equivalent to rl U r3! 

What we really need is a way of matching the “columns” of the relations in the 
first class with those of the relations in the second class. Attributes are not useful 
for this purpose since they are merely “headers” of “columns.” In order to solve 
this problem, let us look at the fourth statement of Proposition 5.1. We know 
that any pair of relations, representing some given pair of compatible relation 
classes, can be linked together with some permutation on U. As can be seen from 
Example 5.1, this permutation is, in general, not unique. We can however establish 
a matching of “columns” by consistently selecting one particular permutation for 
each pair of relations. 
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Dejinition 5.2. Let 9, and 9Z’z be two compatible relation classes. A correspon- 
dence between 9, and 3Y2 is a mapping6 x : 9, X 92 --) S(U) satisfying: 

(1) If‘r, = (R,, a,) and r2 = (&, 02) and if x(r,, r2) = ‘P, then cP(Q,) = &; 
(2) Let r, = (Q, , W, ) and rl = (Q ;, o ,’ ) be arbitrary relations of 9, and let r2 = 

($I,, w2) and r; = (Q;, wl) be arbitrary relations of s2. Suppose x (r,, r2) = Cp 
and x(rl, r;) = Cp ‘. Let 9, be a permutation on U such that V,(Q,) = Q; and 
P,(q) = cdl. Let (P2 = Cp’ 0 p, 0 (P-l.’ Then (P2(&) = Q; and (P2(w2) = w;. 

We invite the reader to check the consistency of this definition. The second 
condition of Definition 5.2 guarantees that the matching of “columns” is done in 
a consistent way. We can now define 

Dejnition 5.3. Set Operators. Let 9, and sz be compatible relation classes 
and let x be a correspondence between them. Then the union and the difference of 
9, and B2 under x are defined by 

9, 5 ST2 = (‘P(r,) U r2 ( r, E 2, & r2 E .JZ~ & x(r,, r2) = ‘P), 

9, X 9P2 = (‘P(r,) - r2 Ir, E 2, & r2 E 92 & x(r,, r2) = ‘PI. 

We leave it to the reader to check that the set defined above is indeed a relation 
class. To end this somewhat lengthy though necessary digression about the union 
(and the difference) of relation classes, we raise a practical notational issue. 

Suppose r, and r2 are two relations with the same scheme and suppose they 
represent relation classes. By Proposition 5.1, these relation classes are compatible. 
Since there may be several permutations establishing a connection between iso- 
morphic relations, as shown in Example 5.1, there may also be several (not trivially 
equivalent) correspondences x between iso(r, ) and iso satisyting the requirement 
that ~(r,, rz) is the identity on U. Nevertheless, the result of iso Ux iso does 
not depend on the particular choice of such a x; we leave it to the reader to check 
this. Hence, the expression r, U r2 can be interpreted as the union between the 
classes iso and iso under some correspondence x satisfying x(r,, r2) = idu. 

In contrast with the set operators, the Cartesian product of two relation classes 
is very easy to define 

Definition 5.4. Cartesian Product. Let 9, and 3Y2 be relation classes. Then the 
Cartesian product 9, x s2 is defined as 

= jr, X r2 1 r, = (a,, ol) E A?, & r2 = (9 2, w2) E ST2 & ato n ato(Q2) = 0). 

Again, it is straightforward to check that the result of the Cartesian product of 
two relation classes is again a relation class. Note that the Cartesian product makes 
sense for arbitrary relation classes since it is always possible to find representative 
relations the schemes of which have no atomic attributes in common. Hence, the 
expression r, X r2 now makes sense for all relations, provided this expression is 
interpreted as the Cartesian product of the classes these relations represent. This 
corresponds to our intuitive feeling already expressed in the previous section that 
the Cartesian product of arbitrary relations makes sense. 

It still remains to extend the unary operators to relation classes. All the unary 
operators defined on relations in the previous section involve the specification of 

6 S( I/) stands for the set of all permutations on U. 
’ Note that the first equality always holds. 
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some attributes or sets of attributes. Therefore, if we work with relation classes, we 
have to specify, given a relation and a set of attributes of that relation, how to find 
the corresponding set of attributes in any other relation of the same class. Obviously, 
what we need to specify is a correspondence between a relation class and itself! Of 
course, we require that, in such a correspondence, each relation is associated with 
itself by the identical permutation on U. 

Definition 5.5. Let 9 be a relation class. A self-correspondence x on 9 is a 
correspondence x between 9 and itself such that 

Vr E 9’: x(r, r) = idu. 

In the remainder of this section, we assume to be given an arbitrary relation 
class 9 and an arbitrary self-correspondence x on 9. In the context of such a 
relation class and self-correspondence, it is possible to extend the notion of an 
attribute. 

Definition 5.6. An attribute class 6 is a mapping from W in Z! that satisfies 

Vr, r’ E S::(r, r’) = Cp 4 p([(r)) = [(r’). 

The notion of attribute class obviously depends on the relation class and self- 
correspondence under consideration. For simplicity’s sake, however, this fact will 
not be mentioned explicitly in subsequent definitions, nor will it be reflected in the 
notation. 

Several properties of attributes can be carried over to attribute classes. Indeed, 
let 4 be an attribute class and suppose, for example, that for some r = (a, w ) E 32, 
t(r) E Q. Then, clearly, this property holds for all r in 9. Therefore, such an 
attribute class is said to belong to 9. An analogous argument shows that it makes 
sense to speak of atomic and nonatomic attribute classes. Similarly, we can extend 
the ato-operator to attribute classes. With this knowledge, we can extend the unary 
operators to relation classes. 

Definition 5.7. Projection. Let [ = ( 5,) . . . , & ] be a set of attribute classes that 
belong to 9’. Then the projection ~~(92’) is defined as 

~~(9) = l~,&)l r E 2 6.~ X = (El(r), . . . , fk(r)ll. 

Definition 5.8. Nesting and Unnesting 
-Let .$ = ([,, . . . , &] be a set of attribute classes that belong to 22. Then the 

nesting u<(B) is defined as 

&9?) = h(r>l r E 9 tk X = 141(r), . . . , 5k(r))). 

-Let t be a nonatomic attribute class that belongs to 9. Then the unnesting 
~~(3%‘) is defined as 

1.49) = Mr)l r E 22 8~ X = 5(r)). 

Definition 5.9. Copying. Let [ be an attribute class that belongs to 99, and 
let 01 be an atomic attribute class not in ato(9’). Then the copying K~.+(.J%‘) is 
defined as 

~~~~(92) = {KAcx(r)l r E 22 & l(r) = X & n!(r) = A). 

We leave it to the reader to check that projection, nest, unnest, and copying are 
well defined, that is, that their results are again relation classes. 

We now show that projections, nestings, and unnestings of relations can alter- 
natively be interpreted as operations on relation classes. Therefore, consider, for 
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example, the expression K~(Y). If Y is interpreted as representing a relation class, 
and if some self-correspondence x on this class is defined, then X can be seen as 
representing the attribute class [ satisfying t(v) = X. Then TV can be interpreted 
as a relation class, by Definition 5.8. Note furthermore that the result does not 
depend upon the particular choice of the self-correspondence. Of course, a similar 
argument holds for the nest and unnest operators and for the copying. 

So, we now have dealt with all the basic operators defined in Section 4. We can 
summarize our results as follows: 

(1) It is possible to extend all basic operators on relations to relation classes; 
(2) It is possible to use expressions whose operands are relations, to denote the 

operations on the classes they represent in an unambiguous way. 

Furthermore, we also want to make a comment on the function val defined in 
Section 3. Since obviously all relations of the same relation class contain the same 
prime values, val can alternatively be seen as a function on relation classes, rather 
than relations. We use this observation in the following section. 

What have we gained by defining operators on relation classes rather than 
relations? First and foremost, we have a more natural framework for considering 
these operations, since attributes are merely column headers and hence relations 
that can be obtained from each other by applying a permutation to their scheme, 
are equivalent. We even have to work with relation classes, if we want the Cartesian 
product to be an operator that is always defined in an unambiguous manner. 
Moreover, working with relation classes implicitly-something many authors have 
done without ever saying-is no longer justified in the context of the extended 
nested algebra, considering that renaming is no longer a trivial operator. 

We conclude this section with a short digression to database classes. We define 
them as follows: 

Definition 5.10. Two databases are isomorphic if there exists a one-to-one 
mapping from the former database onto the latter such that corresponding relations 
are isomorphic. 

Database classes are the elements of the partition induced by this equivalence 
relation. 

Alternatively, one might think that a database class may also be defined1 as a set 
of relation classes. This, however, is not true, as shown by the following example: 

Example 5.3. Consider a database of an electricity company, consisting of two 
relations. The first one contains for each customer the total amount due since the 
beginning of the year, whereas the second one shows the total amount paid since 
the beginning of the year. The scheme of the first relation might be 

(CUSTOMER, ADDRESS, AMOUNT-DUE), 

whereas the scheme of the second relation could be 

(CUSTOMER, ADDRESS, AMOUNT-PAID]. 

Observe that this database in Boyce-Codd normal form. Both of its relations 
contain customers, addresses, and amounts. Notice that, at the end of the year, 
when all balances must be settled, the amounts in both relations should (at. least in 
theory) be equal. At that particular moment, both relations will be isomorphic. 
Nevertheless, these relations can still be distinguished; indeed, the names of the 
attributes in both relations can be compared, since they are contained in a single 
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database. Furthermore, it is very unlikely that these relations are isomorphic at 
any other time. 

Definition 5.10 allows us to consider database classes representing a database 
such as the one we described in Example 5.3, above; if we would define a database 
class as a set of relation classes, this would not be possible. Note though that the 
relation classes determined by some representation of the database, do not depend 
on that particular representation. This observation will be used in the following 
section where we show that it suffices to look at single relations, instead of databases 
in general. 

6. The Expressiveness of the Extended Nested Relational Algebra 

From now on, while writing relations and databases, we mean the classes these 
relations and databases represent, unless explicitly stated otherwise. We invite the 
reader to check that all the definitions given below, even if they make use of specific 
representations of relation or database classes, can be interpreted as definitions 
about these classes in the obvious way. 

In this section, we look at the expressiveness of the extended nested relational 
algebra. Therefore, we generalize the characterization of the basic information in 
Section 2. We use this characterization to show that our extended nested relational 
algebra is complete in the sense of Bancilhon and Paredaens [3, 4, 181. The 
definition of basic information of a nested relation or database is entirely analogous 
to the corresponding definition for a flat relation or database (Definition 2.3) and 
will therefore not be repeated here. 

As announced earlier, we now show why it suffices to consider single relations. 
Therefore we introduce the following notation: 

Definition 6.1. Let d be a database. Suppose that d contains nonempty relations 
and let rI, . . . , rk be all these nonempty relations. Then Z(d) = rI X . . . X rk. If d 
contains no nonempty relations, then Z(d) = (0, 0). 

THEOREM 6.1. Let d be a database. Then BZ(d) = BI( Z(d)). 

PROOF. Obviously Z(d) E BI(d), by definition. Hence, BI(Z(d)) c BI(d). On 
the other hand, all nonempty relations in d can be obtained as some projection of 
Z(d). Furthermore, all empty relations in d can be expressed as aes, according to 
Proposition 4.1. It is now straightforward to check that BI(d) c BI( Z(d)). 0 

As a consequence, it suffices to characterize the basic information of single 
relations only. 

As for the basic information, we do not repeat the definition of cogroup 
for nested relations and nested databases, which is entirely analogous to Defini- 
tion 2.4. Just note that the function val must be interpreted in the sense of 
Definition 3.6. Cogroups of nested relations were first considered in [28]. With the 
cogroup of a nested relation, it is straightforward to associate a flat relation in the 
following way: 

Definition 6.2. Let r be a relation. Let 7 be an arbitrary total one-to-one 
mapping from val(r) into U. Then the cogroup relation of r is defined by 

CGR(r) = (T(val(r)), w ‘), 

where 

w’ = (# 0 7-’ I rival) I ti E CW) 1. 
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Notice that, in accordance with Definition 5.1, the cogroup relation does not 
depend on the particular choice of 7. 

Example 6.1. Reconsider the relation in Example 3.1. In Example 3.6, we 
listed its set of prime values, which contains 2 1 elements. Clearly, the permutation 
$, on this set that interchanges professor and manager and keeps the other values 
fixed, leaves the relation invariant. The same holds for the permutation q2 only 
interchanging Mark and Rita. We leave it to the reader to verify that the cogroup 
of the relation in Example 3.1 is generated by $, and $Q and thus consists of a total 
of four permutations. Hence, its cogroup relation is a 4-tuple flat relation over a 
2 l-attribute scheme, which can be represented as shown in Table VI. 

If we define 7 to be the mapping associating with each value the attribute 
corresponding to it in the first tuple, then, for example, the second tuple represents 
$, and the third &; the last tuple represents the composition of these permutations. 
(The first tuple of course represents the identical permutation.) 

We invite the reader to determine the cogroup and the cogroup relation of the 
relation in Example 3.5. 

Although all subsequent theorems deal with relations rather than databases, we 
have to consider databases and their cogroups in some of the proofs as intermediate 
constructs. It is straightforward to check that 

PROPOSITION 6.1. Let d be a database. Then CC(d) = CG(Z(d)) and 
CGR(d) = CGR( Z(d)). 

Obviously, the cogroup and the cogroup relation are merely two different ways 
of looking at the same notion. As explained earlier, we only consider equality and 
inequality among values and do not attach any furtter meaning to them (cf. also 
[3, 4, 18, 281). Therefore it is reasonable to consider all permutations on the prime 
values of a relation that leave that relation invariant. Moreover, we claim that this 
set of permutations CG(r) contains all “information” about the relation I’. If this is 
the case, then a relation and its cogroup relation must have the same basic 
information and cogroup. The former statement is proved later; the latter one is 
shown below: 

THEOREM 6.2. Let Y be a relation. Then CG(CGR(r)) = CC(r). 

PROOF. Let Q- be an arbitrary total one-to-one mapping from val(r) into U, as 
in Definition 6.2. 

CG(CGR(r)) > CC(r). Let Cp E CG(r). Let t = 1c, 0 7-l ]r(val(rjj be an arbi- 
trary tuple of CGR(r) for some + E CG(r). Then P(t) = P 0 ($ 0 T-‘)]~(~~,(~)) = 
(p 0 Ic, 0 7-l) I r(va~(r)). Since p 0 $ E CG(r), it follows by Definition 6.2 that 
P(t) E CGR(r), whence $0 E CG(CGR(r)). 

CG(CGR(r)) C CG(r). Now let P E CG(CGR(r)). Then, by Definition 6.2, 
P($ 0 7-l 1 7(val(r))) = v o Ic, I3 7-l I r(val(r)) E CGR(r). In particular, if rc/ is the identi- 
cal permutation on val(r), we have that P 0 7-I ]r(val(rjj E CGR(r), whence, by 
Definition 6.2, P E CG(r). IJ 

Now, recall Theorem 2.1 that gives a criterion for the expressiveness of the flat 
algebra. In [28], Theorem 2.1 was generalized to be the (classical) nested relational 
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algebra (i.e., the obvious generalizations of the flat operators plus nesting 
and unnesting). However, Van Gucht [28] did not consider the possibility of 
changing the structure of a relation by nontrivial renaming. A generalization of 
Theorem 2.1 cannot hold without any modification for the extended nested 
relational algebra, since aes containing the copying operator can introduce new 
prime values in a relation. Hence, the relationship between the sets of prime values 
and between the cogroups of the relations we want to compare, cannot be a simple 
inclusion. However, these new prime values are actually nested relation instances 
composed of “older” prime values. More formally, if Y is a nested relation and E is 
an ae such that E(r) is well defined, then val(E(r)) c gen(val(r)) (cf. Definitions 
3.4 and 3.6). So we could hope to “save” the inclusion between the cogroups by 
extending all permutations on val(r) to gen(val(r)) in the natural way: 

Definition 6.3. Let r be a relation and let $ E CG(r). The extension of+ to 
gen(val(r)) is a binary relation R on gen(val(r)) defined by: 

(1) For all u E val(r): uR$(u); 
(2) If w E YO is in gen(val(r)), then wRw ’ if w ’ E .YQ and if there is a bijection Cp 

from the tuples of w to the tuples of w ’ such that for all t E w and for all 
X E Q2, t PW#4t )W. 

Unfortunately, this naive approach does not work, since these extensions are 
not always functions, let alone permutations, as is shown by the following 
counterexample. 

Example 6.2. Let A, B, C E U and a, b, E V. Consider the following 
relation r: 

a 

cl 
b 

Since B is an atomic attribute, 

and 

are prime values of Y. The permutation on val(r) that interchanges these prime 
values and leaves a and b fixed is obviously in CC(r). The natural extension of this 
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permutation to gen(val(r)) is no longer a function, since, if it were, it should leave 

fixed on the one hand and interchange them on the other hand, a contradiction. 

In order to solve the problem raised above, we need to make an observation that 
is essential for the sequel. If a relation contains nonatomic prime values, then it is 
reasonable to assume that these values were originally associated to nonatomic 
attributes that were subsequently renamed to atomic attributes by a decision of the 
dbms-manager. So, we might impose the condition that in the original relation, of 
which we want to compute and/or describe the basic information, only atomic 
values are associated to atomic attributes. This condition, however, is too restrictive, 
since it does not allow the recursive approach to the theorems we need to prove in 
the sequel. It turns out that it suffices to impose the following restriction: 

Definition 6.4. A nested relation r is called basic if each permutation 
II, E CG(r) can be extended in the natural way to a permutation on gen(val(r)) 
(cf. Definitions 3.4 and 3.6). A nested database d is called basic if each 
permutation $ E CG(d) can be extended in the natural way to a permutation 
on gen(val(d)). 

In particular, we have (as should be expected) 

PROPOSITION 6.2. Let Y be a relation such that val(r) C V. Then r is basic. 

PROPOSITION 6.3. A database d is basic tfand only tfthe relation X(d) is basic, 

Furthermore, we have 

PROPOSITION 6.4. Let r be a basic relation. Then CGR(r) is basic. 

PROOF. Follows from Theorem 6.2 and the fact that, by definition, val(r) = 
val(CGR(r)). 0 

As mentioned before, we intend to compare the cogroup of a relation with the 
cogroup of the result of the application of an ae to that relation. In order to do so, 
we introduce the following notation: 

Definition 6.5. Let \k, and \k2 be sets of permutations on finite sets BY, and d2, 
respectively, with B’, C 7 and JZZ~ c gen(&,). Suppose that each permutation of 
PI is extendible to a permutation on gen(&,) in the natural way. Then P, E \k2 
means that the restriction to &* of the extension of each permutation of \kr to 
gen(&,) is in q2. 

Using the notation introduced above, Theorem 2.1 can be rephrased in the 
context of the nested relational model as follows: 

LEMMA 6.1. Let r and s be nested relations. If r and s are both flat (i.e., 
tf they have flat schemes), then there exists an ae E(x) using only union (Defy- 
nition 4. l), dtfference (Definition 4. l), Cartesian product (DeJinition 4. l), 
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projection (Definition 4.2), trivial renaming (Definition 4.6), and equality 
selection (Definition 4.10) such that s = E(r) if and only if val(s) !i val(r) 
and CC(r) E CG(s). 

PROOF. Let U be the set of all atomic attributes and V the set of all atomic 
values in the nested relational model in which r and s are defined. Now (consider 
the flat relational model (Section 2) of which the set of all attributes is U and the 
set of all values contains Vas well as all prime values of r and s. Obviousl,y, r and 
s are flat relations in this model. Theorem 2.1 now immediately yields the desired 
result. 0 

LEMMA 6.2. Let r be a basic relation. Let s, sl, s2 be relations such that 
CC(r) c CC(s), CG(r) E CG(s,), and CC(r) E CG(s,). Whenever the ftjllowing 
operations are properly defined, we have 

-CC(r) E CG(sl U sz); 

-CG(r) E CG(s, - ~2); 
-CC(r) E CG(s, x ~2); 
-CG(r) c CG(7rOl(s)); 
-CC(r) E CG(vX(s)); 
--CC(r) E C%C~S)); 
-CC(r) c CG&,,+X(s)). 

PROOF. Straightforward. Cl 

If r = s, some statements of Lemma 6.2 can be sharpened. 

COROLLARY 6.1. Let r be a relation. Let A and B be atomic attributes and 
suppose that all operations below are well defined. Then, using the notation 
introduced in Theorem 2.1, we have: 

--CG(r> I va~(onp~r)) C CG(w(r)); 
-CC(r) = CG(vx(r)); 
--C(W) I val(px(r)) C CG(~xV>>; 
-CC(r) = CG(KBtA(r)); 
--CC(r) = CGbstA(r)); 
--CW) I w~~+,w) C W~,4=&9). 

We may conclude from Lemma 6.2 

THEOREM 6.3. Let r be a basic relation and let s E BZ(r). Then CG(r) E’ CG(s). 

The remainder of this section will be devoted to showing that the converse of 
Theorem 6.3 holds as well. To do so, we take maximum advantage of the previously 
established Theorem 2.1 for the flat relational model, by using Lemma 6.1. 

THEOREM 6.4. Let r be an arbitrary relation. There exists a fiat relation r’ such 
that BZ(r’) = BZ(r). 

PROOF. The construction of r’ out of r using aes is an inductive process. 
Consider a database d that is initialized as do = (r). Of course, BI(do) = BI(r). The 
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value of d after the ith step of the construction will be denoted di. Now let 
di= (rl, . . . . rn) and assume that BI(di) = BI(r). For each nonflat relation rj = 
(Qj, mj) E di, let Xj E Qj - U be an arbitrary nonatomic attribute of rj and let 
Aj E U - ato be an atomic attribute not occurring in rj . di+, is constructed out 
of di by replacing each nonflat relation rj E di by the two relations 0,+x, (rj ) and 
$x,(rj). By Proposition 4.5 and the induction hypothesis, BI(di+,) = BI(di) = BI(r). 
Obviously, this process will end. Let d’ be the resulting value of d and let r’ = 
2(d ‘). Since d’ is obviously flat, so is r’. By Theorem 6.1 and by induction, 
BI(r’) = BI(d ‘) = BI(r). 0 

We illustrate the construction in the proof of Theorem 6.4 by an example. 

Example 6.3. Consider the following nested relation: 

r= 

First, let d,, = (r] and let X = (Cl. Then d, = (r,, r2} with 

IA IN C Dl 

q b, 
I.4 PI1 

r2=l-TTn 
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Now let X, = (B) andX2 = (B). We then obtain d2 = (Y,,, r12, rzl, ~22) witlh 

(A B c D El 

a3 

Obviously, d2 is flat, do d’ = d2. In accordance with Definition 5.4, r’ == z(d ‘) 
equals 

(A B C D E A’ C’ D’ A”} 

r’ = 

ICI 
IBI 

a3 b3 

ICI PI 

ICI 

This nine attribute-flat relation has the same basic information as Y. 

We invite the reader to verify the following property: 

cl cz 
al 

b, C2 

PROPOSITION 6.5. The relation r’ obtained in the proof of Theorem 6.4 is 
unique, that is, does not depend on the particular choices in each step of the 
construction. 

It is therefore justified to denote r’ henceforth as \k(r). We do not attempt to 
give a proof of Proposition 6.5, since such a proof would be very long and 
technically involved and would deviate us from main goals of this article. Moreover, 
the uniqueness of+(r), though convenient, is not essential in the sequel. 

In order to conclude our discussion on a(r), we wish to make a comment on 
the algebraic expression for a(r) constructed in the proof of Theorem 6.4. This 
expression does not only depend on the scheme, but also on the actual instance of 
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r. However, a verification of Definition 6.1 and the proof of Theorem 6.4 reveals 
that the only instance-dependent part in the expression is the “translation” of “ z ” 
into an ae. Indeed, the number of nonempty relations in d ’ depends on the number 
of “empty values” in the instance of r. Other models for nested relations do not 
allow empty relation instances as nested values within a nested relation (e.g., [28]). 
If we would impose this restriction to the nested relational model as defined in 
Section 3, the ae for (a(r) would no longer be instance-dependent and could hence 
be interpreted as a query, which might be convenient in applications. However, we 
do not impose such a restriction. 

We now establish the following properties of a(r). 

LEMMA 6.3. Let r be a relation. Then CGR(@(r)) E BZ(r) and r E 
BZ(CGR(+(r))). 

PROOF. Since, by Theorem 6.2, CG(CGR(iP(r))) = CG(@(r)) and since 
CGR(+(r)) and @(r) and both flat relations, it follows from Lemma 6.1 that 
a(r) E BI(CGR(@(r))) and CGR(@(r)) E BI(+(r)). Theorem 6.4 then yields 
the desired result. El 

Next, we want to show that the function @ always produces basic relations when 
applied to basic relations. Therefore, we need a technical lemma. 

LEMMA 6.4. Let d = jr,, . . . , r,,) be a basic nonflat database. Assume that 
r: = (Q, w) is a nonjlat relation. Let X E D - U be a nonatomic attribute of r, 
and let A E U - ato be an atomic attribute not occurring in r,. Then z = 
{OAcx(r,), $x(r,), r2, . . . , r,,] is a basic database. 

PROOF. Let $ E CG(&. We have to prove that Ic, is extendible to a permutation 
on gen(val(d)). 

First, we show that the restriction 1c/ ] va,(d, of $ to val(d) is in CG(d). Obviously, 
$1 va,(dj(ri) = ri for all i = 2, . . . , n. We only have to prove that $ ] va,(dj(r, ) = r, . 
Therefore, let t be a tuple in r, . We show II/ ( va,(d)(t) is in r, . We have to distinguish 
two cases. 

Case 1: t(X) = 0. Consider the restriction t ] a-,x, oft to Q - (X). By definition, 
t ] n-,x, is in $x(r,). Hence, by assumption, $ ] d(d)0 I W~I) = WI WXI) is in hOI). 
Hence, by definition, there exists a tuple t ’ in r, with t ‘(X) = 0 and t ’ ] n-,x, = 
$1 vat(dt I WXI ). Obviously, J/I va,(d)(t) = t ’ is in rI , as had to be shown. 

Case 2: t(X) # 0. Now let (t,, . . . , tkl = It E S(n-lxl)“X”lnI I tl n-(x) = 
tln-lxl & Fix E t(X) & t(A) = t(X)). By definition, t,, . . . , tk are in BAtX(r,). 
Hence, by assumption, $(t,), . . . , $(tk) are in BAcX(r,). Since $(t,)(A) = ... = 
+(&)(A) = $(t(X)), it follows by definition that there exists t’ in r, such that 
hwl>, . * . , $(tk)] c (7 E y(n-lX),“A’“(A] I 71 R--(X/ = t ’ I a-(Xl & 71.X E t’(x) & 

t(A) = t’(X)]. It can be easily shown that the above inclusion is actually an 
equality. Hence, $ ] va,(d)(t) = #(t) = t ’ is in r,, as had to be shown. 

Since 1c, ] va,(d, E CG(d), we know by assumption that $ ] va,(d, can be extended to 
a permutation on gen(val(d)). Let Ic,’ be this extension. In order to show that 
$ is extendible to a permutation on gen(val(d)), it now suffices to show 
that the restriction $ ’ ] val(~, of #’ to val(d) equals J/. Clearly, all nested values of 
val(d) - val(d) occur in O,,(r,) an d are associated to the atomic attribute A in 
the latter relation. Therefore, let to be a tuple in 8acx(r,) and consider t,(A). By 
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definition, there exists t in rl with t(X) = &(A). Now let t’ in rI be as in Case 2 
above. There, we already showed that t ’ = 9 1 valcdj(t ). Since t(X) = t&4), it follows 
that $‘MA)) = $1 .,alcd)(t(X)) = t ‘(X). On the other hand, it also follows from the 
reasoning in Case 2 that $(t&l)) = t’(X). Hence, +‘(t,(A)) = $(t@)), which 
completes the proof. Cl 

We can now show 

LEMMA 6.5. Let Y be a basic relation. Then (a(r) is also a basic relation. 

PROOF. Let us review the construction of @(r) in the proof of Theorem 6.4. 
Obviously, do = (~1 is a basic database. Each step in the construction can be 
decomposed into a number of finer steps in which only one relation is replaced at 
a time. By applying Lemma 6.4 inductively to each of these finer steps, we 
eventually obtain that the database d’ in the proof of Theorem 6.4 is basic. 
Proposition 6.3 then yields that a.(r) is basic. Cl 

In the next theorem, we derive a result about the relationship between the 
cogroup relations of r and its flat counterpart a(r). 

THEOREM 6.5. Let r be a basic relation. Then CC(r) c CG(+(r)) and 
CG(+(r)) c CC(r). 

PROOF. By Theorem 6.4, BI(r) = BI(+(r)). Lemma 6.5 now allows us to apply 
Theorem 6.3 in both directions, whence Theorem 6.5. Cl 

COROLLARY 6.2. Let r be a basic relation. Then CGR(r) E BI(r). 

PROOF. Consider a(r). Clearly val(r) c val(@(r)). Now let X be the set of 
attributes in the scheme of CGR(@(r)) corresponding to elements of val(r). Then, 
from Theorem 6.5, it follows that CGR(r) = 7rx(CGR(@(r))). By Lemma 6.3, 
CGR(+(r)) E BI(r). Hence, CGR(r) E BI(r). 0 

Corollary 6.2 corresponds to an intuition explained earlier that, if mernbership 
of the basic information could be decided by looking at cogroups, then the cogroup 
relation and the original relation should have the same basic information. 
Corollary 6.2 proves one inclusion of this claim. The other will be shown as 
a corollary to the main theorem of this section, Theorem 6.6. First though, we 
need a technical lemma in order to prove Theorem 6.6. 

LEMMA 6.6. Let r be a basic relation and let A C gen(vaf(r)) be a finite set. 
Then there exists aflat basic relation r’ E BI(r) with: 

-A C vu/(f); 
-CGR(+(r)) is some projection of r’ ; 
-Bl(r) = BZ(r’). 

PROOF. We first note that the last condition of Lemma 6.6 follows :from the 
second one, by Lemma 6.3. So we only show the first and second statement. The 
proof goes by induction. Assume that we have a basic flat relation s E BI(r) 
satisfying the second condition of Lemma 6.6. (In the first step, we scan take 
s = CGR(@(r)), by Lemmas 6.3 and 6.4 and Proposition 6.2.) Now let 6 E 
A - val(s). By Theorem 6.5, we also have that CGR(r) is a projection of 3;. Hence, 
for all a, b E val(r), there exist different atomic attributes A and B in the scheme 
of S such that for some tuple t in s, t(A) = a and t(B) = b. Hence, by a sequence 
of copyings involving only atomic attributes and nestings, it is possible to create a 
relation s’ such that for some nonatomic attribute X in the scheme of s’ a.nd some 
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tuple t’ in s’, t(X) = 6. By Corollary 6.1, CG(s’) = CG(s). Hence, s’ is also a 
basic relation. Now consider S” = a(~‘). By Theorem 6.4 and Lemmas 6.3 and 
6.4, S” is a basic flat relation satisfying the second (and the third) condition of 
Lemma 6.6. Furthermore, val(s) U (6) c val(s”). Since A is finite, it is possible to 
repeat this process until also the first condition of Lemma 6.6 is satisfied. 0 

We can now state our main result. 

THEOREM 6.6. Let Y be a basic relation and s an arbitrary relation. Then 
s E M(r) ifand only ifval(s) c gen(val(r)) and CG(r) E CG(s). 

PROOF 
only-i’ If r is a nested relation, and E(x) is an ae such that E(r) makes sense, 

then obviously val(E(r)) c gen(val(r)). The only-if direction now follows immedi- 
ately from Theorem 6.3. 

if Consider @(s). Obviously val(@(s)) G gen(val(r)). Furthermore, by Theo- 
rems 6.3 and 6.4, CG(r) E CG(+(s)). Since val(@(s)) is necessarily finite, we know 
there exists a basic flat relation r’ satisfying the conditions of Lemma 6.6 with 
A = val(+(s)). Since, by Lemma 6.6, BI(r) = BI(r’), it follows from Theorem 6.3 
that CG(r’) c CG(r). Hence CG(r’) E CG(@(s)). Since r’ and Q(s) are both flat 
relations and since furthermore val(@(s)) C val(r’ ) by construction, we may now 
conclude by Lemma 6.1 that +(s) E BI(r’) = BI(r). By Theorem 6.4, s E BI(r), 
which concludes the proof. 0 

COROLLARY 6.3. Let r be a basic relation. Then BZ(CGR(r)) = BI(r). 

PROOF. By definition val(CGR(r)) = val(r). By Theorem 6.1, CG(CGR(r)) = 
CG(r). Hence, a twofold application of Theorem 6.6 yields CGR(r) E BI(r) and 
r E BI(CGR(r)), whence Corollary 6.3. Note that the inclusion from left to right 
follows already from Corollary 6.2. Cl 

So, even when nontrivial renamings are introduced, it is possible to characterize 
the basic information of a relation in terms of the set of permutations on atomic 
values that leave the relation invariant. 

We now finally come back to an issue raised in the introduction: the completeness 
of the extended nested algebra in the sense of Bancilhon and Paredaens [3, 4, 181. 
Unfortunately, the original definition of this notion cannot be applied straightfor- 
wardly to the extended nested algebra, since our operators can introduce new 
prime values in a relation. However, BP-completeness for the relational and the 
nested relational algebra is equivalent to a statement of which Theorem 6.6 is 
the most natural generalization for the extended nested relational algebra. 
Hence, it is justified to consider satisfaction of Theorem 6.6 as the definition 
of BP-completeness for query languages defined on the model introduced in 
Section 3. In this sense, the extended nested relational algebra is BP-complete. 

7. Conclusions 
We extended the nested relational algebra by adding the possibility of disregarding 
the internal structure of values by renaming. In doing so, we were forced to handle 
attribute names carefully, although they are only used to distinguish the “columns” 
in a relation, and were not given any semantical meaning. This made us realize we 
had to consider classes of semantically isomorphic relations rather than individual 
relations. We redefined the extended nested algebra operators for relation classes 
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and showed that algebraic expressions on individual relations can alternatively be 
interpreted as operations on the classes they represent, in an unambiguous way. 
For the extended nested algebra on classes of isomorphic relations, we were able to 
generalize the results of Paredaens [ 181 and Van Gucht [28] concerning the 
characterization of the basic information of a relation in terms of its cogroup. This 
result allowed us to conclude that the extended nested algebra is complete in the 
sense of Bancilhon and Paredaens [3, 4, 181. 
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